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BLOW-UP OF SOLUTIONS FOR A VISCOELASTIC KIRCHHOFF
EQUATION WITH A SOURCE, DELAY AND
BALAKRISHNAN-TAYLOR DAMPING TERMS

AHMED HAMROUNI and ABDELBAKI CHOUCHA

Abstract. A nonlinear viscoelastic Kirchhoff-type equation with a source, Ba-
lakrishnan-Taylor damping, dispersion and delay terms is studied. We prove the
blow-up of solutions under suitable hypotheses.
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1. INTRODUCTION

Let H = x (0,7) x (0,00), in the present work, we consider the following
Kirchhoff equation

|ug|Yue — M () Au(t) + / h(t — 0)Au(p)do — Aug(t)

+B1 e (£) [ 2y (¢) Z— Bolur(t — 7)™ 2ug(t — 1) = kulu|P~2.
(1) u(z,0) = up(z), w(x,0)=wui(z), in Q

u(x, t — 1) = folz,t —7), in Qx(0,7)
( u(z,t) =0, in 092 x (0, 00)

where
M(r) = (Co GVl + o (Vul), wtu))p(m),

and 2 € R" is a bounded domain with sufficiently smooth boundary 0f2.
p > 2, (o, (1,0, B1, k are positive constants and s is a real number. v > 0 for
n:1,2,and0§'y§$forn23. m22f0rn:1,2,and2§m§%
for n > 3. h is a positive function.

Physically, the relationship between the stress and strain history in the beam
is inspired by Boltzmann theory called viscoelastic damping term, where the

kernel of the term of memory is the function h. See [4.|7,/1216,20].
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From a mathematical point of view, the effect on the movement of vertically
moving viscoelastic strings consisting of two different materials (such as elec-
tric wires) depends especially on the acceleration. This effect is represented
by |u¢|Yuy, where |uy|7 is the material density, varying the velocity.

In [2], Balakrishnan and Taylor proposed a new model of damping called
the Balakrishnan-Taylor damping, as it relates to the span problem and the
plate equation. For more depth, here are some papers that are focused on the
study of this damping [2}3,6,(7}/15,16L/19,21].

The effect of the delay often appears in many applications and practical
problems and turns a lot of systems into different problems worth studying.
Recently, the stability and the asymptotic behavior of evolution systems with
time delay has been studied by many authors. See [5,7,8,(10,{12}/13/16,22].

The great importance of the source term in physics is that they appear
in several issues and theories. It is also used in many applications such, e.g.
optical applications. Many researchers also touched on this type of problem
in several different issues, where the global existence of solutions, stability
and explosion of solutions were studied. For more information, the reader is
referred to [1}5),9, 111|17}23]24].

We believe that based on all of the above, the combination of these terms
of damping (memory term, Balakrishnan-Taylor damping, source, dispersion
and the delay terms) in one particular problem with the addition of the delay
term (B2|Jus(t — 7)™ 2us(t — 7)), constitutes a new problem worthy of study
and research, a new problem different from the above, on which we will try to
shed light on.

Our paper is divided into several sections. In the next section we lay down
the hypotheses, concepts and lemmas we need. In Section |3| we state and
prove the blow up of solutions.

2. PRELIMINARIES

For studying our problem, in this section we will need some materials.
Firstly, we introduce the following hypothesis for 8o and h:

(A1) h: R, — R, are non-increasing C'! functions satisfying
h(t) > 0, Co— /OOO h(o)do = 1 > 0.
(A2)
82| < B

Let us introduce

(how)(t) = /Q /0 Bt — 0)ib(t) — (o) Pdedz.
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As in [22], we take the following new variables
y(z, p,t) = w(z, t — 7p), (x,p,t) € Qx(0,1) x Ry,

which satisfy

e { (. p.1) + 9y (. p.t) = 0

y(z,0,t) = wy(z,t).
So, problem can be written as

( t

|ug|Tug — M () Au(t) + /0 h(t — 0)Au(o)do — Auw(t)
Bl ()2 (t) + Baly (e, 1, DIy (, 1,8) = kufulp

(3) Tyt(w, p,t) + yp(z, p, t) = 0.

u(z,0) = up(z), w(x,0)=wui(z), in

y(x, p,0) = fo(z,—7p), in Q2 x(0,1)

u(z,t) =0, in 992 x (0,00),

where
(,p,1) € 2 x (0,1) x (0,00).
Now, we give the energy functional.

LEMMA 2.1. The energy functional E, defined by

E _ 1 Yy+2 1 ! 2
(1) =—5lul3T3 + 5 (0= [ Moo )Ivute)ig

(4) + IVl + SITaOl + 500 Va)(®) -~ Ju@)l;

g 1
= t)||md
£ [yt 0l

satisfies

(o Vu) (1)

E'(t) < —C (Hut(t)]% + ||ly(z, 1,t)H$) + %

5) 2
— SOVl Z(;{uwt)”g}) <o,

where & > 0 satisfies

T(m —1)|B2| <& < 7(mpPy — |B2])-
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Proof. Taking the inner product of 1 with u; and then integrating over
Q, we find

(el e (8), 00y — (V) Aeu(t) )2y — (Beta(t), e (8)
© ([ bit— Ddu(eMe, w0z + Srllud™ e )i

+ Bally(, 1, O™y (a,1,0), w(t))m ~ (ka2 u(®)) gy = 0.
A direct calculation, gives
”) (e (8), )y = (lu(01313)
and

(Bt wO)eey = 5 (IVIB)
Integrating by parts, we find
— (M@ AU, w®)
= (<o + GVl + o(Tute) V()

+(t)z2()

>Au( ), u
- (Co—i—ClHVuH%—i—a(Vu( ), Vg (t L2(Q)>/VU ).V (t

d{/’vu de}
lewons)

(8)
=<<o+<1||VuH§+0(W( ), Vg (t LQ(Q))

d

dt

d
— {5 (0 S1vug)ivuenz} + 5

and we have
([ e osuartem)
= [ 1t - OSut0) ul)endo
— /Ot h(t — o) [/Q Vu(z, Q)Vu(a:,t)dx} do,

and

{vueor

DN |

_Vu(z, o) Vulx, t) = §{|Vu(:v, o) — Vu(a:,t)(t)|2} -

1
2dt
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_/0 h(t — 0)(Vu(e), Vur(t)) r2(o)do

_ —/Oth(t— @)/Q Bjt{|Vu(x,g) —Vu(x,t)|2}]dxds.

) - [0 [ [3o{wutor s
= ;/Oth(t—g) [;{/Q]Vu(x,t)—Vu(w,Q)deHdg

I d 9
“2 h(t — o) En [Vu(z, t)[|7 ¢ | dzde.
We use [(Al)|and we obtain

;/Oth(t_@ [(i{/ﬂWu(a:,t)—Vu(ac, g)r2dx}]dg

(10) B ;iﬁ{ /ot M=o UQ Vu(z,t) = Vu(e, Q)Pdaf} }dg
— ;/Ot R (t — o) [/Q |Vu(x,t) — Vu(z, Q)‘Qdic} de

1d 1.,
= g (ho Va)(t) — 5(R o Vu)(t),

_ ;/Ot h(t — o) {i{HVU(t)H%dedg
(/Ot h(t — g)dg) <§t{HVU(t)H§}>dx
</Ot h(@)dg> (i{\m@ny;})dx

- _;i{ </Oth(g)dg> HVU(t)H%} + %h(t)\lvu(t)!\%

By substituting and into ([9), we get
t
([ e~ 9autgzuo)
0 L2(Q)
t
(12) _ 41 _! / 2
130 V0 5 ( | e ) Ivu(t)3

_ %(h' o Vu)(t) + = h(t)|[Vu(t)|3,

and

—
—_
—
~
N = N =

N =
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and we have
(13) ka2, un(t) e = — L ey L.
’ ( ) dt D p

Now, multiplying the equation (3|2 by —y¢&, integrating over  x (0,1), and
by using (2))2, we get

dtm// ly(x, p, 1)|"dpdz
=—()// ly[™ ty,dpda
T JaJo

§ td
- = < mdpd
) T/Q/O dp!y(x,p,s,t)\ pdx
— TST/Q <|y(x,0,t)]m— |y(w,1,t)m>dx

=& ([ mora - [ p o)

_ ni<|yut(t)llﬁ— ly (z,1,t) Hﬂ)a

By Young’s inequality, we have

ﬂz(!y(w, L O™ 2y, 1,t>,ut<t>)

1 |52 (m —1)|5| o
Pa Ba
< P2 ol + A2y 1,0
By replacing (7))-(8) and (12)-(L5) into @, we find and ([5)). where Cp =
min {51 — % — %, % — %} This completes of the proof. U

THEOREM 2.2. Suppose that |(A1)H(A2)| are satisfied. Let
2'{7;—227 n Z 3’
p =2, n=1,2.

Then, for any ug,u; € HY(Q) N L*(Q), and fo € L*(Q,(0,1)), there exists a
weak solution u of problem such that

we C(J0,T[, H:(Q)) nC(J0, T[, L2(Q)),
ug € C(]0,T[, Hy (Q)) N L*(J0, T[, L*(2, (0,1))).

LEMMA 2.3 ([18]). There exists a positive constant c(2) > 0, such that

</ |u|pd:1:> < c</Q|u|pd:L‘+||Vqu>,

for any 2 < s <p.
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COROLLARY 2.4 ([18]). There exists a positive constant ¢(2) > 0, such that

2
: 4
g < [( / |u|f’dx> +||Vu|!5}

3. BLOW UP RESULT

In this section, we prove the blow up result of the solution of problem .
First, we define the functional

B = B0 = gl - 5 (G- [ hede) Ivuo?
(16) IV~ LIV £ (o V()
kv - & [ m
=& [ Iyt .ol

THEOREM 3.1. Assume |(A1)H(A2)|hold, and suppose that E(0) < 0, Then,
the solution of problem blows up in finite time.

Proof. From (f]), we have

E(t) < E(0) < 0.

Therefore

W) =-F0) > oIl + e 101
hence
(17) H'(t) > Collur(t) |l > 0

H/(t) > COHy(.TJ, 17&”% > 0.
By , we have

k
(18) 0<H©) <HE) < - Jul}
We set

(19) k() = Ho4 u|utnutdx+e/ VuVude + 2 [ Vul,
’Y-f-l 0 Q 4

where € > 0 will be assigned later and

20-1) _ p—2

20 a<t—= <.
(20) p? 2p
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By multiplying 1 by uw and with a derivative of , we get
_ € +2
K'(t) = (1 — a)H “H'(t) + ﬁllwmz + e[ V|3 + €k‘/ﬂ [[ullp
t
~ <Gl Vul} — <G| Vul + = [ Vu [ bt ) Vulo)deds
Q 0
Ji

—Eﬁl/u.ut.|ut\mde—sﬂg/u.y(x,l,t).]y(x,l,t)\mde.
Q Q

J2 J3

(21)

We have

5= e /0 h(t - 0)do /Q Vu.(Vu(o) — Vu(t))dado + ¢ /0 h(0)del|Vul2

el [? £
> 5[ o) 19l - 5o v
0
and, for d1,99 > 0
Jo

v

—collulld — e llullz,

46,

J3 —eda|ull3 — €@Ily(ﬂf’ L, )l7-

From , we find
K'(t) > (1 —a)H *H'(t) +

Y

+2
=l + el Vuell3 + eklully

’Y-i- 1
1t €
(22) [ Vullh — [(c -3/ h(g)dg) [Vul ~ (ho va)
0
- (51 )l — el — ey 1,01

At this point, by setting d1,0; so that, for large x (which will be specified
later)

ct  kHT(t) o kHT(t)
4Codr 2 4Cys, 2
by and substituting in , we get

K(0) 2 [(1 - 0) — enlHH(1) +

+2
75 + el VI3

1 t
@) - jmeve-calVali- (G- g [ hlae)vul?

csH*(¢) 2
(el + ekl
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where c3 = ¢1 + ¢co. Now, for 0 < a < 1, from

ep(l — a)
v +2

1- ! 1-
el =) (Co -/ h(g)d@> 9l + <27

€<lp(]‘2_ a;) HVUH% N Ep(12_ CL) (h ° VU)

Ep l—a 5 ! m
+7( ) / ly(z, p,t)|[;mdp.
m 0

Substituting in , we get

+2
ekllull; = eaklull;+ luel 52 + ep(1 — a)H(?)

+

K'(t) > {(1 —a) - EK}H—QH'@) + cak|ull?

pl—a) 1 42 p(1 - a) 2
1 Y
+E{ vrz gl et T Vel

e G ) CREy N T
+sg1{p(12_“) - 1}\\%]13 —|—€{p(1 —a) _ 1}(h o Vu)

2 2
— (e il + eplt - iy

ep(l—a ! m
+ PO [ yte .0,
m 0

According to , Corollary and Young’s inequality, we get

(67 k “
H ()} < ( / \u|de) 2
P Ja

A/ m,pdx)“*i o ([ opac) o]

(ap+2)

P (poip2) 9
c /|u]pd:c + /|u|pd1: + [|[Vul3]-
Q Q

2
< p.
2

(24)

IN

IN

By , yields
ap

2<ap+2<p and 2<

Hence, Lemma [2.3] gives

(25) HY (@)} < c(nung ; ||Vu||%).
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Combining and (25)), we get
K'(t)

> {(1 —a) - sm}HaH’(t) - e(akz - 22;) [l

p(1—a) 1 Y42 p(l—a) 2
+ 14+ ——2 3|V

+e{p(12_a)<40 - /Oth(g)d9> - (Co - ;/Oth(g)‘w) - 2&5

—i—s(l{p(l_a) - 1}HVu||‘2l +5{p(12_a) - ;}(hoVu)

2

ep(1 —a)é 1
+ep(t - ) + 2 [ ytap 0,
In this stage, we take a > 0 small enough so that

1—
)\1:]?(20,)_1>O,

and we assume
o) p(1—a) -1 22
2 o 1
/0 hle)de < p—a) 1 2\ +1’
2 2

which gives

biwal

o = {252 (o) (252 )

Then we choose « so large that
Cy Cq4
200/1 QCQKJ
Finally, we fixed &, a, and we appoint € small enough so that
X =(1—a)—er>0, and K(0) > 0.
Thus, for some n > 0, estimate becomes

A3 = ak — > 0.

> 0, A= Ay —

k() > H{H(t) 22+ Vel + 193+ (o V) +
(26) 1
IVl + /0 ||y<x,p,t>||mdp}.

Next, by using Holder’s and Young’s inequalities, we obtain

1—
/ ulug|Tupde
Q
1

where p—i—%: 1.

(27)

_0 M
< c[uuw n ||ut|;+3}

lelly

2
2
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We take = (v +2)(1 — ), to get
0 v+ 2
= <.
I—a (-ap+2)-1-"

Further, for s = —22___estimate (27 gives
’ ( —1

1—a)(v+2)

‘ / ulug|Tupde
Q

Then, Lemma [2.3] yields

1

-«

+2
< c[\un; . Hutnzﬁ]-

1

1
/ u|ug|Tugda
Q

Similarly, we have

’ / VuVuidx
Q

where i + % =1
We take 0 = 4(1 — ), to get

B 4

+2
< chuuz T2+ uwu%].

1

11—«

_6 M
< c[rwu;-a n Hwtus-a],

= <2
l-a 41—-a)—1"~
and
L
/ VuVudz| < c{HVuH% + HWH%}-
Q
Hence,
KT (1)
1
= <]H[10‘ + s / u|ug|ugda 4+ 5/ VuVudr + EUHVuH4> e
v+1Ja 0 4 ?
= = 4
< c(H(t) + ’/ ulug|Tugdz + /VuVutdm + ||VU|’21&)
(28) Q Q

2
< c(H<t> o lal? + 22 + 1Vl + (9l + ||wt\§>
—+2
< c(H<t> el [Vl + [ Vulld + [Vl

1
T (hoVu) + /0 uy<x,p,t>umdp).

From and , we obtain
(29) K'(t) > TK™ (1),



260

A. Hamrouni and A. Choucha 12

where I' > 0, depends only on 7 and c¢. By integration of , we obtain

o 1
Ki-a(t) > — .
T_—a (6]
K=o (0) — It
Hence, K(t) blows up in time
l-«
<T'r=—_ .
P=1" = pogari-a)
Then, the proof is completed. O
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