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A NEW GAP IN THE CRITICAL EXPONENT FOR
SEMI-LINEAR STRUCTURALLY DAMPED EVOLUTION
EQUATIONS

KHALDI SAID, ARIOUI FATIMA ZAHRA, and HAKEM ALI

Abstract. Our aim in this paper is to discuss the critical exponent in semi-
linear structurally damped wave and beam equations with additional dispersion
term. The special model we have in mind is

U + (A u 4 (=A)°u 4 2(=A)°u; = |ul?,
where the initial displacement u(0,z) = wo(z), the initial velocity u.(0,z) =
u1(z) and the parameters ¢t € [0,00), x € R", 0 > 1,6 € (0,5), p > 1.

The solution to the linear equation at low frequency region involves an inter-
play of diffusion and oscillation phenomena represented by a certain real-complex
Fourier multiplier. The scaling argument shows that the diffusive part leads to
faster decay rates compared to the oscillatory one. This interplay creates a new
gap in the critical exponent between the blow up (in finite time) result when
1 < p <1+ 22 (sub-critical case) and the global (in time) existence result

when p > 1+ 220 (super-critical case).
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1. INTRODUCTION

Many interesting phenomena in nature can be characterized as diffusion,
oscillation or coupled diffusion-oscillation due to the presence of real and com-
plex characteristic roots in formal solutions to the linear evolution equations
modeling them, as is well known from a mathematical Fourier analysis and
physical perspective. For instance, a first-order evolution equation of anoma-
lous diffusion and a second-order evolution equation of waves being particu-
larly most important. The Schrodinger equation is an exception, since it is
a first-order evolution equation that explicitly includes the complex factor i.
More precisely, let us distinguish between the above three phenomena that
appear in the formal solution to some linear evolution models listed below:
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e Diffusion, which means that the formal solution contains a real Fourier
multiplier of the form e~ <kl*t where ¢ > 0, ¢ € R" and a, ¢ are some
strictly positive constants. For example, this phenomenon appears in
the following models:

— Anomalous diffusion equation(heat equation when o = 1)
(1) v+ e(—A)Yv =0, v(0,2)=uvy(z), >0,
the formal solution in the Fourier space is given by

8(t,€) = e~ M 9,

which is valid for all frequency regions, for more details see [11}, 18]
and reference therein.

— Wave or beam equations with frictional damping (waves when
o =1, beam when o = 2),

(2) ug + (—A)°u+ug =0, u(0,2) =0, u(0,2)=wui(x),

the formal solution in the Fourier space is given by

€27

S " e
e 1+1/1,4‘€‘20 _ e—t— 1—4|§|20t

which is valid at low frequency region {£ € R™ : |£| < (1/4)/27},
for more details see [13, [§] and reference therein.
— Wave or beam equations with effective structural damping

(3) ug + (—A)u+ (=A)°u; = 0, u(0,z) =0, u(0,2) = uy(z),

the formal solution in the Fourier space is given by

’ll(t, 5) =

‘5‘2072(5

S ol —
e 144/1—4[¢|20—48 _e_|§‘26t_|€|25\/W,§
/= AP

which is valid at low frequency {€ € R™ : [¢| < (1/4)/(20=4)1  for
more details see [6l, 4, 9] and reference therein.
— Wave or beam equations with effective critical structural damping

(4) ug + (—A)%u + u(—A)U/Qut =0, u(0,2) =0, u(0,2) = uy1(x),

ﬂ(taé) =

uAl(g)v o€ (070/2)7

the formal solution in the Fourier space is given by

1£17
—— L
¢ FVIET o2 1/20e0 P —at

U , 2,00
e 1 1(§), pe( )

a(t,g) = te_matﬁl(é)’ p=2,
for more details see [0, [4, [9] and reference therein.

ﬂ(t, g) =

or
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e Oscillations, which means that the formal solution contains a complex
Fourier multiplier of the form e ¢lI*t, For example, this phenomenon
appears in the following models:

— Schrodinger equation, see [11] and reference therein,

(5) v +i(—A)7v =0, v(0,2) = vo(z),

the formal solution in the Fourier space is given by

8(t,€) = e 1€ (€).
— Free wave and beam equations, see [10] and reference therein,
(6) ug + (—A)°u =0, u(0,2) =0, w(0,z) = ui(x),
the formal solution in the Fourier space is given by
e et _ Qllél7t

ﬂ(t,f) = 21‘§|0 u1l 5)

e Coupled diffusion-oscillation, which means that the formal solution
contains both real and complex Fourier multipliers of the form

_ ilg|b
o—clelatxilelbe

with a, b, c > 0. This case itself contains three different phenomena as
follows:

— If a < b, diffusion is more dominant than oscillation, in the sense
that the scaling argument for the diffusive part leads to a better
decay rate than that for the oscillatory part. For example,

- Generalized Schriodinger equation

(7) v+ (—A) 2P0 +i(=A)v =0, u(0,2) = vo(x), 26 < o.

- Wave and beam equations with structural damping and ad-
ditional dispersion term (our interest)

(8) wy + (—A)Pu+ (—A)7u+2(=A)u, =0, 26 < o,
u(0,z) =0, u(0,2) = uy(x),

the formal solution in the Fourier space is given by

o [E1P2tHIE[7t _ o—€[*0t—il¢|7t
u(t, &) = U
( 76) 21‘§|0- l(g)

— If a = b then the diffusion plays the same role as oscillation in the
sense that they lead to the same decay rate.

— If a > b, oscillation is more dominant than diffusion, using the
same above sense. We remark that this phenomenon can be de-
scribed again by models — when o < 24 or by the following
model
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- Wave and beam equations with non-effective structural damp-
ing

(9) st + (=A)7u+ (=A)u = 0, u(0,2) =0, u(0,2) = u(x),
the formal solution in the Fourier space is given by
o €1 tHilg]7/1—4[€[40201 _ —|g|Pt—il¢|7\/1—4[¢[40 201
) 2i[e]7/T= 4 7

provided that o/2 < § < o and |¢| < (1/4)}/(49=29) " For more details see
[6, 9L B, [1] and reference therein.

We have now discussed all possible scenarios of interaction between diffusion
and oscillation in linear dynamical systems. To the best of authors knowledge,
the dynamical systems that satisfy pure diffusion at low frequency region al-
ways achieve optimal results, not only in terms of the decay rate but also in
the critical exponent to the corresponding semi-linear evolution models. On
the contrary, the situation pose some challenges in those of pure oscillation or
coupled diffusion-oscillation.

After the seminal paper [12] of H. Fujita in 1966 about the semilinear heat
equation, several mathematicians focus their research works to investigate
both global (in time) existence of small data solutions and blow up (in finite
time) of weak solutions to some semi-linear evolution equations with different
power nonlinearities in the right hand side, in particular, to find one of the
most important values known as Fujita critical exponent denoted by pf. In
general, critical exponent is exactly a threshold that divides the range of power
nonlinearities p € (1,00) into two parts such that when:

~

'Il(t,f) U ‘£ )

e 1 < p < pf(sub-critical case), there exist arbitrarily small Cauchy
data, such that there exists no global (in time) weak solution, only
local existence can be proved (so-called blow-up result).

o pl" < p < co(super-critical case), there exist unique global (in time)
small data Sobolev or energy solutions.

The critical case p = p™™ belongs either to the set of global existence or
blow-up according to the regularity of initial data. Let us now review some
previous critical exponents to the above mentioned evolution equations when
the usual power nonlinearity |u|P is applied as a source term for all p > 1.

It has been shown that the critical exponent remains the same in both

models and and is given by
; 2
(10) pfw(n,a,m):1+7ma, m e [1,2], n>1,
n

where the parameter m denotes the additional L™ regularity of initial data
vo,ur € L™ N L?.
The critical exponent to model is given by

(11) Py (n,0,0) =1+ n > 26,

20
n—29’
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provided that u; € L' N L2. The critical exponent to the special model is
given by

; 20

(12) i (n,0,0/2) =1+ n>1.

n—o
Now, back to the models @ and @D In these two cases, the authors cannot
determine the exact critical exponent for all space dimension as in the diffusive
case, but there are some positive partial results at least in low space dimension.

Let us begin with @, indeed, using L?-energy estimates (¢ # 2) together
with Banach fixed point theorem and test function method, the authors in [10]
successfully proved that the critical exponent is still given by only at low
space dimension 1 < ¢ < n < 20, however, in the case n > 20, the authors
said that we may have a gap.

The situation is more difficult in model @ In fact, on the one hand, if we
use L%-energy estimates together with Banach fixed point theorem we get that
the global (in time) existence holds for any p strictly larger than pg, where

20
pozzpo(n,a,5):1+0+ , 5€(g,0>.
n—o 2

On the other hand, if we use a test function method, we prove a blow up in

finite time of weak solutions for any p strictly smaller than pg uj (n,o,0/2).
These techniques show a gap between non-existence and existence results

in the following interval
<1+ 20 ,1+a+25>.

n—o n—o

Fortunately, the authors in [I, B8] have succeeded recently derived sharp

auxiliary Li-estimates and found the critical exponent given by pgu] (n,o,0/2)
but again at low space dimension 1 < o < n < fi(o) as in model (6], where,

n(o) = (30 —2) [1 + % (\/1 +80(30 —2)72 — 1)] € (30 —2,30 —1).

Thus, the gap in the above interval was partially closed. Of course, this
result is reasonable thanks to the presence of the same complex Fourier multi-
plier |¢|~7¢*¢17 in all models (4)), (6) and (9) which really leads to the unified

o Fuj
sub-critical case p, 7 (n,0,0/2).

Now, inspired by those interesting considerations [3| [I] we are motivated to
ask the following question:

QUESTION 1.1. What happens if the scaling argument of the diffusive part
is better than the oscillatory one?

To answer this question, we will focus our attention to derive some L?-
energy estimates and investigate both global (in time) existence of small data
solution as well as a blow up (in finite time) of weak solution to the special
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model . We found a new gap, similar to the one in previous model @ and
we have a second question:

QUESTION 1.2. Can this gap be closed, at least in low or high dimensions,
as in @?

Now, we are in position to state our principal results in the following section
and prove them in the next Sections[3}[d] We will choose u(0, z) = 0 for brevity.

2. PRINCIPAL RESULTS

Our first principal result concerning the global (in time) existence of small
data solutions reads as follows:

THEOREM 2.1. Lett e Ry, x € R", 0 > 1, § € (0, %) and p > 1. We
consider the following special semi-linear Cauchy problem of wave and beam
equations with structural damping and additional dispersion term

gt + (=AU + (—A) 00 4+ 2(—A)ouy = |ul?
w(0,z) =0, u(0,2) = ui(x).

Let us assume suitable restrictions for the nonlinearity p and the dimension
n

(13)

2<p< 2L if 20 <n <o,

n—2o

2<p< if o <n<20.

(14)

Moreover, we suppose
o+ 20

n—o

(15) p>1+

Then there exists a constant €9 > 0 such that for any small initial velocity
up € LN L2 with |Ju1]| ;1nz2 < €0, we have a uniquely determined globally (in
time) solution to in the class

u € C([0,00), H7)NC* ([O,oo),LQ) .

In addition, the unique solution and its energy satisfy the long time decay
estimates as t — oo:

_n—2c
[ut, )z S (L+07 % Jlurlance,
1(=2)72u(t, e < (1+8)7 5 |u [l a2,

_n—(20-49)
lue(t, )z S A+1)" 3 Jlurllinge.

REMARK 2.2. The condition is technical due to the application of
fractional Gagliardo-Nirenberg inequality from Lemma , but it can be
extended by relying on more general LY — L" estimates with 1 < ¢ < r < .
The lower bound is of important interest because it ensures that there is
no loss of decay estimates for semi-linear problem with those for solutions to
the corresponding linear Cauchy problem.
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REMARK 2.3. The lower bound for global existence appears to combine
the parameters of diffusion and oscillation observed in the Fourier multiplier
e7|£|25teii|£|gt

m(t7£) - 21’£‘g

But we are going to show that the upper bound for the blow up result do not
depend at all on the parameter o.

Our second principal result concerning the blow up of weak solution reads
as follows.

THEOREM 2.4. Let 0 > 1,0 € (0,%) and n > 25. We assume ug = 0 and
uy € L' satisfies the following strict positivity: fRn ui(z)dx > 0. Additionally,
we suppose the condition

46
n—2§

Then there is no global (in time) weak solution to (13).

(16) l<p<1+

REMARK 2.5. We avoid discussing the case p =1+ ni62 5, because the main

purpose of this research is just to understand the gap between the exponents
of the existence and non-existence results.

3. PROOF OF GLOBAL EXISTENCE TO

In order to prove this result, let us collect some needed notations and in-
equalities.

The notation f < ¢ is used to denotes that there exists a constant ¢ > 0
such that f < cg, while f ~ g to denotes g < f < g, these constants have no
significance in our analysis.

The spaces H*(R™) with s > 0 denote Sobolev spaces of fractional order as
defined below

H®") = {f € S®"): | fllmsery = 10+ |- PDEFN) z2en) < 00}
see [11l pp 445] for more detail and reference therein.

3.1. Useful Inequalities. The fractional Gagliardo-Nirenberg inequality is
expressed in the next lemma.

LEMMA 3.1. Let1l < g < 00, s > 0. Then the following fractional Gagliardo-
Nirenberg inequality holds for all g € H*(R™):
s/2 10 1-0
HQHLQ(R") S I(=4) /29”Lq2(Rn) HgHLQ(ﬂ%n)ﬂ

where 0, = % (% — %) € [0,1].

Proof. For the proof, see [11] and reference therein. O

The next integral inequality is used to deal with the Duhamel’s integral.
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LEMMA 3.2. Let a,b € R such that max{a,b} > 1. Then it holds
t
/ (1 +t— T)ia(l + T)ide 5} (1 + t)fmin{a,b}'
0

Proof. For the proof, see again [I1] and reference therein. O

In the next subsection, we derive suitable energy estimates which are very
important tool to demonstrate Theorem [2.1]

3.2. L>-Energy Estimates. Let t c R,, 2 € R”, 0 > 1 and § € (0, %) We
consider the corresponding linear equation to ({13

ug + 2(=A)%us + (—=A)Pu + (—A)%u = 0,

w(0,2) =0, u(0,2) = ui(z).

The full symbol of the equation in is given after applying the space-time

Fourier transform A% 4 2[¢20X + ¢4 + |¢]%.
The characteristic roots are complex conjugate for all frequencies

A(E) = =[] +il€]7,  Xa(€) = —[€]* —i[€], (&) — Aa(€) = 2il¢]°,

MO = PO = €% +1€177, [M(€) — M) = 4l¢f>.
We have the following (L' N L?) — L? long time decay estimates.

(17)

PROPOSITION 3.3. The solution and its energy satisfy the following (L' N
L?) — L? estimates for all n > 20:

lu(t, gz S (1485 ||ur]l prrge,
I(=A)u(t, )2 S (L4875 [ e,
(=AY ult, )z S QA +6" % fulpinge,
lua(t, gz S (1465 furf e

In particular, if we remove the additional L' regularity, we have the L?> — L?
estimates ||u(t,-)||r2 < (1 +t)||uilz2.

REMARK 3.4. The condition n > 20 guarantees the decay property in the
solution itself. We remark the equivalence between decay rates of the kinetic
energy and elastic energy of order §. The kinetic energy satisfies worse decay
rate with respect to elastic energy of order o/2. If 0 < 2§, we have the same
result as in [9, Proposition 24], but in this case, it is remarkable that the
situation is opposite, that is, the kinetic energy satisfies the same decay rate
with respect to elastic energy of order o/2, and worse decay rate with respect
to elastic energy of order J.

Proof. The proof of this proposition follows the same direct detailed com-
putations found in [9, Proposition 24] with small modifications due to the
condition 2§ < o.
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The explicit representation of solution to the linear equation is given by

et 1(6) _ otr2(6) e lEIPPtHlE[7t o —[€120t—i€]7t
Wt &) = s w(§) = .

A1(§) — A2(§) 2i[¢|”
where £ € R™, ¢ > 0. The condition 28 < o shows that the scaling £61/20 — ¢
is better than &tY/7 — €.

Using the following inequality

iy (§),

_ n+2a

11]%e ™ | Laejeny S (146757, b>0, n+2a>0,

together with Perseval identity [u(t,-)||p2mn) = [|(t, )| 2@ny give us the
desired result

N —o —tlg|20 ~ _n—2g
la(t, M r2ger<ry S METe 1 2 geany it ll e S (467" fJua g1,

" o —t]€|? . _
lat, M z2ger>1) S 1677 o ey lein 2 S €™ flun | 2.

Let us now devote our attention to prove the first principal result.

Proof. Since we are dealing with semi-linear Cauchy problems, we use the
Banach’s fixed point theorem inspired from the book [11, p. 303]. Here, we
need to define a family of evolution spaces X (T') for any 7' > 0 with suitable
norm || - [| x(r), as well as an operator

O:uGX(T)b—>Ou(t,a:):K(t,aﬁ)*ul(x)—i—/o K(t—7,2)*|u(r,z)Pdr

t
_ [ Kt - y)ui(y)dy + / K(t — 7,2 — y)lu(r, y)Pdydr
R™ 0 R™

= u"(t,x) + u"(t, z),

where

—[€12ot+ilg|7t _ o—[€*0t—i¢|ot

e e

K(t,z)=F"! t,x).
(t,z) < S T

If the operator O satisfies the two inequalities:
(18) 10ullx(ry S lutll prgmynzaeny + el gy, Yu € X(T),
(19) 10w = Ovllxcry S lu = vllxer (1l + 0l Va,v € X(T),

then, one can deduce the existence and uniqueness of a global (in time) solu-
tions of for small norm of initial data. Here, the smallness of the initial
data [|u1l|p2(gn)nz1 @) < €0 imply that the operator O maps balls of X(T)
into balls of X (7).

Now, we define the Banach space X (T') for all T > 0 as follows:

X(T):=c([0,7],H°)nC' ([0,T],L?).
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We equip it with the norm

n—2o n o
lull x(ry = sup ((1+t)  [lu(t, )l ze + (L4 )35 (=2)7u(t, )| 2
(20) 0<t<T

n—(20—

46)
)Tt 2.

The definition of this norm plays a crucial role in our analysis.
Step 1: Using energy estimates, it is clear that the function

uL(t, x) = K(t,z) xui(x) = - K(t,z — y)ui(y)dy

belongs to X (7") and we have

n—2o

[u* |l x(ry = sup ((1 1) 5 ul ()| pe + (4 1) || (=) 2ub () e
0<t<T

_n—(20-46) L <
(7T b)) S Dl o ez qen) -
Step 2: To conclude inequality , we must prove
N
(21) eV ez S lull g,

We divide the interval [0,¢] into two sub-intervals [0,¢/2] and [¢t/2,¢] where
we use the L' — L? linear estimates if 7 € [0,¢/2] and L? — L? estimates if
T € [t/2,t]. From Proposition [3.3| we have

t/2
N __n—20
[ (£, )l 2 5/0 A+t =) 5 [lu(r, )Plping2 d7

t
4 / (14t — 1) (P o dr-
t/2

By the fractional Gagliardo-Nirenberg inequality from Lemma [3.1, we can
estimate these two norms |[u(7,-)||",,, [lu(r,-)||7,. In fact, we know from
that

(14 7)3[[(=2)7u(r, )2 S lullx 1),
n—2o
(L+7) 5 flu(r, )2 S lullxr)-
Hence, we can estimate the above norms as follows
o, B S (14 7 PEFI S [l g 5 = 1,2,
provided that the condition is satisfied for p and n. We conclude
luCr, B + (Y2, S (L4 7).

Using the following equivalences

I+t—7)=(1+t)if7€[0,t/2], 1+7)~(1+1t)if 7€ [t/2,1]
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and Lemma we estimate the first integral of u¥ over [0,¢/2] as follows

t/2 n—zo n—o n
/0 (1t = )75 (1 4+ 7) P55 |ufy oy dr S

t/2 n—o n __n—20
U407 F fullyry x [ (472 S (14 0% ull
due to p > 1+ 222, For the second integral over [t/2,t] we have
t
[0t POl g ae S (14 0

t/2
Thanks to 20 < o and p > 1+ %205, we arrive to the desired estimate for uV

n—2o
A+ (1, )2 Sl

The same conditions allow us to obtain
(2

(1 +t) Hut (t, )2 S HU”I))((T)
1+ 8 (=8)7 2N (1) 12 S Jull g

Inequality is now proved, that is .
Step 3: To prove ([19)) we choose two elements u, v belonging to X (7'), and
we write

Ou(t,x) — Ov(t,x) = /0 K(t—7,2)* (Ju(t,2)|P — |v(7,x)|P)dT

We divide the integral as above and by the Holder’s inequality, we derive for
s = 1,2 the following

[fa(rs )P = o, )Pl s < Nlulr,-) = o(7, )l Lo (Hu(T?')HLSP + [lv(r, )HLSP>'

Using the definition of the norm ||u—v|| x (1) and fractional Gagliardo-Nirenberg
inequality we can prove without difficulty. Hence, Theorem is now
proved. ]

4. PROOF OF BLOW UP RESULT TO (13)

The proof will follows the same detailed computations found in [7, Theorem
2] with small modifications due to the additional dispersion term (—A)%u.
Therefore, we will only present the steps in which we have a difference. We
collect the following auxiliary lemmas whose proofs can be found in [7].

1
LEMMA 4.1. Let d € N and s € [0,1). Let (z) = (1+|z[*))2. Then the
following estimates hold for any v > n and for all x € R™:

ENE {<x>‘"‘2d ¥ 5=0,

()™""2%  if s€(0,1).
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LEMMA 4.2. Let ¢(z) = (x)~" for some v > 0. For any R > 0 and for
some constant 8 > 0, let ¢r be a function defined by

or(z) = ¢(x/R%)  forall x€R"
Then (—A)P(pRr) with p > 0 satisfies the following scaling properties for all

r € R":
(—A)(¢r)(x) = R™*?((=A) ¢) (x/RP).

LEMMA 4.3. Let s € R. Let f = f(z) € H*(R") and g = g(z) € H*(R").
Then the following relation holds:

| J@g(e)de = | - f(E)a(€)de.

Rn
Using Lemma [£.3] we may obtain the following exchange property

| carutayoen = [ utz)(-A) on(e)da
/ (- APut,2)o()dr = / ult, @) (~ A ol
[ 8 ultnods = [ ufta)(-a)Y o(e)da.

We define the radial space-dependent test function ¢(z) = (z)™""2, z ¢
R", and we choose the time-dependent test function n = n(t) € C5°([0,00))
fulfilling

1 if 0<t<1/2
n(t) := < decreasing if 1/2 <t <1,
0 if 1<t< o0,
and
_&, / / /i /
22) o) (WO + 1 OF) <O forany te1/2.1)

where p’ is the conjugate of power nonlinearity p > 1.
We first give the definition of weak solution to .

DEFINITION 4. 4 Let p > 1. We say that u € LT ([0,00) x R™) is a global
weak solution to ([L3)), if, for any test function ¢ € C2°([0, 00) x R™), it holds:

/Oo/n lu(t, z)|P(t, z)dzdt = /oo/n w(t, 2)bu(t, z) dadt
/ /n Y(t,x)u txda;dt—i—/ /n 25¢t$) u(t, ) dzdt

—2/ / Yt ) (t,x)dxdt—/ s (2)(0, 7) da

n

If supp ¢ C [0,7T] x R™ for some finite 0 < T < oo, then u is said to be a local
weak solution to ([13)).
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Let R be a large parameter in [0,00), we fix the following R-dependent
test function: ©Ygr(t,z) = nr(t)or(x) = n(t/R*)¢(x/R), where a will be

determined later to catch our result. We also define the functionals

) R~
= /O / Jult, )Pt 2)dwds = /0 / Jult, ) Pn(t,2)dedr,

IR = /a/2/n lu(t, x)|Pyr(t, x)dzdt.

The idea of this approach is based on a contradiction argument. In fact, let us
assume that we have a global (in time) Sobolev solution from C([0, 00), L?) to
(13)). Thanks to the support condition for nz(t) and the assumption u(0,z) =
0, we carry out integration by parts we arrive at the following equation (local
Weak solution):

0<Ip=- / ui(z)ppr(x dx—i—/ / (t,2)np(t)dr(x) dodt
R" a/2 n
/ / nr(t ) (—A)u(t, z) dedt
o0
/ / nr(t (=A)2u(t, z) dadt
0 n

Ra
2 f / at)6r() (~A)ult,2) dedr

a/2

and

_l_
[e=]

—+

= —/ ul(l')(pR(ZU) dx + Jl,R + JzyR + J37R — J47R.

Repeating the same computations as in the cited paper [7], we may now
arrive at the following estimates

— ntao n+o
[Jurl S TIPR2T ) gl S PR

n+a
\Jsrl S THPR SLIPROTT

Combining these estimates we get

0< / up(x)pr(x)de < I}%{f <R720‘+np# + Rfa*QéJrn;’a)

_ _ nto
o (R + RV )—IR.

The best possible choice of parameter a is a = 26, in this case, the above

l/pR—46+

inequality becomes < I — Ir. Applying the crucial inequality for

allp>1
Ayl/p—ygAP%l forany A>0,y>0and 0<1/p<1, p/(p—1)=7p,
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which leads to
0 </ uy (2)pp(x) de < R4V H+20,

Now, let us suppose —40p’ +n+20 < 0. If we let R — oo we get [, u1(z)dz =

0, and this is contradict to our assumption. Hence, every Sobolev solution

blows up if p < 1+ nf‘; 5- The proof is now completed.

5. CONCLUSION

Let us go back and consider the following Fourier multiplier

e_|§|26teii|£|at

m(t,f) = 21,{-‘0

It is reasonable to distinguish between the two cases 20 < ¢ and ¢ < 24 in
model . One can see that the model @ never satisfies the first case.

e if ¢ < 26, the oscillatory part satisfies better scaling than the diffu-
sive part as in model @D Unfortunately, this benefit disappears when
deriving L?-energy estimates, and this later estimate is not sufficient
to get sharp results. For this reason, the authors in [3], [I] employed
another strategy based on L?-energy estimates in time-dependent fre-
quencies to deal with better scaling coming from the oscillatory part
|€]~7etIEl7t and they succeed to catch partial sharp result.

e if 26 < o, we have no benefit from the oscillatory part in deriving the
L?-energy estimates. Unfortunately, the benefit from diffusive part is
not sufficient to get sharp results. In this case, we also remark that
we have no explicit Fourier multiplier that leads to the sub-critical
condition , we expect that the desired Fourier multiplier is given
by |67t or ¢ =26

All in all, in our forthcoming paper, we will try to discuss more general L?
(1 < g < oo)-energy estimates in which oscillations play a role and show
whether or not the above gap may be improved, as done in the studies [I} 3].
Question 1.2 is now unanswered.

, £€R™ t>0.
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