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EXTENDED RESULTS ON MULTIPLICATION Γ-SEMIGROUPS

JOHNSON ADEREMI AWOLOLA, MUSA ADEKU IBRAHIM, and ABDUSSAMAD
TANKO IMAM

Abstract. The theory of Γ-semigroups is an extension of the semigroup the-
ory. In this paper, we have studied some new results on right multiplication
Γ-semigroups. Particularly, the condition for a principal right ideal Γ-semigroup
to be a right multiplication Γ-semigroup and the construction of larger right
multiplication Γ-semigroups by considering the direct product.
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1. INTRODUCTION

Semigroups are algebraic structures that have remained a very lively area
of research within the mathematical community. The formal investigation of
semigroups was initiated at the beginning of the 20th century. Before this,
however, much groundwork was laid by researchers, as seen in [8, 11], arriving
at the study of semigroups from the direction of group and ring theory. The
earliest contributions to the theory of semigroups were strongly motivated by
comparisons with groups and rings, which significantly promoted the study
of language and coding theory, combinatorics, automata, and mathematical
analysis [10].

The groundbreaking work of [16] introduced a new kind of algebraic struc-
ture termed the Γ-ring, representing a significant extension of the classical ring
theory. This seminal idea has catalysed a surge of research activity among nu-
merous scholars, resulting in a substantial body of new findings, as evidenced
by the notable contributions in [5, 6, 13, 14, 17]. Inspired by the profound
implications of this ring generalisation, a parallel exploration unfolds within
the domain of semigroup theory. The paper [20] spearheaded this endeavour
by pioneering the theory of Γ-semigroups. Subsequently, [21] collaborated,
undertook a refinement of the defining conditions, slightly adjusting them to
redefine Γ-semigroups, and further advanced the theoretical framework.

The development of Γ-semigroups hinges on the fact that subsets of a semi-
group inherently exhibit associativity but are not necessarily closed. This
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fundamental insight has paved the way for numerous generalisations and ana-
logues of corresponding results in semigroup theory stemming from the mod-
ified definition in [2, 3, 4, 7, 9, 12, 18, 22, 23, 24].

Investigations on the extension of semigroup structures to Γ-semigroups
have largely been studied, as previously mentioned, including multiplication
semigroups. Awolola and Ibrahim [1] introduced and established some prop-
erties of multiplication Γ-semigroup. The motivation behind their study is
based on the two-fold concept of multiplication semigroups presented by [15].
In this paper, the notion of right multiplication Γ-semigroups is broadened by
investigating some new results and, in particular, the condition for a princi-
pal right ideal Γ-semigroup to be a right multiplication Γ-semigroup and the
construction of larger right multiplication Γ-semigroups by taking the direct
product into consideration.

2. PRELIMINARIES

We review some of the fundamental terminology and results in the theory
of Γ-semigroups as concerned in this paper from [21] and [1], respectively.

Definition 2.1. Let S = {a, b, c...} and Γ = {α, β, γ, ...} be two non-empty
sets. Then S is called a Γ-semigroup if there exists a mapping S × Γ× S −→
S | (a, α, b) −→ aαb ∈ S satisfying (aαb)βc = aα(bβc) for all a, b, c ∈ S and
α, β ∈ Γ.

Let S be an arbitrary semigroup and Γ any non-empty set. Define S × Γ×
S −→ S by aαb = ab for all a, b ∈ S and α ∈ Γ. Then S is a Γ-semigroup.
Thus, a semigroup can be considered to be a Γ-semigroup. However, any Γ-
semigroup need not be a semigroup. For instance, let S = {−i, i, 0} and Γ = S.
Then S is a Γ-semigroup with respect to multiplication of complex numbers,
whereas S does not reduce to a semigroup with respect to multiplication of
complex numbers.

A non-empty subset A ⊆ S is called a Γ-subsemigroup if

AΓA = {aγb | a, b ∈ A, γ ∈ Γ} ⊆ A.

If A and B are two non-empty subsets of a Γ-semigroup S, then AΓB is defined
as AΓB = {aγb | a ∈ A, b ∈ B and γ ∈ Γ}. For simplicity we write aΓB, AΓb
and AγB in place of {a}ΓB, AΓ{b} and A{γ}B respectively.

Definition 2.2. Let S be a Γ-semigroup. A non-empty subset A of S
is called a left (right) Γ-ideal (or simply a left (right) ideal) of S if SΓA ⊆
A (AΓS ⊆ A). Further, a non-empty subset A of a Γ-semigroup S is called a
Γ-ideal if A is both a left and a right Γ-ideal of S.

A (left, right) Γ-ideal A is an idempotent (left, right) Γ-ideal if A = AΓA.

Definition 2.3. A Γ-semigroup S is called left (right) simple if it contains
no proper left (right) Γ-ideal, i.e., for every a ∈ S, SΓa = S (aΓS = S). A
Γ-semigroup S is said to be semisimple if ⟨a⟩Γ ⟨a⟩ = ⟨a⟩ for each element a of
S.
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Definition 2.4. A Γ-semigroup S is called regular if for each a ∈ S, there
exist x ∈ S and α, β ∈ Γ such that a = aαxβa. Now, S is termed left
(right) regular if for each a ∈ S, there exist x ∈ S and α, β, γ ∈ Γ such that
a = xαaβa (a = aαaβx).

Definition 2.5. Let S be a Γ-semigroup. An element a of a Γ-semigroup
S is called an α-idempotent if aαa = a for some α ∈ Γ. The set of all α-
idempotents is denoted by Eα and we denote

⋃
α∈ΓEα by E(S). The elements

of E(S) are called idempotent elements of S. Every element of E(S) is called
an idempotent element of S. In a regular Γ-semigroup S, we have that E(S)
is a non-empty set.

Definition 2.6. A Γ-semigroup S is said to be left (right) cancellative if
aαx = aαy ⇒ x = y (xβb = yβb ⇒ x = y) for all a, b, x, y ∈ S, α, β ∈ Γ. A
Γ-semigroup S is called cancellative if S is both left and right Γ-cancellative.

It is well known that for each element a of a Γ-semigroup S, the left Γ-ideal
a ∪ SΓa containing a is the smallest left Γ-ideal of S containing a. If A is
any other left Γ-ideal containing a, then a ∪ SΓa ⊆ A. This is denoted by
⟨a⟩l and called the principal left Γ-ideal generated by the element a. Similarly,
for each a ∈ S, the smallest right Γ-ideal containing a is a ∪ aΓS, which is
denoted by ⟨a⟩r and called the principal right Γ-ideal generated by the element
a. The principal Γ-ideal of S generated by the element a is denoted by ⟨a⟩
and ⟨a⟩ = a ∪ SΓa ∪ aΓS ∪ SΓaΓS.

Now, the concept of right multiplication Γ-semigroup in a non-commutative
case is presented as follows.

Definition 2.7. Let S be a non-commutative Γ-semigroup. Then S is
called a right multiplication Γ-semigroup if for any two right Γ-ideals A, B of
S such that A ⊆ B, there exists a right Γ-ideal C of S such that A = CΓB.
Dually, left multiplication Γ-semigroups can be defined.

The example below is constructed to bring the idea into focus.

Example 2.8. Let S = {1,−1, i,−i} be a semigroup under the operation
given by the table below:

· 1 −1 i −i
1 1 1 1 1
−1 1 −1 −1 1
i 1 i i 1
−i −i −i −i −i

Let Γ = {α}. Define aαb = ab. Since aα(bαc) = (aαb)αc for all a, b, c ∈ S, S
is a Γ-semigroup. Let A = {1}, B = {1,−i} and C = {1, i}. Then A,B and
C are all right Γ-ideals of the Γ-semigroup S. Since A = CΓB, S is a right
multiplication Γ-semigroup.

The definition leads to the following remark.
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Remark 2.9. In a right multiplication Γ-semigroup S, A = AΓB for every
right Γ-ideal A of S.

Proposition 2.10. Let S be a right multiplication Γ-semigroup. Then:

(i) SΓS = S.
(ii) x ∈ xΓS for each x ∈ S.

Proposition 2.11. Let S be a right multiplication Γ-semigroup. Then A ⊆
SΓA for any right Γ-ideal.

Proposition 2.12. Let S be a Γ-semigroup. If a ∈ (aΓS)Γ(aΓS) for every
a ∈ S, then S is a right multiplication Γ-semigroup.

Proposition 2.13. Let S be a Γ-semigroup. If S is regular (right regular),
then S is a right multiplication Γ-semigroup.

Proposition 2.14. Let S be a right multiplication Γ-semigroup. If S con-
tains a left canellative element, then S contains a β-idempotent which is a left
identity.

Theorem 2.15. Suppose that S is a Γ-semigroup such that every right Γ-
ideal is a Γ-ideal. Then S is a semisimple right multiplication Γ-semigroup if
and only if S is right regular.

Theorem 2.16. Let S be a left cancellative Γ-semigroup. If S is semisimple
right multiplication Γ-semigroup, then S is a simple Γ-semigroup such that
a ∈ aΓS for each a ∈ S.

3. SOME NEW RESULTS ON MULTIPLICATION Γ-SEMIGROUPS

Theorem 3.1. Let S be a right multiplication Γ-semigroup. If there exists
an idempotent right Γ-ideal B of S that is also a left Γ-ideal, then B is a right
multiplication Γ-semigroup.

Proof. Let A be a right Γ-ideal of B. Then AΓS = CΓB for some right
Γ-ideal C of S since AΓS ⊆ BΓS = B = SΓB. Now,

AΓS = CΓB = CΓBΓB = AΓSΓB = AΓB ⊆ A

and thus B is a right Γ-ideal of S. Since A ⊆ B and A,B are right Γ-ideals of
S so that A = DΓB for some right Γ-ideal D of S. Therefore,

A = DΓB = DΓ(BΓB) = AΓB.

Now, for any right Γ-ideal A of B we have A = AΓB. Let A1 and A2 be
any two right Γ-ideals of B such that A1 ⊆ A2. Then A1 and A2 are also
right Γ-ideals of S so that A1 = RΓA2 for some right Γ-ideal R of S. Since
A2 = A2ΓB we have A1 = RΓ(A2ΓB). Now, A2ΓB is a right Γ-ideal of B.
Hence, B is a right multiplication Γ-semigroup. □

Theorem 3.2. Let S be a right multiplication Γ-semigroup. If every left
Γ-ideal is Γ-ideal, then S is left regular.
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Proof. Suppose that the left Γ-ideal a∪SΓa is a Γ-ideal of S. Then we have
aΓS ⊆ a ∪ SΓa. Thus, a ∈ aΓSΓa ⊆ (a ∪ SΓa)Γa = aΓa ∪ SΓaΓa. Hence, S
is a left regular Γ-semigroup. □

Theorem 3.3. Let S be a right multiplication Γ-semigroup. If S is regular
such that every left Γ-ideal is Γ-ideal, then S is semisimple.

Proof. Let S be a right multiplication Γ-semigroup. For any a ∈ S, we have
aΓS ⊆ SΓaΓS by Proposition 2.11. Now, aΓS = CΓ(SΓaΓS) for some right
Γ-ideal C. Since S is regular, it follows that

aΓS = CΓ(SΓaΓS) = CΓ(SΓaΓS)Γ(SΓaΓS) ⊆ aΓSΓSΓa ⊆ aΓSΓa.

Since every left Γ-ideal is Γ-ideal, SΓaΓS ⊆ SΓa, so that

aΓS ⊆ aΓSΓaΓS ⊆ ⟨a⟩Γ ⟨a⟩ .

By Proposition 2.10(ii), a ∈ aΓS and so a ∈ ⟨a⟩Γ ⟨a⟩. Thus, S is a semisimple
Γ-semigroup. □

Remark 3.4. It is observed that there are right multiplication Γ-semigroups
that are not regular Γ-semigroups. The semigroup S = {1, x, y} with Γ = {γ}
is examined in the table below to illustrate this:

γ 1 x y
1 1 1 1
x 1 y 1
y y y y

By Remark 2.9, it can be easily verified that S is a right multiplication Γ-
semigroup. However, S is not regular since x is not a regular element.

Following Satyanarayana’s definition of principal right ideal semigroup in
[19], we may define:

Definition 3.5. A Γ-semigroup S is called a principal right ideal Γ-semi-
group if every right ideal R is principal, that is, R = x ∪ xΓS for some x ∈ S.

Theorem 3.6. A principal right ideal Γ-semigroup S is a right multiplica-
tion Γ-semigroup if and only if S contains a left identity.

Proof. Let S be a right multiplication Γ-semigroup such that S = x ∪ xΓS
for some x ∈ S. By Proposition 2.10(i), S = SΓS so that S = eΓS for some
α-idempotent element e ∈ S where e = x or xαs for some s ∈ S and α ∈ Γ.
Clearly, e acts as a left identity in S.

Conversely, let A and B be any two right Γ-ideals of S with A ⊆ B. Then
A = aΓS and B = bΓS for some a, b ∈ S, where a = cαb for some c ∈ S and
α ∈ Γ. Now, setting C = cΓS, we have A = CΓB, which shows that S is a
right multiplication Γ-semigroup. □
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Theorem 3.7. A semisimple Γ-semigroup S is a right multiplication Γ-
semigroup if and only if a ∈ (aΓS)Γ(aΓS) for every a ∈ S.

Proof. Let S be a right multiplication Γ-semigroup. Then for any a ∈ S,
aΓS ⊆ SΓaΓS. Hence, aΓS = BΓ(SΓaΓS) for some right Γ-ideal B. Since
every Γ-ideal is idempotent in a semisimple Γ-semigroup, we have:

aΓS = BΓ(SΓaΓS) = BΓ(SΓaΓS)Γ(SΓaΓS)

= aΓSΓ(SΓaΓS) ⊆ (aΓS)Γ(aΓS).

By Proposition 2.10(ii), a ∈ aΓS and so a ∈ (aΓS)Γ(aΓS).
Conversely, suppose a ∈ (aΓS)Γ(aΓS) for every a ∈ S. Let

⟨a⟩ = a ∪ aΓS ∪ SΓa ∪ SΓaΓS.

Then for any a ∈ ⟨a⟩, a ∈ aΓSΓaΓS = (aΓS)Γ(aΓS) ⊆ ⟨a⟩Γ ⟨a⟩ ⊆ ⟨a⟩ that is,
⟨a⟩ = ⟨a⟩Γ ⟨a⟩. Thus, S is semisimple. □

Definition 3.8. Let S1 and S2 be Γ-semigroups. The direct product of S1

and S2 denoted by S1 × S2 is defined with respect to the following operation:

(a1, b1)α(a2, b2) = (a1αa2, b1αb2)

for all a1, a2 ∈ S1, b1, b2 ∈ S2 and α ∈ Γ.

Remark 3.9. The direct product of two right multiplication Γ-semigroups
need not be a right multiplication Γ-semigroup in general.

The next example verifies Remark 2.9.

Example 3.10. Let Z2 = {0, 1} and Z4 = {0, 1, 2, 3} be Γ-semigroups with
Γ = {α} as shown in the tables below:

α 0 1
0 0 0
1 1 1

α 0 1 2 3
0 0 0 0 0
1 0 1 1 0
2 0 2 2 0
3 3 3 3 3

Clearly, Z2 and Z4 are right multiplication Γ-semigroups while the direct
product Z2 × Z4 is not. Let

Z2 × Z4 = {(0, 0), (0, 1), (0, 2), (0, 3), (1, 0), (1, 1), (1, 2), (1, 3)},
Z2 × 2Z4 = {(0, 0), (0, 2), (1, 0), (1, 2)},

{0} × Z4 ∪ Z2 × 2Z4 = {(0, 0), (0, 1), (0, 2), (0, 3), (1, 0), (1, 2)}

and

Z2 × Z4 \ {2} = {(0, 0), (0, 1), (0, 3), (1, 0), (1, 1), (1, 3)}.

Now,

Z2 × 2Z4ΓZ2 × Z4 = {(0, 0), (0, 2), (1, 0), (1, 2)} = Z2 × 2Z4,
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{0} × Z4 ∪ Z2 × 2Z4ΓZ2 × Z4 = {(0, 0), (0, 1), (0, 2), (0, 3), (1, 0), (1, 2)}
= {0} × Z4 ∪ Z2 × 2Z4,

and Z2 × Z4 \ {2}ΓZ2 × Z4, = {(0, 0), (0, 1), (0, 3), (1, 0), (1, 1), (1, 3)}
= Z2 × Z4 \ {2}.

This shows that Z2 × 2Z4, {0}×Z4 ∪Z2 × 2Z4 and Z2 ×Z4 \ {2} are all right
Γ-ideals of Z2 × Z4. Since Z2 × 2Z4 ̸= Z2 × Z4 \ {2}Γ({0} × Z4 ∪ Z2 × 2Z4),
therefore Z2 × Z4 is not a right multiplication Γ-semigroup.

The following theorems give a condition for the direct product of two right
multiplication Γ-semigroups to be a right multiplication Γ-semigroup.

Theorem 3.11. Let S1 and S2 be right multiplication Γ-semigroups. If
(a, b) ∈ ((a, b)ΓS1 × S2)Γ((a, b)ΓS1 × S2) for every (a, b) ∈ S1 × S2, then
S1 × S2 is a right multiplication Γ-semigroup.

Proof. The proof is an analogue of [[1], Propositions 4.1]. □

Theorem 3.12. Let S1 and S2 be Γ-semigroups. If S1 ×S2 is regular, then
S1 × S2 is a right multiplication Γ-semigroup.

Proof. The proof is an analogue of [[1], Propositions 4.2]. □

Remark 3.13. Similar characterisations of the above results presented in
this section can be proved for left multiplication Γ-semigroups

REFERENCES

[1] J. A. Awolola and M. A. Ibrahim, Multiplication Γ-semigroups, Jordan J. Math. Stat.,
16 (2023), 411–420.

[2] J. A. Awolola and M. A. Ibrahim, Connections of a Green’s relations of a Γ-semigroups
with operator semigroups, Annals Math. Comp. Sci., 22 (2024), 411–420.

[3] J. A. Awolola and M. A. Ibrahim, operator semigroups acting on a Γ-semigroup, Alge-
bras, Groups and Geometries, 40 (2024), 1–10.

[4] J. A. Awolola and M. A. Ibrahim, Dynamics of multiplication Γ-semigroup, Jurnal
Ilmiah Matematika dan Pendidikan Matematika, 16 (2024), 1–18.

[5] W. E. Barnes, On the Γ-ring of Nobusawa, Pacific J. Math., 33 (1966), 411–422.
[6] G. L. Booth, Operator rings of a Γ-ring, Math. Japon., 18 (1986), 175–183.
[7] R. Chinram and P. Siammai, On green’s relations for Γ-semigroups and reductive Γ-

semigroups, International Journal of Algebra, 2 (2008), 187–195.
[8] A. H. Clifford and G. B. Preston, The algebraic theory of semigroups, Vol. I, Math.

Surveys No. 7, Amer. Math. Soc., Providence, 1961.
[9] T. K. Dutta and S. Chattopadhyay, On uniformly strongly prime Γ-semigroup, An. St.

Univ. “Al. I. Cuza” Iaşi, LII (2006), 325–335.
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