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S-PRIME PROPERTY IN LATTICES

SHAHABADDIN EBRAHIMI ATANI

Abstract. Let £ be a bounded distributive lattice and S a join closed subset
of £. Following the concept of S-prime ideals (resp. weakly S-prime ideals),
we define S-prime filters (resp. weakly S-prime filters) of £. We will make an
extensive investigation of the basic properties and possible structures of these
filters.
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1. INTRODUCTION

All lattices considered in this paper are assumed to have a least element
denoted by 0 and a greatest element denoted by 1, in other words they are
bounded. As algebraic structures, lattices are definitely a natural choice of
generalizations of rings, and it is appropriate to ask which properties of rings
can be extended to lattices. The lack of subtraction in lattices shows that
many results in rings have no counterparts in lattices, hence, it ought to be in
the literature.

The main aim of this article is that of extending some results obtained for
ring theory to the theory of lattices.

The notion of prime ideals has a significant place in the theory of rings, and
it is used to characterize certain classes of rings. For years, there have been
many studies and generalizations on this issue. See, for example, [1,[3}5]8,(9}
13H15].

Anderson and Smith generalized the concept of prime ideals in [3]. We
recall from [3] that a nonzero proper ideal I of a commutative ring R is said
to be a weakly prime if whenever a,b € R and 0 # ab € I, then either a €
or b € I (also see [8]).

In 2019, Hamed and Malek |13] introduced the notion of an S-prime ideal,
i.e. let S C R be a multiplicative set and I an ideal of R disjoint from S.
We say that I is S-prime if there exists s € S such that for all a,b € R with
ab € I, we have sa € I or sb € I.

The author would like to thank the referee for a number of comments which have improved
the paper.

DOLI: 10.24193/mathcluj.2024.2.02



2 S-prime property in lattices 169

Almahdi et. al. [1] introduced the notion of a weakly S-prime ideal as
follows: We say that I is a weakly S-prime ideal of R if there is an element
s € S such that for all z,y € R, if 0 £ xy € I, then zs € [ or ys € I. Let £
be a bounded distributive lattice.

Our objective in this paper is to extend the notion of S-primeness from
commutative rings to S-primeness in lattices, and to investigate the relations
between S-prime filters, weakly S-prime filters, weakly prime filters and prime
filters. We say that a subset S C £ is join closed if 0 € S and s1 V s9 € .S for
all s1,s9 € S (if p is a prime filter of £, then £\ p is a join closed subset of
£). Among many results in this paper, the first, introduction section contains
elementary observations needed later on.

In Section [2| we give the basic properties of S-prime filters. At first, we
give the definition of S-prime filters (Definition and we give an example
(Example [2.2)) of an S-prime filter of £ that is not a prime filter. It is shown
(Theorem that p is an S-prime filter of £ if and only if there exists s € S
such that for all q,r filters of £, if qVr C p, then sVqCporsVr C p.
It is proved (Theorem that if q is a filter of £, p1,...,pPn are S-prime
filters of £ and q C U" ;pj, then there exist s € S and i € {1,...,n} such
that sV q C p;. It is shown (Theorem that if .S is a strongly join closed
subset of £, then each filter of £ disjoint with S is contained in a minimal
S-prime filter of £. Also, we show that every S-maximal filter of £ is an
S-prime filter (Proposition . In the rest of this section, we investigate the
properties of S-prime filters similar to prime filters. In particular, we investi-
gate the behavior of S-prime filters under homomorphism, in factor lattices,
S-Noetherian lattices and in Cartesian products of lattices (see Proposition
2.17], Proposition [2.18] Theorem [2.21] Theorem [2.22] Theorem [2.25 Corollary
2.28| Proposition u 2.29, Theorem [2.30)).

Section [3]is dedicated to the investigation of the basic properties of weakly
S-prime filters. At first, we give the definitions of weakly S-prime filters and
weakly prime filters (Definition and we give an example (Example of
a weakly S-prime filter of £ that is not a S-prime filter (so it is not a prime
filter of £). It is proved (Theorem that if S is a join closed subset of
£ and p is a weakly S-prime filter of £ that is not S-prime, then p = {1}.
Theorem proves that a filter p is weakly S-prime if and only if there exists
s € S such that for each = ¢ (p :£ s) we have either (p :x ) C (p :£ s) or
(p:gx)=(1:¢x). Also, we show that if S is a join closed subset of £, then
every weakly S-prime filter of £ is prime if and only if £ is a £-domain and
every S-prime filter of £ is prime (Proposition . In the rest of this section,
we investigate the properties of weakly S-prime filters similarly to weakly
prime filters. In particular, we investigate the behavior of weakly S-prime
filters under homomorphism, in factor lattices, S Noetherian lattices, and in
Cartes1an products of lattices (see Theorem Theorem Corollary

Theorem [3.16, Corollary -
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Let us recall some notions and notations.

By a lattice we mean a poset (£, <) in which every couple of elements z,y
has a greatest lower bound (g.l.b. - called the meet of x and y, and written
x Ay) and a least upper bound (L.u.b. - called the join of z and y, and written
zVy).

A lattice £ is complete when each of its subsets X has a l.u.b. and a g.Lb.
in £. Setting X = £, we see that any nonvoid complete lattice contains a
least element 0 and a greatest element 1 (in this case, we say that £ is a lattice
with 0 and 1).

A lattice £ is called a distributive lattice if (a Vb) Ac= (aAc)V (bAc) for
all a,b,c in £ (equivalently, £ is distributive if (a Ab) Ve = (aVe)A(bVec)
for all a,b,c in .£).

A non-empty subset F' of a lattice £ is called a filter, if for a € F, b € £,
a <bimplies b€ F,and x Ay € F for all z,y € F (so if £ is a lattice with 1,
then 1 € F and {1} is a filter of £).

A proper filter F' of £ is called prime if t Vy € F', then x € F or y € F.

A proper filter F' of £ is said to be maximal if G is a filter in £ with F’ ; G,
then G = £ [10,[11].

Let A be subset of a lattice £. Then the filter generated by A, denoted by
T(A), is the intersection of all filters that contain A.

A filter F' is called finitely generated if there is a finite subset A of F' such
that F' = T(A).

A lattice £ with 1 is called a £-domain if whenever a Vb =1 (a,b € £),
then a =1 or b =1 (so £ is £-domain if and only if {1} is a prime filter of
£).

First we need the following lemma proved in [4-7].

LEMMA 1.1. Let £ be a lattice.

(i) A non-empty subset F of £ is a filter of £ if and only if tV z € F
andx ANy € F forallz,y € F, z € £. Moreover, sincex =z V (zAy),
y=yV(xAy) and F is a filter, t Ny € F gives x,y € F for all
x,y € £.

(ii) If Fy,--- , F, are filters of £ and a € £, then
n n
\/Fi: {\/ai:aieﬂ} and aV F; ={aVa;:a; € F;}
=1 =1

are filters of £ and \/7_, F; =}, F;.
(iii) Let A be an arbitrary non-empty subset of £. Then

TA)={xzeL£: axNaagN---Nap, <z for somea; € A (1 <i<n)}.
Moreover, if F is a filter and A is a subset of £ with A C F, then
TACF, TF)=F and T(T(A)=T(A).
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(iv) If £ is distributive, F,G are filters of £ and y € £, then
(G:p F)={ze £:2VFCGY,
(F:pTH{y})=(F:ry)={ac£:avVyeF} and
l:py)={zef:zvy=1}
are filters of £.
(v) If {Fi}iea is a chain of filters of £, then |J;can Fi is a filter of £.
(vi) If £ is distributive, G, Fy,--- , F,, are filters of £, then

GV (/n\FZ> :;\(GVFZ)

i=1 i=1
(vii) If £ is distributive and Fy,--- | F, are filters of £, then

n
/\ F; = {/\’{‘Zl% ra; € Fz}
=1

is a filter of £ and F; C \!_| F; for each i.
2. CHARACTERIZATION OF S-PRIME FILTERS

In this section, we collect some basic properties concerning S-prime filters.
We remind the reader the following definition.

DEFINITION 2.1. Assume that p is a filter of £ and let S be a join closed
subset of £ disjoint with S. We say that p is an S-prime filter of £ if there
is an element s € S such that for all z,y € £ifxVy € p, then x Vs € por
yVsep.

EXAMPLE 2.2. (a) If S = {0}, then the prime and the S-prime filters
of £ are the same.
(b) If p is a prime filter of £ disjoint with S, then p is an S-prime filter.
(c) Assume that £ = {0,a,b,c, 1} is a lattice with the relations 0 < a <
c<1,0<b<c<1l,aVb=cand aAb=0 and let S = {0,a}.
Then S is a join closed subset of £ and p = {1, ¢} is an S-prime filter
of £. Note that SN p = 0. Also, p is not a prime filter of £ because
aVb=cepanda,b¢p. Thus an S-prime filter need not be a prime
filter.

PROPOSITION 2.3. Assume that p is a filter of £ and let S be a join closed
subset of £ disjoint with p. The following assertions are equivalent:
(i) p is an S-prime filter of £;
(ii) (P :¢ s) is a prime filter of £ for some s € S.
Proof. (i)=-(ii) Since p is an S-prime filter, we conclude that there is an

element s € S such that for all z,y € £ with x Vy € p we have z Vs € p or
yVsenp.
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Now, we show that (p :z s) is a prime filter of £. Let x,y € £ such that
xVye (P:gs). ThenxVyVsepgiveszVsVs=xVsEporyVseEp
which means that x € (P :z s) ory € (P :g s). Thus (P :¢ s) is a prime filter
of £.

The implication (ii)=-(i) is obvious. O

THEOREM 2.4. Assume that p is a filter of £ and let S be a join closed
subset of £ disjoint with p. The following assertions are equivalent:

(i) p is an S-prime filter of £;
(ii) There exists s € S such that for any two q,r filters of £, ifqVr C p,
then sVqCp orsVr Cp.

Proof. (i)=-(ii) Since p is an S-prime filter, we conclude that there is an
element s € S such that for all z,y € £, if x Vy € p, then sVa € p or
sV y € p. On the contrary, assume that for all v € S, there are q,,r, two
filters of £ with q, Vr, Cp, but uVq, € p and uVr, ¢ p. So there exist
Qs Ts two filters of £ with qs Vrs C p, but sVqs € p and s Vrs € p, as
s € S. This shows that there exist x5 € qs and ys € rs such that sV s ¢ p
and sV ys ¢ p which is impossible, as p is an S-prime filter, i.e. (ii) holds.

(ii)=-(i) Let z,y € £ such that x Vy € p. Set q =T({z}) and r = T({y}).
Then q V r C p gives that there exits s € S such that sVax € svqC por
sVye€sVr Cp by (ii), i.e. (i) holds. O

COROLLARY 2.5. Assume that p is a filter of £ and let S be a join closed
subset of £ disjoint with p. Then p is an S-prime filter if and only if there
exists s € S such that for all q1,--- ,qn filters of £, ifq1 V---Van C p, then
sV aq; Cp for someie€{l,--- n}.

Proof. Let p be an S-prime filter of £. Then there is an element s € S
such that for all x,y € £, if xVy € p, then sV € por s Vy € p. We use
induction on n. We can take n = 2 as a base case by Theorem Let n > 3,
assume that the property holds up to the order n—1 and let qq, - - - , qy filters
of £ such that @1 V---Vdn=(q1 V- -V dn-1) Vdn C p. Then by Theorem
sVan Cpor(svVqi)VagzV:---Vdan-1 C p. Therefore sV g, C p or
(sVsVaqr =sVqr CporsVaq; Cp for somei € {2,---,n—1}). In the
same way we prove that sV q; C p for some i € {1,2,--- ,n}. O

COROLLARY 2.6. Let p be a proper filter of £. Then p is a prime filter if
and only if for all q1, -+ ,qn filters of £, if Q1 V-V an C p, then q; C p
for some i€ {1,--- ,n}.

Proof. Take S = {0} in Corollary O

COROLLARY 2.7. Assume that p is a filter of £ and let S be a join closed
subset of £ disjoint with p. Then p is an S-prime filter if and only if there
erists s € S such that for all x1,x9,-++ ,xp, € £, if x1V---V x, € P, then
sVx; €p for somei € {1,--- ,n}.
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Proof. Assume that p is an S-prime filter of £ and let z,--- ,xz, € £ such
that 21 V-V, € p. So T({z1}) V- VT ({zn}) C p. Then by Corollary [2.5
there exists s € S such that s Vz; € s VT ({z;}) C p for some i € {1,--- ,n}.
For the converse, take n = 2. O

Compare the next theorem with Theorem 2 in [13].

THEOREM 2.8. Let S be a join closed subset of £. Let q be a filter of £and
P1, - ,Pn be S-prime filters of £. If q C U} pi, then there exist s € S and
i€ {l,---,n} such that sV q C p;.

Proof. By Proposition [2.3] for each i € {1, ,n}, there exists s; € S such
that (pi :£ s;) is a prime filter of £. Then q C U ;p; C U (pi :£ ;) gives
that there exists i € {1,--- ,n} such that q C (p; :£ s;) by [6, Theorem 2.1
(ii)]; this implies that s; V q C pj. O

DEFINITION 2.9. Let S be a join closed subset of £. We say that S is a
strongly join closed subset if for each family {s;};ca of elements of S we have

(MieaT({si})) NS # 0.
EXAMPLE 2.10. Assume that S = {s1,---,si} is a join closed subset of £
and let {s;, - ,s;,} € S. Set s =8;, V--- Vs (sos € S). Then for each

j € i, it} =8, s € T(sqy;); hence s € (NjesT({s,})) N S. Thus every
finite join closed subset of £ is a strongly join closed subset.

THEOREM 2.11. Assume that S is a strongly join closed subset of £ and let
{pi}ier be a chain of S-prime filters of £. Then p = NijcaP; 1S an S-prime
filter of £.

Proof. For each i € A, there is an element s; € S such that for all z,y € £
with x Vy € p; we have s; Vo € pj or s; Vy € p;. Since S is a strongly
join closed subset, we conclude that (N;eaT({s:})) NS # (. Consider ¢t €
(NieaT({si})) N'S. Then for each i € A, t = s; V a;, where a; € £.

Now we will show that for all a,b € £ such that aVb € p we have tVa € p
ortVbep,ie pisS-prime. Let a,b € £ such that a Vb € p and suppose
that t Va ¢ p. Then t Vv a ¢ pj for some j € A. Let k£ € A. Then px C pj or
pj € px. We split the proof into two cases.

Case 1. px C p;. Since tVa ¢ pj, we conclude that tVa = s VaiVa ¢ py;
so s V a ¢ pk. This shows that si Vb € px; hence s Vap Vb =1tVb € pk.
Thus t Vb € p.

Case 2. pj C px. Since tVa =s;Va;Va ¢ p;, we get that s; Va ¢ pj; so
55 Vb€ p;j € px which givestVb=5s;Va; VbeEpg,andsotVbep. O

Assume that S is a join closed subset of £ and let F' be a filter of £ disjoint
with S. Let p be an S-prime filter of £ such that F' C p. We say that p is a
minimal S-prime filter over F' if p is minimal in the set of the S-prime filters
containing F. Let F(£) be the set of all filters of £.
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LEMMA 2.12. Suppose that F is a filter of £ and let S be a join closed
subset of £ such that SN F = (). Then there exists an S-prime filter p of £
such that F' C p.

Proof. Set @ = {G € F(£): F C G and SNG = 0}. Clearly, F € Q, and
so  # (. Moreover, (2, C) is a partial order. It is easy to see that € is closed
under taking unions of chains and so () has at least one maximal element by
Zorn’s Lemma, say p. Since SNp = () and 0 € S, we see that 0 ¢ p and
p & £. It remains to show that p is a prime filter by Example (b).

Now let a,b ¢ p; we must show that a Vb ¢ p for some elements a,b € £.
Since a ¢ p, we have F C p G p A T({a}). By the maximality of p in Q,
we must have SN (p AT({a})) # 0, and so there exist s € S, t € £ and
e € p such that s = e A (a VvV t). Similarly, there exist s € S, ¢ € £ and
e € psuch that & = ¢ A(bVH). Put w =aVitand v =0bVit. Then
sVs =({(enu)Ve)N((eAu) V)= ((eAu)Ve)AN(eVuv)A(aVbViEVvt).
Since sV s’ € S and ((eAu) Ve)A(eVwv) € p, we must have a V b ¢ p since
SNp=0. Thus p is a prime filter of £. O

Compare the next theorem with Proposition 5 in [13].

THEOREM 2.13. If S is a strongly join closed subset of £, then each filter
of £ disjoint with S is contained in a minimal S-prime filter of £.

Proof. Let F be a filter of £ with FNS = () and let  be the set of S-prime
filters containing F'. By Lemma Q # (. Moreover, (£2,2D) is a partial
order and € is inductive. Indeed, if {p;}ica is a chain of elements of 2, then
by Theorem [2.11) p = Njeap; is an S-prime filter of £ which contains F;
hence p € 2 is an upper bound for the chain. Then by Zorn’s Lemma, €2 has
a maximal element for ”2” and so F' is contained in a minimal S-prime filter

DEFINITION 2.14. Assume that S is a join closed subset of £ and let p be
a filter of £ disjoint with S. Then p is said to be an S-maximal filter if there
exists a fixed s € S and whenever p C q for some filter q of £, then either
sVqCporqnsS #0.

Classically, in a lattice £ every maximal filter is a prime filter, but its
S-version has the following property. Compare it with Proposition 10 in [15].

ProproSITION 2.15. Let S be a join closed subset of £. Then every S-
mazimal filter of £ is an S-prime filter.

Proof. Suppose that p is an S-maximal filter. Then there exists a fixed
s € S, and p C q for some filter q of £, which implies that s Vq C p or
qnN S # (. Now, we will show that p is an S-prime filter. Let z Vy € p for
some z,y € £. It suffices to show that sVax €porsVy e p.

On the contrary, assume that sV ¢ p and sV y ¢ p. This shows that
PSpAT{z}) and p G pAT({y}). Since p is S-maximal, we conclude that
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sV(PAT({z})) Cpor (pATH{z})NS#0. If sV (pAT({z})) € p, then
sVax=sV(1A(0Vz)) € p which is impossible. So (p AT ({z})) NS # 0.
Likewise, (p A T({y})) NS # 0. Then there exist s1,s2 € S such that s; =
p1 A (aVx)and sy = py A (bVy) for some p1,py € p and a,b € £. Then we
have s; Vsa = ((pi A(aVx)Vp) A(piVOVy)A(xVyVaVvb) € SNp, as p
is a filter, which is a contradiction. Thus p is an S-prime filter of £. U

We continue this section with the investigation of the stability of S-prime
filters in various lattice-theoretic constructions.

Quotient lattices are determined by equivalence relations rather than by
ideals as in the ring case. If F' is a filter of a lattice (£, <), we define a
relation on £, given by x ~ y if and only if there exist a,b € F satisfying
xANa =yAb Then ~ is an equivalence relation on £, and we denote the
equivalence class of a by a A F' and the collection of all equivalence classes by
%. We set up a partial order <g on % as follows: for each aAF,bAF € %, we
write a A F' <g b A F' if and only if a < b. The following notation below will
be kept in this paper: It is straightforward to check that (% <g) is a lattice
with (a AF) Vg (bAF) =(aVb)ANF and (a NF)Ng (bDAF) = (aAb) A F for
all elements a A F,bNA F € %. Note that f A F'= F if and only if f € F'. Let
y € £. We denote by 7 the equivalence class of y in %.

An element = of £ is called the identity join of a lattice £, if there exists
1 # y € £ such that z Vy = 1. The set of all identity joins of a lattice £ is
denoted by Id(£).

PROPOSITION 2.16. Assume that p is a filter of £ and let S be a join closed
subset of £ disjoint with p. The following hold:

(i) Sg ={5:5¢€ S} is a join closed subset of %;
(i) If Id(%) N Sqg =0, then prime and S-prime filters coincide.

Proof. (i) Clearly, 0 € Sg. If 1, $3 € Sg for some s1,52 € S (s0 s1Vs2 € S),
then §1 Vg $2 = (51 V s2) Ap € Sg, i.e. (i) holds.

(ii) It suffices to show that P = (P :¢ s) for all s € S by Proposition
Since the inclusion P C (P :¢ s) is clear, we will prove the reverse inclusion.
Let s € Sand € (P :¢ s). Then sV z € p gives (s Ap) Vo (x Ap) =
(sVa)Ap=1Ap. Since Id(%) NSg =0, we conclude that x Ap =1 Ap; so
x Ap1 = 1A py = pg for some py,pe € p. This implies that z € p, by Lemma
L1 O

PROPOSITION 2.17. Assume that p is a filter of £ and let S be a join closed
subset of £ disjoint with p. The following hold:

(i) Let q be a filter of £ such that NS # 0. If p is an S-prime filter of
£, then pV q is an S-prime filter of £;

(i1) Let £ C £’ be an extension of lattices. If q is an S-prime filter of £,
then qV £ is an S-prime filter of £;
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(i) Let f : £ — £ be a lattice homomorphism such that f(0) = 0 and
f(s) #1 foralll #s € £. Then f(S) is a join closed subset of £’
and if q is an f(S)-prime filter of £', then p = f~1(q) is an S-prime
filter of £.

Proof. (i) Suppose that ¢ € SNq and let x,y € £ such that xVy € pvq C p.
Then there is an element s € S such that sV € p or sV y € p which gives
sVgVzeporsVqgVyé€Ep, where sV g€ S, ie. (i) holds.

(ii) Let =,y € £ such that zVy € qV £ C q. Then there is an element
s € S such that sV € q or sVy € q which implies that sVz € qV £ or
sVyeqV L. This completes the proof.

(iii) Clearly, f(S) is a join closed subset of £’. By assumption, there exists
s € S such that for all z,y € £ if xVy € q, then f(s)Vz € qor f(s)Vy € q.
It is clear that pNS = (. Let a,b € £ such that aVb € p; so f(aVb) = f(a)V
f(b) € q which gives f(s)V f(a) = f(sVa) € qor f(s)V f(b) = f(sVDb) € q.
This implies that s Va € p or sV b € p, as required. O

PROPOSITION 2.18. Assume that q is a filter of £ and let S be a join closed
subset of £ disjoint with q. Let p be a proper filter of £ containing q such
that (g) NSg = 0. Then p is an S-prime filter of £ if and only z'fg is an
Sq-prime filter of g.

Proof. Let p be an S-prime filter of £. Then there is an element s € S
such that for all z,y € £,if xVy € p, then sVz € por sVy € p. Let
aNq,bAq € % such that (a Aq) Vg (bAQ) = (aVb)Aq € g which gives
aVb e p by [4 Lemma 4.3]; hence s Va € por sVb € p. Therefore

(sna)Vg(anag) € Eor(sAna)Vg(bAqg) € & Thus ¥ is an So-prime filter
of é. Conversely, if pN S # (), then (g) NSg # 0, which is impossible. Hence
SNp = 0. Since g is an Sg-prime filter of %, we conclude that there exists
s € S such that for all x Aq,y Aq € g with (x Aq) Vo (yA Q) € g, we get
(sna)Vo(zAag) € bor(sha)Vo(yAa) € L.

Now, let a,b € £ such that a Vb € p. Then (a Aq) Vg (bAQ) € g gives
(snha)Vg(ang) € gor(shnq)Vg(bAq) € &;hence sVaeporsVbep,
i.e. the result holds. O

DEFINITION 2.19. Let S be a join closed subset of £. We say that a filter
F of £ is S-finite if s V F C G C F for some finitely generated filter G of £
and some s € S. We say that £ is S-Noetherian if each filter of £ is S-finite.

LEMMA 2.20. Assume that S is a join closed subset of £ and let p be a
filter of £ which is maximal among all non-S-finite filters of £. Then p is a
prime filter of £.

Proof. Notice that £ is S-finite since sV£ C T'({s}) C £ for every s € SNL.
If p is not prime, let a,b ¢ p with aVb € p. Since p G pAT ({a}), we conclude



10 S-prime property in lattices 177

that p A T({a}) is S-finite by maximality of p; hence

SV (ATl S T({pi A @V si)s o A @V sa)})
for some s € S, p1,--- ,pn € p and s1,---,8, € £. Also, (p :¢ a) is S-finite,
sotV(p:ga) CTHaq, - ,qr}) for some t € S and q1, -+ ,qn € (P 1 £ a).
Nowlet zep (soxVsesV(pAT({a})). Then
sVez=(sVx)VA(piN(aVs;))
=N (sVaVp) NN (sVaVaVs;)),
soy=A",(sVazVs;)e(p:ra)(sotVye (p:ga)) which gives
tVy = (tVy)V(AZa) = AN (EV Y V).
Therefore
sVaeVt=AN_1(sVaeVp, V) NN (sVeViEVsVa))
=AN_i(sVaVp Vt)A(aViVy)
= N (sVaVpi V) A (AL (aV g ViV Y)).
So (sVt)Vp CT(A) C p, where A = {p1Vt, -+ ,p,Vt,aVaq, - ,aVqr} C p;
hence p is S-finite, which is a contradiction. Thus p is a prime filter of £. [

In the following theorem we give an S-version of Cohen’s Theorem (]12,
Theorem 2]). Compare it with Proposition 4 in [2]).

THEOREM 2.21. Let S be a join closed subset of £. Then £ is S-Noetherian
if and only if every prime filter of £ (disjoint from S) is S-finite.

Proof. One side is clear. To see the other side, assume that p is S-finite for
each prime filter p of £ disjoint from S. Suppose That £ is not S-Noetherian
and we look for a contradiction.

The set €2 of all non-S-finite filters of £ is inductively ordered under inclu-
sion. By Zorn’s Lemma, choose q maximal in 2. Then Lemma [2.20] shows
that q is a prime filter. If NS # (), then s Vq C T({s}) C q for every
s € qN S gives that q is S-finite, which is a contradiction. Thus qN S = (.

Now, by the hypothesis, q is S-finite which is impossible since q € 2. Thus
£ is S-Noetherian. O

THEOREM 2.22. Let S be a join closed subset of £. The following assertions
are equivalent:

(i) £ is S-Noetherian;
(ii) Every S-prime filter of £ is S-finite;
(iii) Every prime filter of £ is S-finite.
Proof. (i)=-(ii) This is clear.
(ii)=-(iii) Let p be a prime filter of £. If pNS # 0, then sVp C T({s}) C P
for every s € pN S gives p is S-finite. If pN.S = (), then p is an S-prime filter
of £; so by the hypothesis, p is S-finite.
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(iii)=-(i) Follows from Theorem [2.21] O
LEMMA 2.23. (i) If A={a1, - ,an} C £, then T(A) = A" 1T ({ai}).
(ii) Assume that F is a filter of £ and let G be a finitely generated filter.
Then C%F is a finitely generated filter of %.
Proof. (i) Since for each i € {1,--- ,n}, {a;} € A C T(A), we conclude that
T({a;}) CT(A); so N1T({ai}) CT(A). If x € T(A), then
r=(xVa)A---AN(xVay) € Ny T({ai}),
and so we have equality.
(ii) By assumption, there exists a finite set A = {a1,--- ,a,} C G such that
G=T(A). Let =y A F € Y4F. Then there exist
z=(@Va)A---AN(xVa, €G
and f € F such that
y=z=(xVoqam)Aq N (TVqQdn) € NoiT({ai}) = T({ar,- -+, an}),
by (i). This shows that % is a finitely generated filter of %. O

PROPOSITION 2.24. Suppose that F' is a filter of £ and let S be a join
closed subset of £ such that SN F = (. If £ is S-Noetherian, then % 18
Qgs-Noetherian.

Proof. Let H be a filter of %. Then by the hypothesis and [4, Lemma 4.2],
there exists an S-finite filter G of £ such that H = %; sosVGC K CG
for some finitely generated filter K = T(A) of £ and some s € S, where
A = {a1, -+ ,ax} € G. Then by Lemma EAE = T({ar, - ,dn}) is

finitely generated. An inspection will show that 5 Vg % C % C % which

implies that % is a Qg-finite filter of %, ie. % is (Qs-Noetherian. O
Compare the next theorem with Theorem 5 in [13].

THEOREM 2.25. Let S be a join closed subset of £ and F a filter of £
disjoint with S. If £ is S-Noetherian, then there exist an s € S and S-prime
filters p1,--- ,pn of £ containing F' such that sV (p1 V-V pn) C F.

Proof. At first, we show that the set Q@ = {F € F(£) : for all s € S, for all
S-prime filters py,--+ ,pn of £, we have sV (p1 V-V pn) € F} is empty.

On the contrary, assume that ) = ). Clearly, (€2, C) is a partial order. Let
{F;}iea be a chain of elements of 2 and set G = U;ep F;. It is clear that G is
a filter of £.

We claim that G € Q. Assume on the contrary, that G ¢ 2. Then there
exist s € S and S-prime filters p1, - - - , pn of £ such that sV(p1V---Vpn) C G.
Since £ is S-Noetherian, for all i € {1,--- ,n}, there exist pi;, -+ ,pm,;i € £
and s; € S such that s; Vpi C T({p14, - sPmii}) < Pi.
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Therefore,
sVsiV---Vsy,V(p1V:---Vpn)

CsV(THpias s Pma ) V- VTEPins Pmnn})
CsV(p1V---Vpn)
C@.

Set T({pr1,-+ s Pmi1}) V- VT{Prn, - Pman}) = T({er, -+, er}) for
some c1,---,¢; € £. Since T({c1, -+ ,¢t}) € G, there is an element j € A

such that T'({c1,- -, ¢ }) C Fj; hence
sVsiV---VsyV(p1tV---Vpn) CT{c1, - ,c}) C Fj €Q,

which is impossible.

Thus G is an upper bound of the chain {F;};ca; hence by Zorn’s Lemma,
) has a maximal element p. If s € SNp, then p is a filter, which implies that
for all S-prime filters p’ of £, s Vp’ C p € Q, which is a contradiction.

Thus pN S = 0. Since p € Q, we conclude that p is not S-prime. So for
all s € S, there are elements a,b € £ such that a Vb € p, but sVa ¢ p and
sVbé¢p.

Since p G pAT({sVa})and p S pAT({sVb}), then by the maximality of
p there are u,v € S and p1,--- ,Pn,q1, - , dm S-prime filters of £ such that
uV(P1V---Vpn) CPpAT{sVa})and vV (q1 V---Vdam) CpAT({sVb}).

Put A=T({sVa})and B=T({sVb}). Therefore

(uVo)V(P1V---VpaVaqiV:---Vdm)
C(PANA)V(PAB)=pA(AVB)
CpAT({aVb})

Cpeq

which is a contradiction. Thus = 0.
Let F' be a filter of £ disjoint with S. By Proposition % is Qg-
Noetherian; so there exist s € S and Sg-prime filters % which are of the

form % by |4, Lemma 4.2], where q; are S-prime filters of £ containing F', by
Proposition [2.18] such that

A Ao, sV(qV---Van) = F
Ia Al vy, 2B = cCiy = .
(s AF)VQ (5 Vo Vo ) 2 ci{ly=4
thus sV (q1 V-+-V qn) € F. This completes the proof. O

COROLLARY 2.26. Let F be a proper filter of a Noetherian lattice £. Then
there exist prime filters p1,--- ,pPn of £ containing F' such that

p1V--VpnCFE
Proof. Take S = {0} in Theorem O
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COROLLARY 2.27. Assume that S is a finite join closed subset of £ and
let F' be a filter of £ disjoint with S. Suppose that £ is S-Noetherian. The
following hold:

(i) There exist a minimal S-prime filter q over F and an S-prime filter
p of £ containing F' such that q = (pV T ({s}) N F;

(ii) Each filter of £ disjoint with S has a finite number of minimal S-prime
filters. In particular, the set of minimal S-prime filters of £ is finite.

Proof. (i) By Example and Theorem there exists a minimal S-
prime filter q over F. Also, by Theorem there exists a t € S and
S-prime filters py,--- ,pn of £ such that tV (p1V---Vpn) C F C q. By
Corollary sV pi C q, for some s € S and some i € {1,---,n}. Since
s=sAN1e€T{s})AF, we conclude that (pVT({s})ANF = (FAT({s})Vpiis
an S-prime filter of £ containing F', by Proposition [2.17} But q is minimal in
the set of S-prime filters containing F', this shows that q = (p V T'({s}) A F.

(ii) This follows from (i) and its proof. O

COROLLARY 2.28. If £ is Noetherian, then the set of minimal prime filters
of £ is finite.

Proof. Take S = {0} in Corollary O
Assume that (£1,<1),(£2,<2), -, (£, <,) are lattices (n > 2) and let
£ =£1x £9x---x £, We set up a partial order <. on £ as follows: for
each r = (21,22, -+ ,Zn),y = (Y1,Y2, - ,yn) € £, we write x <. y if and only

if x; <; y; for each i € {1,2,--- ,n}.

The following notation below will be kept in this paper: It is straightforward
to check that (£, <.) is a lattice with zV,.y = (21 Vy1, 22Vya, -, TnVYyy) and
xAcy = (x1 Ay, -+ ,Tn Ayn). In this case, we say that £ is a decomposable
lattice.

PROPOSITION 2.29. Let £ = £1 X £9 be a decomposable lattice and S =
S1 X So, where S; is a join closed subset of £;. Suppose that p = p1 X p2 i
a filter of £. The following statements are equivalent:

(i) p is an S-prime filter of £;

(i) p1 is an Sy-prime filter of £1 and p2 NSy # 0 or pa is an Sy-prime
filter of £ and p1 NS1 # 0.

Proof. (i)=(ii) Let p be an S-prime filter of £. Since (0,1) V. (1,0) =
(1,1) € p, there exists s = (s1,52) € S such that s V. (0,1) = (s1,1) € p or
sV (1,0) = (1, s2) € p and hence p1 NSy # 0 or p2 N Sy # 0.

Without any loss of generality, we can assume that p; N'S; # (. Since
pNS =0, we conclude that p2 NSy = 0. Let x Vy € pa for some z,y € L.
As (1,z) Ve (1,y) = (1,2 Vy) € p and p is an S-prime filter, we obtain either
tVe(l,2) = (1,t2Vx) € portVe(l,y) = (1,t2Vy) € p for some t = (t1,t2) € S
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and this yields to V& € pg or to Vy € p2. Hence p2 is a Sy-prime filter of £5.
In the other case, one can similarly show that p; is an Sp-prime filter of £7.

(ii)=>(i) Suppose that p1 NS} # 0 and p2 is an Se-prime filter of £5.
Consider s1 € p1NS;. Let (a,b) Ve (c,d) € p for some a,c € £1 and b,d € L.
This shows that bV d € ps and hence there exists sy € S5 such that ssVb € po
or soVd € pa. Set s = (s1,52) € S. Then we have sV.(a,b) = (s1Va, s2Vb) € p
or s V¢ (e,d) = (s1 V¢,s2Vd) € p. Thus p is an S-prime filter of £. In the
other case, one can similarly prove that p is an S-prime filter of £. g

THEOREM 2.30. Let £ = £1 X --- X £, be a decomposable lattice and let
S = 51 x --+ xSy, where S; is a join closed subset of £;. Suppose that
P =P1 X -+ X pn 18 a filter of £. The following statements are equivalent:

(i) p is an S-prime filter of £;
(ii) pi is an S;-prime filter of £; for some i € {1,--- ,n} and pjN.S; # 0
forallje{l,--- n}\{i}.
Proof. We use induction on n. For n = 1, the result is true. If n = 2, then
(i) and (ii) are equivalent by Proposition [2.29]
Assume that (i) and (ii) are equivalent when k < n. Set
p/:p1><--~><pn_17 S’:Slx---xSn_l and £/:£1X-"X£n_1.
Then by Proposition m p = P X pPn is an S-prime filter of £ if and
only if p’ is an S’-prime filter of £ and p, NS, # 0 or p’ NS’ # 0 and
Pn is a Sy-prime filter of £,. Now the assertion follows from the induction
hypothesis. O

3. CHARACTERIZATION OF WEAKLY S-PRIME FILTERS

In this section, the concept of weakly S-prime filter is introduced and in-
vestigated. We remind the reader the following definition.

DEFINITION 3.1. (a) A proper filter p of a lattice £ is called weakly
prime if whenever z,y € £ and 1 # z V y € p, then either x € p or
yEp.

(b) Let S be a join closed subset of £. A filter p of £ satisfying SNp = )
is said to be weakly S-prime if there exists an element s € S such that,
whenever x,y € £, 1 #ZxVy epimpliecszVseporyVsenp.

EXAMPLE 3.2. (a) A weakly prime filter p of £ is weakly S-prime for
each join closed subset S of £ such that SNp = 0.

(b) Assume that £ is the lattice as in Example (c) and let S = {0,a}.
Then p = {1, ¢} is a weakly S-prime filter of £. Also, p is not a weakly
prime filter of £ because 1 # aVb = c € p and a,b ¢ p. Thus a weakly
S-prime filter need not be a weakly prime filter.

(c) If S = {0}, then the weakly prime and the weakly S-prime filters of £
are the same.
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(d) Tt is easy to see that every S-prime filter is a weakly S-prime filter.

(e) Let D ={a,b,c}. Then £ = {X : X C D} forms a distributive lattice
under set inclusion with greatest element D and least element ) (note
that if z,y € £, then x Vy =2 Uy and x Ay =xNy). Set p= {1}
and S = {{a},0}. Then S is a join closed subset of £ and p is clearly
a weakly S-prime filter of £. Since {a,b} V {c} € p, {a} V {a,b} ¢ p
and {a} V {c} ¢ p, it follows that p is not a S-prime filter of £. Thus
a weakly S-prime filter need not be an S-prime filter.

PROPOSITION 3.3. Assume that p is a filter of £ and let S be a join closed
subset of £ disjoint with p and Id(£) NS = 0. The following assertions are
equivalent:

(i) p is a weakly S-prime filter of £;
(ii) (P :z s) is a weakly prime filter of £ for some s € S.

Proof. (i)=-(ii) Since p is a weakly S-prime, then there is an element s € S
such that for all z,y € £ with 1 #axVy e p,wehavezVseporyVsenp.
Now, we show that (p :¢ s) is a weakly prime filter of £. Let z,y € £
such that 1 #xVy € (P:gs). ThenzVyVsep((soxzVyVs #1, as
Id(£)N S =0), which gives x VsVs=xVseporyVs e p, which means
that x € (P:g s)ory € (P:gs). Thus (P :g s) is a weakly prime filter of £.

(ii)=(i) Clear. O
THEOREM 3.4. Let S be a join closed subset of £, and p be a weakly S-prime
filter of £. If p is not S-prime, then p = {1}.

Proof. By assumption, there exists s € S such that, whenever z,y € £,
1#xzVy € pimpliessVax €porsVy € p. On the contrary, assume that
p # {1}. We show that p is S-prime. Let a,b € £ such that a Vb € p. If
1#aVbe p, then p is weakly S-prime gives sVa € p or sVb € p.

Now, suppose that a Vb = 1. Since p # {1}, there exists p’ € p such that
p' # 1. Then 1 # (aAp')V(bADY') = p' € p gives sV(anp') = (sVa)A(sVp') € p
or (sVb)A(sVp) € p. Therefore, sVa € porsVbep by Lemmal[l]] (i).
This shows that p is an S-prime filter, as required. O

COROLLARY 3.5. If p is a weakly prime filter that is not prime, then

p = {1}.
Proof. Take S = {0} in Theorem O

Compare the next theorem with Theorem 7 in [1].
THEOREM 3.6. Assume that p is a filter of £ and let S be a join closed
subset of £ disjoint with p. The following assertions are equivalent:
(i) p is a weakly S-prime filter of £;
(ii) There exists s € S such that for each x ¢ (p :£ s) we have either
P:rx)S(pigs)or(p:rx)=(1:¢x);
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(iii) There exists s € S such that for all F and G, two filters of £, if
{1} ## FVG Cp, thensVF Cp orsVGCcCp.

Proof. (i)=(ii) By assumption, there is an element s € S such that, when-
ever z,y € £, xVy € pimplies sVzx €porsVyep. Letx € £\ (p:g s) (so
xV s ¢ p) and suppose that (p :¢ ) # (1 :¢ x). Since (1:¢2) G (p :£ x), we
conclude that there exists a € (p :¢ x) such that aVz #1. Sol #aVz €p
gives a V s € p, as p is weakly S-prime. Let z € (p :g x). If 2V z # 1, then
sVzep,andso z € (p:g ).

Now, suppose that zVz = 1. Then 1 # aVz = (aVz)A(zVz) = xV(aAz) € p
implies that sV (a A z) = (sVa) A (sV z) € p; hence sV z € p by Lemmal[L.]]
(i). Thus z € (p:g s),ie. (p:gx) C(pP:gs).

(ii)=(i) Let z,y € £ such that 1 #xVy € pwithsVx ¢ p;soz & (p iz s).
Since y € (p :¢ x) and x Vy # 1, we conclude that (p:z z) C (p :£ s) by (ii);
hence y V s € p. This shows that p is weakly S-prime.

(ii)=-(iii) Assume that F' and G are filters of £ such that 'V G C p and,
for the element s € S of (ii), we have sV F ¢ p and s VG € p. We claim that
FvG={1}. Letx € F\(p:g s). Then VG C p gives G C (p :x x). Since
G ¢ (p:£ s), we conclude that G C (p:g x) = (1 :¢ x); s0 2 VG = {1}

Now, assume that © € FN(p ¢ s). Let z € G. If 2 ¢ (p :¢ s) then, as
previously, zV F = {1}, and so zVz = 1. So we may assume that z € (p : ¢ s).
Consider g € G such that sV g ¢ p. Then sV (zAg) =(sVg)A(sVz)¢Dp,
by Lemma (i), which implies that

gePica)\(Piegs)andzAg € (Piea)\(Pig 9)
Hence, tVg=1land 1 =2V (2Ag) = (xVg)A(zVz) =zVz Thus,
xV G = {1}. This shows that F'V G = {1}.

(iii)=(i) Let =,y € £ such that 1 # x Vy € p. Then

{3 #T{=h VT{y}) Cp
gives sVz € sVT({z}) CporsVy e sVT({y}) Cp by (iii), and so we have
p is a weakly S-prime filter of £. O

COROLLARY 3.7. For proper filter p of £, The following assertions are
equivalent:

(i) p is a weakly prime filter of £;
(ii) For each x ¢ p we have either (p:gx)=p or (p:gz)=(l:gx);
(iii) For filters F' and G of £ with {1} # F VvV G C p, either F C p or
G Cp.
Proof. Take S = {0} in Theorem O

PROPOSITION 3.8. Assume that p is a filter of £ and let S be a join closed
subset of £ disjoint with p. If q is a filter of £ such that qN S # 0 and p is
a weakly S-prime, then pV q is a weakly S-prime filter of £.
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Proof. Since (pVq)NS CpnNS =10, wehave (pVq)NS =0. Consider
t € qnS. Let a,b € £suchthat 1 # aVb € pVq C p. Then there exists s € S
such that sVa € por sVb € p which gives sVtVa € pvVqor sVivVbepVq,
where sVt € S, as desired. O

PROPOSITION 3.9. Suppose that S is a join closed subset of £. The following
assertions are equivalent:
(i) Every weakly S-prime filter of £ is prime;
(ii) £ is a £-domain and every S-prime filter of £ is prime.

Proof. (i)=-(ii) Since {1} is a weakly S-prime filter, we conclude that it is
a prime filter by (i) which implies that £ is a £-domain. Finally, since every
S-prime filter p of £ is weakly S-prime, we get p is prime by (i).

(ii)=-(i) Suppose that p is a weakly S-prime filter; we show that p is S-
prime. Let a,b € £ such that aVv b € p. If a Vb # 1, then there exists s € S
such that sVa € porsVvVbep. Ifavb=1 thena =1orb=1; so
sVa=1€eporsVb=1¢€p, for every s € S. Consequently, every weakly
S-prime filter of £ is prime by (ii). O

We close this section with the investigation of the stability of weakly S-
prime filters in various lattice-theoretic constructions.

THEOREM 3.10. Suppose that S is a join closed subset of £. The following
assertions are equivalent:

(i) £ is S-Noetherian;

(ii) Every weakly S-prime filter of £ is S-finite;
(iii) Every S-prime filter of £ is S-finite;
(iv) Ewvery prime filter of £ is S-finite.

Proof. (i)=(ii)=-(iii) Obvious.
(iii)=(iv) follows from Theorem
(iv)=-(i) follows from Theorem [2.21] O

EXAMPLE 3.11. Let S C S be join closed subsets of £ and p a filter of
£ disjoint with S. It s clear that if p is a weakly S’-prime filter of £, then
p is a weakly S-prime filter. However, the converse is not true in general.
Indeed, assume that £ is the lattice as in Example (c) and let S” = {0} C
S ={0,a}. Then p = {1,c} is a weakly S-prime filter of £ but not a weakly
S’-prime filter of £.

PROPOSITION 3.12. Let S’ C S be join closed subsets of £ such that for any
s € S, there exists t € S satisfying sVt € S'. If p is a weakly S-prime filter
of £, then p is a weakly S’-prime filter of £.



18 S-prime property in lattices 185

Proof. Let x,y € £ such that 1 # 2 Vy € p. Then there exists s € S such
that sV x € por sVy € p. By the hypothesis, there is ¢ € S such that
sVte S and then sVtVVz eporsVtVyeEp,as pis a filter. This shows
that p is a weakly S’-prime filter. O

Let £ be a lattice. If x € £, then a complement of z in £ is an element
y € £ such that x Vy =1 and x Ay = 0. The lattice £ is complemented if
every element of £ has a complement in £.

LEMMA 3.13. Let £1 and £9 be lattices and f : £1 — £9 be a lattice
homomorphism such that f(1) = 1. The following hold:

(i) Ker(f) ={x € £1: f(z) =1} is a filter of £1;
(i) If f is injective, then Ker(f) = {1};
(iii) If £1 is a complemented lattice, then f is injective if and only if

Ker(f) = {1}.
Proof. (i) Straightforward.
(ii) If = € Ker(f), then f(z) =1 = f(1); so x = 1, as required.

(iii) One side is clear. To see the other side, let a,b € £; such that f(a) =
f(b). There exist a’,b' € £1 such that aVa' =1 =0bVV and aAd’ =0 =bAD.
Then f(aV V)= f(b)V f(')=1givesaVt € Ker(f) ={1};s0aVd =1.
Similarly, bV @’ = 1. This shows that a = a A (¢’ V b) = a A b which implies
that a < b. Similarly, b < a, as needed. O

Compare the next theorem with Proposition 22 in [1].

THEOREM 3.14. Let f : £ — £’ be a lattice homomorphism such that
f(1) =1 and S a join closed subset of £. The following hold:

(i) Let £ be a complemented lattice. If f is a epimorphism and p is a
weakly S-prime filter with Ker(f) C p, then f(p) is a weakly f(S)-
prime filter of £';

(i1) If f is a monomorphism and p’ is a weakly f(S)-prime filter of £,
then p = f~1(p’) is a weakly S-prime filter of £.

Proof. (i) Let uw € f(S)N f(p). Then u = f(p) = f(s) for some p € p and
ses.

By assumption, there exists p’ € £ such that pVp =1 and pAp =0
which gives f(sVp') = f(p) V f(p') = 1; hence sV p' € Ker(f) C p. Since
s=sV(pADP)=(sVp)A(sVp) € p, we conclude that s € SNp is a
contradiction.

Thus f(S)Nf(p) = 0. Let z,y € £" such that 1 # zVy € f(p). Then there
exist a,b € £ such that x = f(a), y = f(b) and 1 # f(aVbd) =z Vy € f(p)
(so a Vb # 1) which implies that f(a Vv b) = f(q) for some ¢ € p.
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By the hypothesis, ¢ V¢ = 1 and ¢ A ¢ = 0 for some ¢ € £. Since
flavbVvq) =1, we conclude that a VbV ¢ € Ker(f) C p; hence

1#aVvb=(aVvbV(ghd)=(aVbVg A(aVbV{)EPp,
as p is a filter. This implies that sVa € por s Vb € p for some s € S. It

means that f(s) Vax € f(p) or f(s) Vy € f(p). Therefore, f(p) is a weakly
f(S)-prime filter of £’.

(ii) By assumption, there exists s € S such that for all z,y € £/, x Vy € p’
implies f(s)Va € p’ or f(s)Vy € p'. Clearly, pNS = 0. Let a,b € £ such
that 1 # a Vb € p. Since Ker(f) = {1} by Lemma (ii), we conclude
that 1 # f(aVb) = f(a)V f(b) € p’; so f(s)V f(a) = f(sVa) € p or
f(s)V f(b) = f(sVvb) € p'. Hence, sVa€porsVbep,andsop=f1(p)
is a weakly S-prime filter of £. O

COROLLARY 3.15. Let S be a join closed subset of £. The following hold:
(i) If F C H are two filters of £ and H is a weakly S-prime filter of £,
then % is a weakly Qg-prime of %;
(ii) If £ is a sublattice of £' and H' is a weakly S-prime filter of £’, then
H' N £ is a weakly S-prime filter of £.

Proof. (i) Let f : £ — % such that f(a) = a A F. Then f is a lattice
homomorphism from £ onto % and f(1) = 1. Suppose that H is a weakly

S-prime filter of £. Since Ker(f) = F C H and f is onto, we conclude that
f(H) = % is a Qg-prime filter of % by Theorem (i).
(ii) It suffices to apply Theorem [3.14] (ii) to the natural injection ¢ : £ — £’
since . }(H') = H' N £'. O
THEOREM 3.16. Let £ = £1 X £9 be a decomposable lattice and S = S1 X Sa,
where S; is a join closed subset of £;. Suppose that p = p1 X p2 is a filter of
£, where p1 # {1} and p2 # {1}. The following statements are equivalent:
(i) p is a weakly S-prime filter of £;
(ii) p1 is an Sy-prime filter of £1 and p2 NSy # 0 or pa is an Sy-prime
filter of £9 and p1 NS # 0,
(iii) p is an S-prime filter of £.

Proof. (i)=(ii) Let (1,1) # (a,b) € p. Then (1,1) # (a,0) V. (0,b) € p.
So there exists s = (s1,82) € S such that s V. (a,0) = (s1 Va,s2) € p or
s Ve (0,0) = (51,82 Vb) € p which implies that S;1 Np1 # 0 or So Np2 # 0.
Suppose that So N p2 # (). Since SN p =0, we have S| Npy = 0.

Now, we claim that py is an Si-prime filter of £1. Let x,y € £1 such that
xzVy € p1. Consider 1 # t € SoNp2. Then (1,1) # (z,t) Ve (y,0) = (zVy,t) €
p gives s V¢ (z,t) = (s1 Va,s9ViE) €EporsVe(y,0) = (s1 Vy,s2) € p which
implies that s; Vo € p1 or s1 Vy € p1, as needed.

(ii)=>(iii) Follows directly from Proposition [2.29]
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(iii)=(i) Obvious. O

COROLLARY 3.17. Let £ be a decomposable lattice and S a join closed subset
of £. A proper filter p of £ disjoint with S is weakly S-prime if and only if
p = {1} or p is S-prime.

Proof. This follows from Theorem [3.16 U
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