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STUDY OF AN EXTENDED TRIVARIATE
HILBERT INTEGRAL INEQUALITY

CHRISTOPHE CHESNEAU

Abstract. In this paper, we establish a new integral inequality that extends
the scope of the classical trivariate Hardy-Hilbert integral inequality. The main
contributions are (i) to generalize a famous result in the literature with the use of
additional adaptable functions and parameters, and (ii) to prove it using a well-
calibrated spherical change of variables, which is quite unusual in this area of
research. Several special cases are highlighted and other new trivariate integral
inequalities are derived.
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1. INTRODUCTION

The Hardy-Hilbert integral inequality is a fundamental result in mathe-
matical analysis, especially in the study of bivariate integral inequalities. For-
mally, it states that, for any (a,b) € (1,+00)? such that 1/a + 1/b = 1 and
f,9:0,+400) — [0,+00), we have

1/b

/;00 /Om dedy <9 [ (:OO f“(x)dw] a [/Om gb(ﬂ?)dw} ,

rTy

where § is a specific constant factor depending on a, given by ¢ := Sinfw,
provided that all the integrals involved exist (or converge). It is shown that the
inequality is indeed strict, and that the constant factor ¢ is the best possible.
We can refer to [9],26]. The Hardy-Hilbert integral inequality has been studied
extensively and has led to many generalizations. Among the important refer-
ences, we mention [20], 22] 23] 19] 24] 13], 25l 27, 8l 17, 16, 29, 18, 3] 4, 2] [T} [7].
The survey in [6] is also recommended. It provides valuable insights into some
of these developments.

There are several studies on multivariate variants of the classical Hardy-
Hilbert integral inequality. We refer to [12, 21 14} 10} 5] 30, [15] 28, 11]. For
the purposes of this paper, let us present a special trivariate integral inequality
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derived from the main result in [2I]. It states that, for any (a,b,c) € (1, +00)?
such that 1/a+1/b+1/c =1, 0 € R, and f,g,h : [0,4+00) — [0,+00), we
have

oo e oo f(x)g(y)h(2)
/0 /0 /0 CETE
(1)
1/c

<e [ /0 o 2 f“(:c)d:c} v [ /0 o x2—ogb(:p)d4 v [ /0 o x2_”hc(x)dx] ,

where € is the constant factor given by

2) e::@F(T—I—l)f‘((j;g—l—l)F(U;?’—i—l)

and ['(z) := f0+°° t*“le~tdt, with > 0, is the standard gamma function,
provided that all the integrals involved exist (implying, in particular, o >
3 — min(a, b, c)). It is shown that the inequality is indeed strict, and that the
constant factor € is the best possible. The proof is based on a thorough appli-
cation of the generalized Holder integral inequality, and several well-calibrated
integral decompositions. This trivariate integral inequality is important be-
cause it shows how the third dimension and the parameter o significantly
affect the form of the classical Hardy-Hilbert integral inequality. It also shows
that the constant factor adapts to the context. The gamma function plays a
central role in defining it.

In this paper, we make two contributions to this topic. First, we extend
the inequality in Equation by introducing two intermediate and adaptable
functions, k and ¢. The general form of the triple integral to be bounded is as

follows:
777 e (5 (£

Thus, the presence of k and ¢ adds a higher level of generality and complexity
compared to the triple integral in Equation . We therefore determine a
sharp upper bound for this integral, depending on all the components involved.
More precisely, following the spirit of Equation (1)), we exhibit a constant £
such that the upper bound obtained has the following form:

¢ [ /0 T o f“(x)dx] v [ /O o x2—0gb(x)dx] . { /O o x2_"hc(x)dm}

The constant £ can be defined as the product of special integral transforma-
tions of k and ¢, with an indirect connection to the beta function, at least in
construction. The constant in Equation (and the overall upper bound) is
expected to be rediscovered by taking k and ¢ as constant functions equal to
1. To the best of our knowledge, this is the first time that such a bound has
been obtained for this general trivariate variant.

1/c
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The second contribution is the proof techniques developed to establish this
result. We mainly use a special spherical change of variables and the general-
ized Holder integral inequality. In a sense, we thus extend the underexploited
polar change of variables technique in [I6, [7] to the trivariate case, with a
more sophisticated integrated function. We believe that this technique can
inspire further research in this area, beyond the Hardy-Hilbert-type integral
inequalities.

The other three sections of the paper are as follows: Section [2] presents our
main trivariate integral inequality and highlights some special cases. It is com-
plemented by some related results in Section [3] Section [4] gives a conclusion.

2. RESULTS

Our extended trivariate Hardy-Hilbert integral inequality is presented in
detail in the proposition below.

PROPOSITION 2 1. For any f,g,h,k,£ : [0,400) = [0,4+00), 0 € R and
(a,b,c) € (1,+00)> such that 1/a—|—1/b+1/0—1 we have

/+OO/+OO/+OO fx+y+z()> @)ﬁ(xjy) dedydz
<¢ [/ 2277 f(z)d ]1/11 [/OJroo s )dx} 1/b [/()+oox2_ahc(x)dx] 1/0’

where £ is the constant factor “product of two integrals” given by

1 J—
€ { / k (1 m) (1- x><a—3>/ax<v—3>/bdx] .
0 xr
1
/ / € $U_2+(3_0)/C(1 I 1:)(0_3)/6(:156
0 1— X ’

provided that all the integrals involved exist.

(3)

Proof. For this proof, let us consider the following triple integral:

+oo +oo +oo h
P A A C I CAVYEES) PR
0 0 o (z+y+2)7 \y z
For the rest, we suggest an original line with multiple changes of variables.

Applying first the change of variables (x,y,2) = (r?, s%,t2) with (r,s,t) €
[0, +00)3 and the Jacobian glven by J(r,s,t) = 8rst, we get

+oo  p+oo  p+o0 f ) ( ) r2 r’4s
A= / / / 2 + 52 + 2)7 k <82> 14 < 2 > |J(r,s,t)|drddt
+oo  ptoo pHtoo f ) ( ) 7"2 T‘2+52
= 8/ / / 2 + 52 ) k (.92> 14 ( 2 ) rst drdsdt.
On the basis of this new expression, we now consider the spherical change of
variables (r,s,t), classically given by r = psin(p) cos(f), s = psin(y)sin(6),
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t = pcos(p), with (p,0,¢) € [0,+00) x [0,7/2]? and the Jacobian given by
Jo(p,0,0) = —p? Sin(cp). With this change and some standard simplifica-
tions, including cos?(x) +sin?(x) = 1, tan(x) = sin(z)/ cos(z) and cotan(z) =
1/tan , we get
s /”/2 /”/2 /+°° L sin(p) cos? ()] sn (o) sin? (B)]hl? eos? ()]
[p? sin? () cos2(6) + p2 sin?(¢) sin?(6) + p2 cos?(p)]”
{p sin?(¢) cos ((9)} ’ [p smz(go) cos?(0) + p? sin?(¢p) sin?(0)
p? sin?(¢p) sin?(6) p? cos?(p)
psin(ep) cos(0)psin(p) sin(0)p cos()[J(p, 0, p)|dpdfde

w2 pmw/2 oo
= [T 1 s cost @)l sin (o) i 015 cos” )

k [cotan )] ¢ [tan (©)] p° 2% sin? () cos() sin(6) cos(¢) sin(y) dpdfdy

w/2
= / / [cotan?(0)] ¢ [tan®(p)] sin? () cos(6) sin(6) cos(y) sin(p) x

[ /0 7727 flp? sin® () cos?(6)]g[p? sin® (i) sin® ()] h[p? cos® ()] dp | dfdep.
Note that we voluntarily keep the form cos(6) sin(f) cos(y) sin(¢p) in the inte-
gral to prepare for future changes of variables with respect to 8 and ¢.

Taking into account the last expression of A, using 1/a+1/b+1/c =1, the

generalized Holder integral inequality applied with the parameters a, b and ¢
gives

/2
A< 8/ / [cotan®(6)] ¢ [tan®(¢p)] sin?(¢) cos(6) sin(f) cos(p) sin(p) x

(L
o 1
U

/2
= 8/ / [cotan®(6)] ¢ [tan®(¢p)] sin? (i) cos(6) sin(f) cos(y) sin(p) x
B(0, ¢)dbde,

1/a
727 o sin® (i) cos <9>]dp} .
1/b

—+o0
P> 727 g [p? sin® () Sin2(9)]dp} x

—+oo

\%c\

1/c
P2 R o >]dp} a6y

where

+00 1/a
B(6, ) = { /0 o2 o sin? () cos2<e>]dp1} %

+00 1/b
{[ 7o dimsmopsmioln |~
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+o0 59 /e
{ /0 P2 Nl R cos (so)]dps} |

with three different notations for p to examine the integrals independently.
Applying the three (independent) changes of variables j; = p? sin?(¢) cos?(6),
p2 = pysin®(p)sin®(0) and pz = p3 cos®() with (p1, pa, p3) € [0,+00)%, we
have

B +o00 i 2—0o . 1 1/a

s09 [ [wm] |
400 # 2—0o X 1 1/b
{/0 [sinQ(ap)siDQ(G)] g (“2)2sm2(¢)sin2(9)d“2} 8

[SinQ((p)](U i’))(l/(z-l-l/b)[coS (6)](0 3)/a[sm (0>](J—3)/bx

= 9ljat1/b+1/c
1/b

+oo 1/a +oo
[cos(g)] @9/ [ / u%—“f“wl)dm] [ / ﬂ%—ogbwdﬂz} <
0 0

+o0 9 /e
[ /0 ug"hc(us)dus]

Note that we voluntarily keep the forms [cos?(6)]*, [sin?(8)]*, [cos?(p)]* and
[sinQ(Lp)]*, where * denotes a certain exponent, in the integral to prepare for
future changes of variables with respect to # and ¢.

If we use 1/a +1/b+1/c =1 and standardize the notation, we can write

L. o— —1/c o—=3)/af.; o— o—3)/c
B(0, ) = 5 [sin* ()] 777 eos?(0)] 7/ [sin®(9)) 77 Peos® (1)) 7o

[/O+OO x2_"fa(a?)dx] v {/0%0 227 gb(z )dx} v [/O+Oo 220 () da

Combining Equations ([5)) and @ we obtain:

(6)

1/c

/2
A< 8/ / [cotan®(6)] ¢ [tan®(p)] sin® () cos(6) sin(0) cos() sin() x

2[81n2(90)}(" D1 eos?(9)) 7=/ [sin (9)] 72 eos® ()] 7P/

1/c

{/OJFOO ﬁ“’f@(x)dx} L/a [/OJroo 20 b )dx} 1/b {/Owo xQ_UhC(x)dx} d0dy
= [/O+OO xz_”f“(m)dar] . {/OJFDO 2277 g (x )dx} v [/O+Oo x2_ohc($)d$:| e y

C x D,
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where

C:= / [cotan?(6)] [cos?(6)]“3)/%[sin?(0)]"~3)/%[2 cos(6) sin(0)]dO

D = / tan [sin2(4,0)]”_2+(3_“)/C[0082(@)](”_3)/0[2 cos(p) sin(p)]dep.

Applying the change of variables u = sin?(f) with v € [0,1] and du =
2 cos(#) sin(0)df, we obtain

C= / [1 —sin (0)} [1 —sin?(0)] =3/ [sin?(0)]"~3)/°[2 cos(0) sin(0)]d6

sin?(6)

_ / K (1 —“> (1 — u)e=Day@=3)/bqy,
0 u

With the standardization of the notation, we can write

(8) C= / <1 — x> x)(afg)/“:c(ofg’)/bdx.

Similarly, with the change of variables v = sin?(¢) with v € [0,1] and dv =
2 cos(p) sin(p)dy, we get

sin?(y) i o-2+(3-0)/e[] _ gin (o—3)/c
D= [ e[t g

[2 cos(¢) sin(p)]dp
1
:/ f( v )Uo_2+(3_g)/c(1—U)(G_s)/cdv.
0 1-— v

With the standardization of the notation, we can write

1
(9) D= / 0 <1 & x) 2?2 B=a)/e() gy (e=/eqy,
; -

Combining Equations , , and @D, we finally obtain the desired result,
the constant ¢ corresponding to the product C' x D. This concludes the proof
of Proposition [2.1] O

Proposition thus provides a very general trivariate Hardy-Hilbert inte-
gral inequality that can be modulated with different functions and parameters.
We can see that £ depends on the product of special integral transformations of
k and /¢, similar to what we can see for modified beta transformations. We re-
call that the standard beta function is given by B(x,y) := fol = (1—t)y—tdt =

[(@)T(y)/T(z +y).
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Obviously, by taking k£ and ¢ as constant functions equal to 1, we must find
the inequality in Equation (| . To check this, Proposition gives

/+OO/+OO/+OO fx—i—y—i—z() )dxdydz

<[ [Te s ]l/a [T >dxr/b Ji +°°x2—0h0<x>dx]1/c,

where, by Equation ,

- [/1(1 _x)(o—3)/ax(a—3)/bd$:| [/1 o—24(3— a)/C( _ g)@=3) /cd$:|
0 0
:B[U;3+1,0;3+1}B[ 3= 1]
_D[0=3)/b+1T[(c —3)/a+1]T [o—1+(3 )/ T [(o = 3)/c + 1]
I'[(c—3)(1—-1/c)+ 2] (o)

:F(la)r<";3+1)r<‘7’+1>r((’;3+l).

The constant € defined in Equation is obtained as expected. In this case,
we know that it is optimal (see [21]).

Note that, in the general and much more complex setting of Proposition
where two more functions are involved, such an optimality result seems very
difficult to establish. It may be possible for some simple and fixed functions
k and £. We do not develop this claim further, it requires additional work,
which we leave for the future.

As another example, more original and sophisticated than the constant case
for k and ¢, let us consider the power functions k(z) = 2 and ¢(z) = z¥. It
follows from Proposition [2.1] that

/+o<>/+o<>/+oo fx+y+z()) (i)e(x:_y>ydxdydz
<¢ [/ 2 f2(2)d ]1/a [/0+oo - )dx} /b Uoﬂoxz"hc(a:)dx] 1/(;’

where, by Equation , using the beta function and its relation to the gamma
function,

L/ \"
¢ [ / ( ”U) (1 _x)ta—?))/ax(o—s)/bdx] y
0 T
1 v
|:/ ( x ) :CU_2+(3_0)/C(1 _ x)(g_g)/cdx:|
0 1—z

1 1
= [/ (1-— x)(03)/a+€x(03)/b9dx:| [/ x072+u+(3—g)/c(1 _ m)(g,g)/c,,,dx
0 0
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+9+J]B[a—1+u+3_a,a_3—y+1
C C

0—3_9+17U—3

=B

_I'[(6—-3)/b—0+1]T[(c —3)/a+0+1]
T[(o—3)(1—1/c)+2]
I'c—14v+@B3—0)/cT'[(c —3)/c—v+1]

(o)

1
T [o—1+(3—0)/d

F(H+9+1)F(H—0+1>P<H—V—i—1>><
a b c
F<a—1+y+3_a>,

C

provided that all linear combinations of the parameters involved in the gamma
function are strictly positive. As a more concrete numerical example, for the
caseoc =1, a=b=c=3,and 0 =v =1/6, we get

oo Hoo 400 £ (1) g(y)h(z) [x(z +y)]"°
/0 /0 /0 Tyt [ vz } dodydz
+o00 1/3

gg[/o xf3(m)dm]1/3 [/0+001:g3(m)dxr/3 [/0+oozh3(m)d4 ,

where
1

&= (1 —1+(3-1)/3

1-3 1 1-3 1 1-3 1

1 3-1 1 1 1\%2_/5
r(1-14+2 — r(=)r(=) r(2) ~45. .
(15757 ) =t (2) 7 (5) 7 (§) = rmoss

An infinite number of other examples of functions k£ and ¢ can be examined in
a similar way, beyond power functions and the parameter setting above.

In the next section, we show some consequences of our main result. In
particular, we offer new trivariate integral inequalities of independent interest.

] X

3. ADDITIONAL RESULTS

The result below is about some triple integral inequalities, which can be
derived from Proposition under special conditions.

PROPOSITION 3.1. For any f,g,h,k, ¢ : [0,4+00) — [0,4+00) and (a,b,c) €
(1,4+00)? such that
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o 1/a+1/b=1/2, we have
[T e () () ]
< [ /0 (@ >dx] B [ / - gb<x>dx] "

o 1/b+1/c=1/2, we have

UL () 2]
2/c

<e[” <>dx]2/b[/0 Thead

e l/a+1/c=1/2, we have

[l L ) (2o
2/c

s52[/0 f()dxr/a[/0+°°h<x>dx] ,

where, for each case, & is (exactly) given in Equation , provided that all the
integrals involved exist.

Proof. Let us prove only the first point (the others can be proved in a similar
way, more details will be given later). We introduce the following operator
depending on f and g (assuming that k and ¢ are fixed in advance):

o e () () e
x+y+z) Y z
On the one hand, we can immediately see that

LU L e (e (2w o
(10) w+yti) Y z

= [Tt = [ P g

where the last expression is a standardization of the notation.
On the other hand, the following triple integral is obtained naturally by
using the expression T'[f, g](2):

+00 +oo
/ T2(f, g)(2)dz = / T(f, g)(=)TI/. 6)()dz

/+oo/-+oo/+00f x+y—}[—f;’)]( )k<§>g(xjy>dxdydz
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Applying Proposition to the functions f, g and T[f,g], and parameters
o =2 and ¢ = 2, justifying that 1/a+1/b=1—1/c =1/2, we get

/m/m/mf i () () antue
<¢| /0 ()] Ua Ji " e " { g <x>das}1/2,

where £ is given in Equation . From Equations and and a simpli-
fication of the exponent of the main integral term, we get

{ ey (w)dx}m

so that

/ s @) < £ Ji +°° ()] B Ji +°° e

Using Equation , the desired inequality is obtained.
For the second and third points, the proofs are similar; we just need to
consider the following operators with respect of = and y instead of T'[f, g](z),

respectively:
+oo +oo h
:/ / 9(y) (Z)2k<:v)€<:v+y> dydz
0 0o (z+ty+2) y z

/+Oo/+oo f@ k<x>£<x+y> dzdz.
m+y+z) Y z

The details are omitted for the sake of redundancy. This ends the proof of
Proposition [3:1} O

1/b

<¢|[ +°° ()] . | - x|

2/b

and

Proposition can be used from an operator theory perspective, some
special cases of trivariate integral inequalities being clearly less developed than
the bivariate cases.

The result below is a variant of Proposition inspired by the original
trivariate integral inequality in [2I]. It allows us to consider more general
functions f, g and h in terms of support.

PROPOSITION 3.2. For any a € R, f,g,h : [a,+0) — [0,+00), k0 :
[0, +00) + [0, +00), 0 € R and (a,b,c) € (1,4+0)? such that 1/a+1/b+1/c =
1, we have

[T ) (e (e g
<e[[Ta-arerw T/GUQ x—aQUb()dx]l/bx
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[ /a M a)Q—UhC(x)dx} v’

where & is given by Equation , provided that all the integrals involved exist.

Proof. Applying the scaled change of variables (u,v,w) = (z—a, y—a, z—q)
with (u,v,w) € [0,+00)3 and the Jacobian Ja (u,v w) = 1, we have:

+oo  ptoo  pFoo — —
/ / / W)h(z) k(‘” a>e<x+y 2“) dadydz
a:+y+z—3a) Y—a z—a«
/+OO/+OO/+OCf* * * u-+v
u+v+w
oo oo oo f* * *
/ / / (u + v + w)° (
with fi(u) = f(uta), g«(v) = g(v+a) and h, ( ) = h(w+a). Note that these
functions satisfy fs, g«, hs : [0,400) — [0,4+00). It follows from Proposition

applied to these functions and the ”backward” scaled change of variables
x =y — « in the upper bound that

[0 [ e () (v
<¢ [/0 2?77 fi(x)d T/ [/OJrOOxQ 760 (z )dx] . [/;oo mQ_Jhi(x)dx} e
=¢ U;w(y - a)Q‘”f“(y)dy} . U:m(y - a)z_ggb(y)dx:l v »

U;w(y - a)z"hc(y)dy] - :

where ¢ is given in Equation . Combining Equations and and
standardizing the notation, we get the desired inequality. This completes the
proof of Proposition O

> |[JA (u, v, w)|dudvdw

) dudvdw,

(14)

In this form, Proposition extends the main result in [2I] for the trivari-
ate case, still thanks to the consideration of k£ and ¢. We thus gain another
dimension with the presence of « in the support of f, g and h, making the
main result in Proposition more adaptable.

4. CONCLUSION

In this paper, we contribute to the mathematical analysis by establishing
a very general trivariate Hardy-Hilbert integral inequality. This generality
is mainly characterized by the presence of five adaptable functions and four
tuning parameters. A famous result in the literature is thus extended to
the trivariate setting. The corresponding proof is also innovative, centered
on a special spherical change of variables, which remains an underexplored
technique in this area of research. Several examples are given, as well as new
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triple integral inequalities. Some theoretical results and proof techniques may
thus inspire further integral inequalities, including those of dimension greater
than or equal to 4.
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