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EXISTENCE RESULTS FOR FRACTIONAL BOUNDARY VALUE
PROBLEM IN A PARTICULAR BANACH SPACE

AMEL BOULFOUL and OUARDA SAIFTA

Abstract. In this paper, we study a differential equation of fractional order
in which the nonlinear term depends on the Riemann-Liouville integral of an
unknown function. By using both Banach contraction mapping and Schaefer
fixed point theorem, an existence and uniqueness result is obtained. We close
this work with an illustrative example.
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1. INTRODUCTION

Differential equations of fractional order became more and more a very at-
tractive area of research, it has attracted the attention of several authors (see
[1, B, 16] and so on). In fact, it has arisen in various fields of science and
engineering such as electromagnetism, control, electrochemistry, viscoelastic-
ity, porous media, fluid electricity, probability and statistics etc. For more
information, see [0} [7, O [12] 13, 14, 15]. We also refer to [10] for additional
information on the fractional differential calculus’s properties.

The paper [4] discusses the solvability of the nonlinear fractional differential
equation in the ordinary Banach space

Diy(t) = f(t,yt), 0<t<T, 1<a<2
1

y(0) — 4/(0) = /O 9(s,y(s))ds,
1

y(1) +y'(1) = /0 h(s,y(s))ds.

It is worth mentioning that the nonlinear term in this paper is independent of
the Riemann-Liouville integral.
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In [II], the aim of their work is to study the existence and uniqueness of so-
lution for nonlinear relation integro-differential equation with boundary con-
dition of the following problem

DD (t) + Ax(t) = f (t,x(t), [Mz(t)), t€[0,T], X €R,
T

LeDyag(0) =L DOg(T) = 0,2(0) = a / 2(s)ds + b,
0
where D and “°D® are Riemann-Liouville fractional derivative and Liouville-
Caputo fractional derivative of order 5 and « respectively. Similar existence
results are studied in [2, 3], [5].
Motivated by the above works, in this work we investigate the following
boundary value problem (BVP):

“Dyy(t) = £t (0. (V). 0=t <1,
" y0)+5/0) = [ gl u(s))as,

1
y(1) + /(1) = / (s, y(s))ds,

where 1 <« <2, 0<pu <1, f:[0,]]xRxR =R, ¢g:[0,1]] xR = R,
h:[0,1] x R — R are given continuous functions, “Df is the standard Caputo
derivative, I* is the Riemann-Liouville integral.

Our work plan is as follows: In section 2 we recall some tools needed to
demonstrate our results. The section 3 is devoted to the main results. Illus-
trative example is given in the last section.

In order to start, let us review the background information from the theory
of fractional calculus.

DEFINITION 1.1 ([I0]). The Riemann-Liouville fractional integral of order
a of the function f : [0, 00] — R, locally integrable, is defined as
1 t
I8ft) = = [ (t—s)*"1f(s)d
510 = g | (=97 s

provided that the integral exists.

DEFINITION 1.2 ([I0]). The Caputo fractional derivative of order « of the

function f : [0, 00] — R, twice differentiable and its second derivative belongs
to L1[0,1], is defined as

1 ¢ 1

cTy@ _ _ \n—a—1 g(n) — (n)

510 = oy | (= s = e ),

such that n — 1 < a < n and n = [a] + 1, where [a] denotes the integer part
of the real number «.

LEMMA 1.3 ([I0]). For o > 0, the general solution of the fractional differ-
ential equation “Dfx(t) = 0 is given by

z(t)=co+ ettt + .. Fept"t, G ER, i=0,1,...,n— 1.
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In light of Lemma it follows that
1“DGa(t) = x(t) + co + 1t + cat® 4+ .. + cpgt™
for some ¢; € R, i =0,1,....,n—1 and n = [a] + 1. Further, the Riemann-
Liouville fractional differential equation D*h(t) = 0 has a general solution:
h(t) = at® P+ agt® 2+ ast® 3 + .+ apt®™™, a; €R, i=1,2,...,m.

THEOREM 1.4 ([18, Banach fixed point theorem]). Let 2 be a nonempty
closed convex subset of a Banach space (S, ||.||). Then any contraction mapping
T of Q into itself has a unique fixed point.

THEOREM 1.5 ([17), Schaefer fixed point theorem]). Let X be a Banach space
and let T : X — X be a completely continuous operator. Then either

i) the operator equation x = ATx has a solution for A =1 or
ii) the set e = {u € X,u = ATu} is unbounded for X € (0,1).
2. MAIN RESULTS

In this section, we apply the Banach fixed point theorem to prove an exis-
tence and uniqueness result for solution for problem .

First of all, we consider a linear problem, and its solution is found in terms
of a Green function.

LEMMA 2.1. Assume ¢ € C([0,1]) and 1 < a < 2. Then, the solution to
the boundary value problem

(2) y(0) +4/(0) = / o1(s)ds,

s given by

1
o) = | Gt o)p(s)ds + P
0
where G(t,s) is the Green’s function given by the expression

(t—s)* 1+ (1-t)1—-s)t (1—t)(1—s)*2
T(a) RS Py

fo<s<t<l,
G(t,s) =

1-t(@—s)"" L d=9a- s)*

[(e) T(o—1) fo<t<s<l

and

1 1
P(t):(Z—t)/O Jl(s)ds—i-(t—l)/o a5 ds.

Proof. For the proof of this lemma, we use the same approach as in [4,
Lemma 3.4].
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REMARK 2.2. (i) We can get the estimation:
1
| G 9es)as =17 o) + (1) [ (0(1) +1°7 (o(1)].

(ii) For each 1 < a <2, one has |G(s,t)| <

1 r'(2 re)
(iii) o (1 —t) = I 1>t“ — F(,u(—i—)Q)tuH'
o IM(2—1t)= 2 1@y

I'(p+1) I'(p+2)

Now, we define the space X = {y| y € C([0,1]), I*(y) € C([0,1])} en-
dowed with the norm ||y||x = max |y(¢)| + max |I¥ (y(t))|.
t€[0,1] t€[0,1]
LEMMA 2.3. (X, ||, ||x) has a structure of Banach space.

Proof. Let {yn}n>1 be a Cauchy sequence in (X, ||, | x). Immediately, we
have {yn}n>1 and {I* (yn)}n>1 are Cauchy sequences in C ([0, 1]) converge
to some y and v on [0, 1] uniformly respectively. We need to establish that
v = I¥(y). Indeed,

T (ya(t) — Py (1) = F&Léu—sw*waﬂ—M@Ms
< 1‘(;11—1—1)Hy” - yHC([O,l]):

which means that I*(y,) — I#(y) in C([0,1]). By uniqueness of limit, we
conclude that v = I¥(y).

2.1. Existence and uniqueness results via Banach’s fixed point.

THEOREM 2.4. Assume that there exist constants k, k* and k** such that
(H1) |f (tz,y) = f(£T9)] < kllz =2+ |y — 7]

(H2) |g(t,2)) —g(t.@)| < k" |z —7].

(Hs) [h(t,2)) = h(t,Z)| < k™ |z —7].

For each t € [0,1], (x,7,y,7) € R*. Then, if

[ 3 n 1 n 1 1 n 1 ”k‘
Na) T(a+p+1) T(p+1) |DN(a+1) I'N(a)

1
T ) 2k 4 k] < 1,
*('*Hu+n)[ TR

then the boundary value problem has a unique solution.
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Proof. We will transform the problem into a fixed point problem. Con-
sider the operator F : (X, |.|x) — (X, ||.]|x), defined as

1
:Aa@m@mﬁwmm®+mm

1 1
where Q(t) = (2—t)/ g(s,y(s))ds+(t—1)/0 h(s,y(s))ds. Then, by Lemma

0
y is a solution of BVP (|1 if, and only if, y is a fixed point of the operator
F. We prove that F is a contraction.
Let y,7 € X. Then, for any t € [0, 1], one has:

F(y(t)) — Fg(0)] < / Gt 5)] 1 (s, y(5), T (y(5)) — F(s,5(5), P (7(5))| s
2—t/ 19(5,9(5)) — 9(5,7(s)) ds
1—t/ Ih(s,y(s)) — h(s, 5(s))] ds
< a7 Il = Tl + I10) = F@legoan] + 24y = Tcgon
k7 ly = Fllogo < [P(i)mm + 1 lly = 7llx-

Similarly, we have:

[ (F(y () = I (FF©)] < T [I% [f(5 y (), (y(t) — £ (& 7@), 1" (7(@))]]
A=) | F (L y(1), IM(y(1)) = f(1,5(1), *(m(1))]
HIML = I (1L y(1), 1 (y (1) = £(1,5(1), I (5(1))]

FIR2 1) /0 9(s,5(s)) — 9(s.7(s))| ds
1
IR 1) /0 Ih(s,y(s)) — h(s, 7(5))] ds.

Thus, after making some calculations and using Remark we obtain:
[T (F(y(2)) — 1" (F(y(t)))]
k 1 1 n 1

_|_
FNp+a+1) Tp+1) [TNa+1l) I'(a)
2 1
+ E + | ly — 7l x-

In view of , F is a contraction, which ends the proof.

2.2. Existence result via Schaefer’s fixed point theorem. Our second
result is based on Schaefer’s fixed point theorem.

THEOREM 2.5. Assume (H1)-(Hs) are fulfilled. Then, the boundary value
problem admits at least one solution on [0, 1].
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Proof. We divide the proof in several steps.
Step 1. F is continuous. Let {y,}n>1 be a sequence that converges to y in
(X, I, |x)- Then for any t € [0,1], one has:

Py (1) ~ Flu(0)
/ (Gt )] 1 (5 (), T4 () — (5. (5),14((5))] s

—t/|gsyn — g5, y(s))| ds

1—t/|hsyn - ,y(s))|ds

< (), (yn(5)) — (s, y(s), P (y(s))] ds

+2/ o05,00(5) = 008 |ds+/ (5, ya(s)) — h(s, y(s))] ds.

Similarly,

[ (F(yn(?)) — 1" (F(y(t
TP F (5, Yn(s), T (yn
+ 141 =1 [f(1, yn(1),1

F T4 = I £(1, ya( ),1“(yn

1
+ 142 —t) / l9(s,yn(s)) —g(s,y(s))|ds

A\_/
~—
~—

L1 / (s, yn(s)) — h(s, y(s))| ds.
We deduce from above that
[T (F(yn (1)) = T* (F(y (1) < T £ (s, 9 (5)s M (yn(s)) — f(s,9(5), (5 ()]

! r() .
o™ g™ ), P (D) = £y, )

(L (1) P (1)) — £ (0, 9(0), (D)
(L (1), P (1)) — £(0, (1), P (D)
1
o™ g™ [ s o) - gt

1, T

1
+ t t”“]/ h(s,yn(s)) — h(s,y(s))|ds.
o ™| (s - Hs. o)
Since f, g and h are continuous functions, we deduce that |Fy, — Fy|| y tends
to zero when n goes to oo.
Step 2. F maps bounded sets into bounded sets in X. Denote N =

sup |f(s,0,0)] < oo, N* = sup |g(s,0,0)| < oo, N** = sup |h(s,0,0)| <
s€[0,1] s€[0,1] s€[0,1]
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oo and B, = {y € X;||y]|x <n}. We have to show that there exists [ such
that ||[Fy|y <.
By (Hy)-(Hs3), one has:

Fuwl < [ 16, D1 (s, ), Ty )l + 2 — 1) / *lg(s, y(5)) | ds
-0 | b y()] ds
< 2 kllyllx + N+ 2Kyl + N+ [yl + N
[k‘??-l—N] +2[k‘*17+N*] + [k‘**n—l-N**] = 1.

On the other hand,

[T (E @) < I [f(E y(), Py @) + T = )1 [£(1,y(1), T (y(1))]
HIML = I (L y(1), P (y(1)] + (2 - 1)

1 1
x /0 95, y(s))] ds + (1 — t) /0 Ih(s, 9(s))|ds

: [rw e RS Ty [r(lcw * s 1)”

[kn + N] + [k*n + N¥]

2
L(p+1)

MES)

Hence, [|[F(y)||x <, where | =11 + ls.
Step 3. F maps bounded sets into equicontinuous sets in X. For t1,ts €
[0,1] such that ¢; <t and for y € B,,, we get:

F(y(t2)) — Fy(t))] < ]F(la) [t = 9 06 s

_/0 1(251 = 5)* 7 f (s, y(8), (v (s))ds| + (t2 — t1) 161, y(1), 1(v(1))]

1
+ (ta — t) [I*7H(1, y(1), I (y (1)) ] + (t2 —tl)/o lg(s,y(s))| ds

1
it — ) /0 Ih(s,y(s))] ds,

which yields

1

F(y(12)) = Fu(t)| < s /0 (b2 — 977 (s, y(s). T(y(s))ds
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_ /0 1(151 — g)aflf(s,y(s%lu(y(s))ds

+ F(la) /tlQ(tl — s)afl If(s,y(s),T*(y(s))|ds

(b — ) 1 F(L (1), T ()] 4 (f2 — 1) [ £ (1L, (1), Ty (1)
1 1
it —t) /0 19(s,y(s))| ds + (t2 — 1) /O Ih(s,y(s))] ds

1 11 a— a— 1 ts o
< F(a)/o (t2—8)* = (t1 —5)*7 1) [kHyHXJrN]JrF(a)/tl (t; — s)*
[Fllyllx + NT+ (t2 — t1) [17F (1, y(1), 1" (y(1))]

+ (t2 — 1) 171 F (L y(1), I (y(1))]
+ (t2 — 1) [K¥llyllx + N7T+ (b2 — t2) [F™ |lyllx + N™T.

Asty — to, the right-hand side of the above inequality tends to zero. Moreover,
we also have:

[T(F(y(t2))) — "F(y(t1))] <
(IR f (L2, y(t2), Ty(ta)) — 10T f(t1, y(tr), Ty (t1))]

1 no 1 i F(2) ptl F(Q) pt+1
I e Y ey L B Y R K Y i
1 f(Ly(1), y(1) + 1471 F(1,y(1), Ty(1))]

2 2 M F(2) p+1 P(2) +1
B ek e R e A T

1
x /0 l9(s,y(s))| ds

i mn

/|hsy )| ds.

Clearly, the right-hand side of the above estimation goes to zero when t; — .

X

1 T

F(Q) tu+1_ F(Q) t,qul

R R

_|_

|

Step 4. A priori bounds. It remains to show that the set e = {y € X,y = A\Fy}
is bounded for A € (0,1). By the same manner in step 2, we find ||y||x < C.
As a result of Schaefer’s fixed point theorem, F has at least one fixed point
which is the solution of problem on [0,1], this ends the proof.
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3. EXAMPLE

Let us consider the following fractional boundary problem:

3 1 ' i
c Sy(t) = Ml[smy(t) +I4y(t) , 0<t<1,
1
(4) y(0) +y'(0) = @ ; arctan y(s)ds,

€
1 1) = _ ds.
v +y(1) = [ cosu(s)ds

Here, we have:

a=15 u=20,25

1
F(t2,) = g e+ 9]
(t2) = —— arct
g ,:L‘ = 2000 arc an:E,
e*S
ht.a) = —  cosx.
(t:2) = & 3000 %
Clearly, (Hy)-(Hs) bold with k = —, k* = —— and k™ = —— M
I - W1 = — = 1 = —. T I
Cary, (H1)-Hs) 0 10° 2000 3001 OreOveh

we have:

[3 N 1 . Lo ”k
(@) Dla+p+1) T(u+1) |Dla+1)  T(a)

1
+(1+=———=)[2k"+ k] ~0,41 < 1.
(1+ )
Hence, Theorem implies that problem has a unique solution.
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