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A GENERALIZED APPROACH TO DYNAMICAL GROBNER
BASES IN BOOLEAN STRUCTURES

HADJER RYMA MOUSSEDEK and FATIMA BOUDAOUD

Abstract. In this paper, we compute “dynamical Grobner Bases” over the ring
F [a1,...an) / (ai — a1,...ap — an), and resolve the delicate problem caused by
zero-divisors appearing as leading coefficients and we focus on generalizing Buch-
berger’s algorithm for Boolean rings.

MSC 2020. 3F05, 13F30, 06E75, 13P10.

Key words. Dynamical Grobner bases, Boolean ring, localization, annihilators.

1. INTRODUCTION

One main feature of the use of dynamical Grébner bases [4] is that it enables
to easily resolve the delicate problem caused by zero-divisors appearing as
leading coefficients. Cai and Kapur concluded their paper [1] by mentioning
the open question of “How to generalize Buchberger’s algorithm for Boolean
rings”. As a typical example of a problematical situation, they studied the case
where the base ring is A = Fs[ay,a9]/ <a% —ay,a3 — a2>. In that case, the
method they proposed in [1] does not work due to the fact that an annihilator
of ajas + a1 + a2 +1 € A can be either a; or as and thus there may exist
noncomparable multiannihilators for an element in A. Dynamical Grébner
Bases allow to fairly overcome this difficulty in this precise case, as will be
explained bellow.

We will be led to compute a dynamical Grobner base made up of four
Grobner bases on localizations of A. We will see that the problem Cai and
Kapur pointed disappears completely at each leaf of the constructed binary
tree. Thus, by systemizing the dynamical construction above, it is straightfor-
ward that dynamical Grébner bases over Dedekind rings could be a satisfactory
solution to this open problem.
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It is folklore that the presence of a nontrivial idempotent e in a ring B (i.e.,
e? =eand e ¢ {0,1}) splits B into two subrings as follows:

B—eB+(1-eB=~Bx(1-e)B=~B/(1—e)xB/(c)~B [2] «B [ ! } .

Let us consider the ring

A =Ty a1, az]/ <a% —ai, a% — a2> = Fyaja9 + Foay + Foas + Fy

with the relations a? = a1 and a3 = az. When working with the ring A,

we know in advance that the binary tree we will construct when computing
dynamically a Grobner basis of an ideal of A[X7,..., X,] is formed by only

four leaves as follows:

a1,a2 A1+a1,a2 a1,1+a2 A1+a1,1+a2

where

1 1 =
A1+a1,a2 = A ; :| it A Wlth { Zl o =~ ]F27
9 =

. 1 1 -~ . a1 =0 _
A1+a171+a2 = A |:1—|-al7 1—|—a2:| =~ A with { ay = = Fz.

So computing a dynamical Grébner basis over A amounts to computing four
(classical) Grobner over the field with two elements Fa, which correspond to
(a17a2) = (17 1) = (170) = (07 1) = (0?0)

Moreover, we define a ‘reduced dynamical Grébner basis’ as a set

{(G1,a)dy), (G2, a) (1 + ax)"), (Gs, (1 + a1)Vay), (Gu, (1+ a1) (1 + ax)™)},

where each G; is a reduced Grobner basis over Fs.

The paper is organized as follows: in the second section we recall basic
definitions and propositions, in the third and last section we generalize Buch-
berger’s algorithm for such quotient rings by computing a dynamical Grébner
basis of a polynomial ideal where the leading coefficients could be from a ring
with zero-divisors. The algorithm is illustrated using examples in the same
section. We also take examples from the article [1] using our method.
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2. PRELIMINARIES

DEFINITION 2.1. Let R be a ring, f = > aoX* a nonzero polynomial
in R[X1,..., X,], E a non-empty subset of R[X1,..., X,,], and > a monomial
order.

(1) The X%’s (respectively the a,X“’s) are called the monomials (respec-
tively the terms) of f.

(2) The multidegree of f is mdeg(f) := max{a € N" : a,) = 0}.

) The leading coefficient of f is LC(f) := amdeg(f) € B-
) The leading monomial of f is LM(f) := X mdea(f),

) The leading term of f is LT(f) := LC(f)LM(f).

) LT(E) := {LT(g), g € E}.

) (LT(E)) := (LT(g),g € E) (ideal of R[X1, ..., X,]).

DEFINITION 2.2. (1) S is said to be a multiplicative subset of a ring R if
SCR,1e SandVx,ye S, zy € S.

(2) For z1, ...,z € R, M(x1,...,z,) will denote the multiplicative subset of
R generated by z1, ..., x,, that is, M (z1,...,x,) = {z* - - 2" ,n; € N}.
Such a multiplicative subset is said to be finitely-generated. If S is a multi-
plicative subset of a ring R, the localization of R at S is the constructed ring
S7'R = {%,z € R,s € S} in which the elements of S are forced into being
invertible.

(3) If x € R, the localization of R at the multiplicative subset M (z) will be
denoted by R,.

(4) If Si,..., Sk are multiplicative subsets of R, we say that Si,...,S are

n

4

(3
(
(5
(6
(7

comaximal if Vs; € S1, ..., s, € Sy, 3aq, ...,a, € R such that > a;s; = 1.
i=1

DEFINITION 2.3. Let R be an integral ring, f,g € R[X1,..., X,]\{0},I =
(f1, ..., fs) a nonzero finitely generated ideal of R[X71, ..., X,], and > a mono-
mial order.

A set G = {(51,G1), ..., (Sk, Gr)} is said to be a dynamical Grébner basis
for I if 51, ..., Sg are finitely generated comaximal multiplicative subsets of R
and in each localization (S;lR) [X1, ..., Xp], G; is a special Grobner basis for

<f1a "'afs> .

PROPOSITION 2.4. A non trivial idempotent e in a ring B (i.e., e
e ¢ {0,1}) splits B into two subrings as follows:

2 —¢ and

B —eB+(1-e)B=~Bx(1-e)B=~B/(1—e)xB/(c)~B [2] «B [116} .

3. DYNAMICAL GROBNER BASES IN [ a1, ...ay) / (a — a1, ...,a2 — an)
3.1. COMPUTATION OF S-POLYNOMIALS

Let fi, fj € Fo [al,...an]/<a% —ai,...,a2 — an> with f; = Zai Ao, X and
fi= Zaj o, X where a2, = aq, and aij =aq,; for j=i+1,..,n
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Denote by mdeg(f;) = «;, mdeg(fj) = oj and v = (71, ..., Yn), Where ; =
max (o, ;). Moreover, denote by LC(f;) = a; and LC(f;) = a;.

As we have seen in introduction that it is straightforward that dynamical
Grobner bases over Dedekind rings could be a satisfactory solution to this
open problem, so:

First, we have to find u, v, w such that: ua; = vd; .
wa; = (1 —u)a;
v = uZ—J = aiZ—] =aj;
Then if we take u = a;, then we find ! a_l . and
w:(l—u)a—;:(l—al)a—;

we know in advance that a; = —a;.
Finally, we replace in S-polynomials of Dynamical Grébner bases over De-
dekind rings:
o In Ry =Ry S(fi,fj) =L fi — S/ = %%fz — 215
¥ v 2 ooz
o In Riw = Riya;: S(fi, f5) = i fi — 255 fi = o= i — G 1

3.2. COMPUTATION OF S-POLYNOMIALS

PROPOSITION 3.1. The annihilators in Fa [ay, ...,ay] / <a% —ay,..., a2 — an>

are ai, ..., Qn aNA:

n

n
1+ HCLZ'—I- E Qi1 Ayl
=1

i1=1
G —1> .01
n n n
+ Z @iy Qi 5o Qg + oo+ Z G, 5, + Zai.
i1=1 i1=1 =1
fn—2>... 11 1211

Proof. Basic step. We must show that P(ng), that is, P(2) is true.

The statement P(2) is that in Fs [a1,a2] / (a? — a1, a3 — ag) with the rela-

tions a% = a1 and a% = as, the annihilators are: ajas +a1 +as+1, a1 and as,

which is clearly true:
ai(araz + a1 + az + 1) = afas + a? + araz + a1
=ajaz +a; +ajaz +a; (we have a% =aj)
= 2ajaz + 2a; =0 (because it is in Fy)
and it is the same for ay: as(ajas + a1 +ag + 1) = 0.

Inductive step. We must show that P(n + 1) is true as a consequence of
P(n) being true, that is, we must show that the annihilators in

Folat,...,ant1]/ <a% —aq, ...,aiJrl — an+1>
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are aj, ..., ap41 and:

n+1 n+1
1+ Hai—i— E i, Qg g --Qijy
=1 11=1
(*) I >11
n+1 n+1 n+1
+ E Qi1 Wiy liy + oo + E iy Gy + E a;
i1=1 i1=1 i=1
G111 1211

is a consequence of the fact that the annihilators in

IFy [al, ...,an] / <6L% —ay, -"aai - CLn>

are ai, ..., a, and
n n
1+ H(Zi-f- E (o ¢ N ' 3
=1 i1=1
fn—1>... 11
(**) n n n
+ E Qo Qi 5o Qg + ...+ E iy G4y + E a;
i1=1 11=1 i=1
tn—2>...>11 1211
Now, we have:
n n
=1+ an+1Hai + ap+1 E Qi1 Ay o+ Cjy
=1 i1=1
fp—1>... 11
n n
+ E Qi1 Ay Ciy + At E Qi 5Oy e Cjy
11=1 i1=1
Tp—1 > 11 Tp—2>...>11

n n
+ E Qi o Qjpy 5 Qiy T+ oo+ Ap E iy Cjq

i1=1 11=1
Tp—2r...-11 1211
n n
+ Z Ay Ay + An+1 + Z a;.
i1=1 =1
1211

When we multiply by an+1, we have:

n n

2 2
an+1 =0n+1 + an+1Ha’i + Qpiq Z Q1 Qoo Ay

=1 i1=1
G —1>... 11
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n n
2
+ ant1 E Qi Ay g+ Qi + Ay g E i,y oy ooy
11=1 11=1
Tp—1>... 11 fp—2>... =11
n n
2
+ an41 E Qi o Qi _g---Qiy oo + Ay E iy Qg
i1=1 i1=1
Tp—2>... 11 12>11

n n
2
+ any1 g Ay Qiy + Apyq + Antl E a;

i1=1 =1
12>11
n n
an+1 =0p41 + an+1Hai + ant1 Z Qg1 Ay g -+ Ay
1=1 11=1
Ip—17- 11
n n
+ an41 Z Qi1 Ay oy + At Z iy oy ooy
i1=1 11=1
Tp—1>... 11 G2 ... =11
n n
+ an+1 Z Qi 5Oy gl + oo + A1 Z Qjoy Qg
i1=1 i1=1
In—2>...=11 1211

n n
2
+ ap+1 g Ajy iy + Qg1 + Gpyl E a; (because a; 1 = Gni1)

i1=1 =1
1211
n
an+1 =20p4+1 + 2041 Z Qi Ay e Qi
11=1
Tp—1>... 11
n
+ 2ap41 Z Qo Qi gy
i1=1
Ip—2>...>11

n n
+ o+ 2ap41 Z GinCiy + 2041 Z a; (because it is in  [Fy)

i1=1 i=1
1211
:2an+1 =0
LEMMA 3.2. (1) The number of elements in the annihilator
n n
1+ Hai—l— Z iy 1 Qg oee-Qiy
i=1 i1=1

1. >11
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n

n n
+ E Qi 5@y 5y + oo + E Qi Ay + E a;
=1

i1=1 i1=1
T2 > ... =11 1911
s 2™,
(2) The number of the annihilators in Fy (a1, ...an] / (a3 — a1, ...,a2 — an)
w$sn+1

ExaMPLE 3.3. For n = 4 the annihilators in
2 2 2 2
FQ [ah az,as, a4] / <a/1 —ai,ay —az,az —as,ay — a/4>

are a1, az, as, ay and 1+ ajazazas+aiazaz +aiaza4 +arazas +asazas +aias +
aias + ajay + asas + asay + azag + a1 + as + az + a4. The number of elements
in this annihilator is 2* = 16.

The number of annihilators in

2 2 2 2
Fy a1, az, a3, a4] / (af — a1, a3 — az,a3 — a3, aj — aq)
is4+1=25.
3.3. COMPUTING DYNAMICAL GROBNER BASES OVER
Fyla1, ag, as]/(af — a1, a3 — ag, a3 — as)
Let us consider the ring:
2 2 2
R =Fsla1,a2,a3]/{ai — a1,a3 — az, a3 — as)
= Fo + araza3F2 + araolFs + ara3lFs + agaslFy + a1lF2 + asFa + aszFa

with the relations a? = a1,a3 = a2 and a3 = a3, where the annihilators are
1+ ajasas + ajas + ar1ag + asasz + a1 + as + ag, a1, as and as.

3.4. COMPUTING DYNAMICAL GROBNER BASES IN
Fylai, ...an)/ <a% —ay,...,a2 — an>

Let us consider the ring:
R =F; a1, ..an) / {a] — a1, ...,a2 — an)

n

n
=y +Fy Hai + Fy Z Qi1 Ay Cigy

=1 i1=1
In—1>... 11
n n n
+1Fy E Ay o Qi _5.--Qiy | + .00+ Fy E aiai, | +Fa E a;
i1=1 =1 =1
fn—2>... 11 1211

with the relations a% =ay,..,a2 = a,.
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We will give an algorithm for computing a dynamical Grébner basis in
Fylai, ...an)/ <a% —ay,...a’ — an) -
ALGORITHM 3.4. Input: (fi,..., f,,) ideal of
Fy lai, ...an)/ <a% —ay,...a’ — an)
where LC(f1) = a1, ..., LC(fn) = an

Output: A Grébner basis G for (f1, ..., fn) with respect to the lexicographic
monomial order >, with {f1,..., fu} C G.

Start: Let G := {f1,..., fn}.
Repeat: Let G’ := G.
Step 1. Calculate the annihilator:

n

n
1+ Haﬂr E A,y Ay _oee-iy
=1

i1=1
fn—1>... 11
n n n
+ Z Qi Q5 liy + oo + Z Qo Ay + Z a;
i1=1 11=1 =1
Tp—27...>=11 12>11

Step 2.
(1) For ¢ from 1 ton —1

R
Rai R1+a¢

(2) For each pair f;, fj in G’ for j =i+ 1,...,n calculate:

In R,;:
SUnd) =22 gi- 2oty
Rt ) a 7
S(fifi) = o fi— ;;Efj

Let S := S(fi f;). .
If S#0 then G:=G'US.
Until G = G'.
Step 3. For j=i+1,....n
Rr— Ry,
R+— R1+aj.
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Return to Step 2.
PROPOSITION 3.5. Algorithm terminates.
Proof. The algorithm terminates because

Iy [CLl, an] / <CL% —aty ... a121 - an>

is a Noetherian ring. O

3.5. CONSTRUCTION OF DYNAMICAL GROBNER BASES IN
Falay,...an) / (a — a1, ...,a2 — an)

When working with the ring R (with n = 3), we find that the binary tree
we will construct when computing dynamically a Grébner basis of an ideal
R[X1, ..., X,] is formed as follows:

N N

Ral,az Ra1,1+a2 R1+a1,ag R1+a1,1+a2

/N /N /N /N

Ral,ag,ag Ral,ag,1+(l3 Ral,Hag,ag Ra1,1+a2,1+a3 R1+a1,a2,a3 R1+a1,ag,l+a3 R1+a1,1+a2,a3 R1+a1,1+a2(1+a3

where the localizations at each leaf are:

alzl

1 1 1
Ral,ag,ag =R |:, —, :| =~ R with as =1 =Ty,
ay az as a3 = 1
11 1 a =1
Ra1,a2,1+a3 =R |:7 —, 1 :| >~ R with as = 1 = ]FZ7
ay az 1+ag a3 =0
1 1 1 ap =1
Rayata,a3 =R |:7 1 ,] =~ R with as =0 =T,
ai +az as as = 1
11 1 a =1
R =R|—, —— = R with =0 =ZF
ay,l+az,1+a3 |:a17 1+ 0/2’ 1+ a3:| w1 as - 2,
as = 0
=0
1 1 1 ai
R1+a1 as,as -— s Ty T ~ R with as = 1 = F27
s42, ]_ + ayp ag as as = 1

11 o =0
R =R — % R with - =
1+ai,a2,1+a3 |:1 + al’ ag’ 1+ a3:| A Z; =0 .
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1 11 ar =0
Ritay1+asas == R {Haﬁ 1T ay ag] = R with ¢ a2 = 0 =Ty,
a3z = 1
1 1 1 a =0
Ritar+as,14as = R [1 Tal ltay 1 aJ = R with Zz ig = .

We can define a ‘reduced dynamical Grobner Bases’ as a set

{(G1,alayay), (G2, ayay (1 + as)™), (G5, a1’ (1 + az)ay),
(Gayai (14 a2)™(1 + a3)"), (G5, (1 + a1)"ay ay), (Go, (1 + a1)"ay (1 + a3)"),
(G, (14 a)"(1+ a2)"ay), (Gs, (1 + a1)™(1 + ag)" (1 + a3)")},
where each G; is a Grobner Bases over R.
By induction when we work with the ring R we find that the binary tree con-

structed when computing dynamically a Grobner basis of an ideal R[X7, ..., X]
is formed as follows:

/\\\

Ralman

And the localizations at each leaf are:

1 1
Ral,...,a" =R |:, ey :| >~ R with o F2’
al an
an =1
a] = 1
1 1 1 :
Rala'“)anfl,l“!‘an = R |:7 seey T } = R With ° =~ ]F2’
ai an—1 l14+an a1 =1
a, =0
1 1 1 ' a =1
R(Z1, 14aq,....an +— R D ) g ey T = R Wlth a; = O >~ F27
ay 1+a; an 1
n =
1 1 1 a; =1
Ray,.lbag,lta, =R | —, s ~ Rwith { a;=0 =T,
[ [ aq 1 + a; 1 + A, ~
a, =0
al = 0
1 1 1 ag = 1
R = — ....— | &2 R with ~
e [1 +ar a7 an} A : 2,
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1 1 1
R = ee — = R ‘th
14ay,..,14an—1,an [1 +a1 14 an_1’ an] b
a; =0
= ]F27
ap—1 =10
ap =1
1 1 1 “)
R1+a1 i Atan =R sy — sy, — | =2 R with a;, =1 =Ty,
yeeeyliyeeny 1 + a1 a; 1 + (07%% —
an =0
a1 =0
R R 1 1 =~ R with : =F
= P - w . = ’
14+az1,...,14an 1 +aq R 1 + Qg ) 0 i
n pu—

THEOREM 3.6. Let R = Fy[ay,...an]/ {a} — a1, ...a2 — ay,) be a ring, I =
{f1, ey fn} anideal of finite type of R[ X1, ..., Xs], and we fiz a monomial order

>. Then G ={f1,..., fu} is a Grébner bases for I if and only ifS(fi,fj)G =0
for1<i<n—-1,i1+1<j5<n.

LEMMA 3.7. The number of the leaves of the tree constructed when comput-
ing dynamically a Grébner bases of an ideal R[ X7, ..., Xs] is 2™.

Proof. For i = 2 we have 4 leaves, that means 22, so by induction from the
tree for i = n we find 2" leaves. O
4. EXAMPLES

EXAMPLE 4.1. Let us consider the ideal I = (f = X + XY2 + Y2 + (1 +
a]+as+az+aq+aiaz+aijaz+aijaq+azas+ aza4 +azas +aijazas +aijaz04 +

a1a364 + a2a3a4 + ajasazas) X2) of A[X,Y] where A = Fs[ay,az,as, as] with

2 2 2
a? = ay,a3 = as, a3 = az and aj = ay.

Let us fix the lexicographic order as monomial order with X > Y.
The reduced dynamical Grobner basis of [ is

{({X + XY? + Y2 dVabadal), {X + XY? + Y2}, aladal (1 4 as)),
({X + XY? + Y%}, ay'ah (1 + ag)"a)),
({X + XY? + Y2}, af'ah (1 + a3)" (1 + a)"),
X + XY? +Y?}, 6l (1 + ag)Valal),
{X +XY? + Y%}, a7 (14 a2)"ay (1 + aq)"),
X + XY?+ Y2}, 6l (1 4 a2)V(1 + az)Na)),
({1}, a7 (1 + a2)" (1 + a3)" (1 4 aq)"),
{X + XY24+ Y2}, (14 a)Nadalal),
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+ar)Vayay (14 ag)"),
N N

{X + XY? +Y?},

(X +XY2 4+ Y2}, (14 a)Nad (1 + az)Val)),
{X +XY?+ Y2} (14 a1)"ay (1 +a3)" (1 + ag)"),
1+ a)V(1 + az)Nald)),

(
(X + XY?2+Y?), N1+ ag)Nad (1 + ag)),
{X—{—XY2+Y2} 1+ag N(1—|—ag) (1+ a3) a4N),
(X +XY24+ Y2+ X2}, (1 +a)V (1 + a2)N (1 4+ a3)N (1 4+ ag)™)}.

ai

( (1+

( ( )
( (1+a)
({(X + XY+ Y? (1+a)"
( (1+a1)
( ( )
(

EXAMPLE 4.2. Let us consider the ideal

I=(f=Y+(1+14+0+1+0+1+0+0)XY)

of A[X,Y] where A = Fa[a1,az,as] with a? = a1,a3 = az and a2 = a3.
Let us fix the lexicographic order as monomial order with X > Y.
The reduced dynamical Grobner basis of I is

{({Y},ai'ay (1 +a3)™), ({Y}, 6} (1 + a2)"ay), ({Y}, (1 + a1)"a3'ai) }.

EXAMPLE 4.3. We suppose that we want to construct a dynamical Grébner
bases over R = Fy [ay, as,as3]/ <a% —ay,a3 — ag, a3 — a3> for

L
I—<ﬁ—X+Lﬁ—XY—Lﬁ— 2%&4>

with a? = a1,a3 = az and a2 = as.

Let us fix the lexicographic order as monomial order with X > Y. We will
give all the details of the computations only for one leaf.

First we have to open two branches:

N\

Ry Ry
In R1:
1XY XY
S(fifo) =15 X+1) =55 (XY 1) =Y +1:= fy,

which is not divisible by fi; and fo, one has to open two new branches:

VAN

Ri1 Ri141
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In Rl’li

S(f17f4)Z%g(X—i—l)—g(Y—i—l):—X—i—Y::fg,

which is not divisible by fi; and f4, one has to open two new branches:

Ry

R1,1,% R1,1,1+%
In R1’1’1;¢
_ Ja
S(fi,fs5)=-Y—-1-—=0
S(fa, fi) = —a—1150
S(farfs)=-Y?+1 250
1
S(fl,f?,): ZY+Xf1,f30
S (fa f3) = X — S 2
1—3
S(fsfa) =1— = fo

2 L
S(fs, f5) = EX —_v? flﬂﬂ; 0

S (fa f5) = —x =y el
3 .
S(fsaffs):—bYAO
Thus G = {X—|—1,XY— 1,%1/— 1,Y—|—1,—X—|—Y,%} is a Grobner
basis for (f1, f2, f3) at the leaf R, | 1-:.
b bl 2

At the leaf R1,1,1+%’

L -
ng{X—i—l,XY—l,QZY—I,Y—i—l,—X—i—Y,ZQS}.

At the leaf RLHL%’

1—i i — 3
Gg:{X+1,XY—1,QZY—l,Y—I-l,—X-i-Y,Zl }
—1

At the leaf R1,1+1,1+%’

1—i 3
G4:{X+1,XY—1, 2ZY—1,Y+1,—X+Y,22 }
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At the leaf RHLL%’

3

. .
ZY—l,Y+1,—X+Y,21 :
—1

G5:{X+1,XY—1,

At the leaf R1+171,1+%’

2 2

At the leaf R1+1,1+1,%7

3

— i—
1—1

V-1,V +1,-X +Y,

1
G7:{X~|—1,XY—1,

At the leaf R

14+1,1+1,14 5%
1—3

GG—{X+1,XY—1,HY—I,Y+1,—X+Y,Z_3}.

L
ng{X+1,XY—1,2ZY—1,Y+1,—X+Y,
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