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NOVEL CRITERIA FOR STABILITY AND CONVERGENCE OF
SOLUTIONS FOR NON-AUTONOMOUS NONLINEAR SYSTEMS

MONDHER BENJEMAA, WIDED GOUADRI, and MOHAMED ALI HAMMAMI

Abstract. In this paper, we give a new integral inequality which is used to
study the asymptotic behavior of solutions for a class of nonlinear dynamic sys-
tems with small perturbation using a numerical approach. We provide some new
results on the stability of perturbed systems where necessary and sufficient con-
dition is derived. We show that the perturbed nonlinear system can be globally
uniformly practically asymptotically stable provided that the bound of perturba-
tion is small enough. A numerical example is presented to illustrate the validity
of the main result.
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1. INTRODUCTION

In studying the effect of perturbations of various types on the solutions
of a nonlinear differential equation, one must assume some stability property
for the unperturbed system. A useful kind of stability is one for which the
effect of perturbations can be studied. In fact, some types of stabilities, such
as the Lyapunov stability for instance, are defined in terms of the behavior
of solutions under perturbations (see [7]-[16]). The usual technical in the
literature for the stability analysis of perturbed nonlinear systems is based
on the stability of the associated nominal systems [11-13]. Furthermore the
practical stability, in the sense introduced in [2,3], is very important and
very useful for analyzing the stability or for designing practical controllers of
dynamical systems. The practical stability only needs to stabilize a system into
a region of phase space, namely the system may oscillate close to the state, in
which the performance is still acceptable (see [5,6,(18]). The uncertainties were
represented by an additive term on the right-hand side of the state equation
and the origin is not supposed to be an equilibrium point of the system. One
also desires that the state approaches the origin (or some sufficiently small
neighborhood of it) in a sufficiently fast manner. Here we define a new method
for stability in terms of the behavior of solutions using the transition matrix
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of the nominal system. Being formulated in terms of integral inequalities of
Gronwall type, it is a type of stability which is easy to verify in practice, and
it extends the class of systems for which the effect of perturbations can be
measured [1,4,/14,/15,/17,/19,20]. We will provide some sufficient conditions
for exponential stability of perturbed systems under the assumption that the
unperturbed linear system is exponentially stable. Our approach uses a new
integral inequality depending on a small parameter which allows us to conclude
the global practical uniform asymptotic stability of the system in presence of
perturbations. The effectiveness of the proposed method is shown throughout
some numerical examples in the plane.

2. PRELIMINARY

It is well known that some differential equations can be solved explicitly.
Unfortunately, there is no general recipe for solving a given differential equa-
tion. Moreover, finding explicit solutions is in general impossible unless the
equation is of a particular form. Given two solutions to a dynamical system
with initial conditions that are close at the same value of time, these solutions
will remain close over the entire time interval and not just at the initial time.
The qualitative behavior of the solutions of perturbed nonlinear systems of dif-
ferential equations is often studied by considering some integral inequalities.
Consider the time-varying differential equation described by the following;:

&= F(t,x),

where F' : Rt x R® — R" is a continuous function and globally Lipschitz
uniformly on ¢ with respect to x such that F'(¢,0) = 0, Vt > 0. The associated
perturbed systems is given by:

y=F(t,y) + h(t,y,e),
where t € R, ¢ > 0, h : Rt x R" x R% — R" is a continuous func-
tion which represents the perturbation term satisfying the following condition:
lh(t,y,e)|] < w(t,e), Vy € R", ¥Vt > 0, where w(.,.) is a nonnegative contin-
uous function. Let consider the following generalized Lipschitz condition on
F(.,.): there exists a continuous function v : Ry x R} — R¥, such that,
IE(ty) — F(t,z)| <v(t,e)lly —=l, vy eR", Vo eR", Vt=0.

One can find some estimations on the solutions of the perturbed equation with
respect to the solutions of the original unperturbed system. Let z(tg) = zo
and y(to) = yo = zo(e). The solution of the perturbed equation is given by:

t
o(t) = 20(e) + [ (Frp(r) + hiry(r). )
Thus, Vig > 0, Vxg,y9, one has

ly(#) — 2@ < [lzo(e) — ol +/0 1E(r,y(7)) + h(7,y(7), ) = F(7,2(7))||d-
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It follows that,

ly(®) = 2(t)]| < lwo(e) — woll + /O (07 ) ly(r) = 2()]| + w(r, ) )dr.

The last inequality shows that one can examine, using a certain integral in-
equality, the difference between the respective solutions of the unperturbed
system and the perturbed one in order to investigate the asymptotic behavior
of solutions. The following generalized integral inequality of Gronwall type
permits to solve this problem for different classes of perturbed systems.

2.1. Integral inequalities. First, we give a new integral inequality which will
be useful for our study. This result extends the Gronwall-Bellman inequality
given in [15].

LEMMA 2.1. Let u, v and w nonnegative continuous functions on Ry x R
satisfying the inequality

t

1) u(t.e) <€) + [ (ulre)ulre) +uir.e))dr,
a

where a, € and c(e) are nonnegative constants. Then,

(2) u(t,e) < cfe )ef (re)dr y peli(v(re)+5dr

YVt > a,Vr > 0.

Proof. From and the inequality x < e”, we have for all r >0 and t > a

+ /at u(T, e)v(r, e)dr,

t w(-r €) dr

(3) 0 <u(te) < c(e) +rel

which implies

t
t w(T,e) U( 7€)t é L.
cle) + rela = dT 4 fa u(r,e)v(r,e)dr
Multiplying the last inequality by v > 0, we obtain
w(T,£) w('r,s)
@ u(t,e)v(t,e) + w(t, e)ela “FdT < oft. o)+ £)ela HFar
v
w(T,e) — ) w(T £)
cle) + rela SFHdr + f(f u(r, e)v(r,e)dr cle) + rela dr’

Now, define for any e > 0 and t > a

fe(t) = /tv(r,s)dT + log ( (e) + roli e E)dr>
¢ w(f o) t
— log < (€) + reda dr +/ u(T,e)v(T, a)d7'> :

The function f; is defined, continuous and differentiable on [a, +00), and

w(t, a)ef e

t 'LU(T,E) dr

t w
wt,aefa AT Lt e)u(t,e
£ = o(t.e) + ey~ ettt

c(e) + rele c(e) + reda “FAT 4 [ru(r,e)o(r,e)dr
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for all ¢ > a. It follows by that f. is a non increasing function, and hence

fe(t) = fe(a) =0, Vt>a.

t w(r €) dr t
) 4 rela + [ wu(r,e)v(r,e)dr

/ v(T,e d7'+10g( (e )+reft W(:S)dT) Vit > a,

Then,

hence,

¢
c(e )—I—reft = )dT+/ u(r, e)v(r,e)dr < ( (e )+reft & )dT) eJu v(me)dr

Finally, we have by using the inequality

u(t,s) < c(a)ef; v(r,e)dr _i_ref;(v('r,a)-i-@)d

T

3. STABILITY ANALYSIS
3.1. DEFINITIONS AND NOTATIONS
We consider the following nonlinear system described by
(5) &= f(t,z,e), x(to,e) =T,

where t € Ry is the time, x € R"is the state, € is a real parameter ”small
enough” and f : Ry x R" x Ry — R" is continuous in (t,x,¢), locally
Lipschitz in (z,¢) and uniformly in t.

DEFINITION 3.1. (i) The equilibrium point z* = 0 is said uniformly expo-
nentially stable if there exists c¢(e) > 0, Ai(e) > 0 and A2(e) > 0 such that
vto Z 0, v onﬁ” § C(E),

lz(t, )l < Ax(e)e 2O g ).

(77) The equilibrium point x* = 0 is said globally uniformly exponentially
stable if there exists A\j(g) > 0 and A2(e) > 0 such that V ¢y >0,V zp. € R"

l(t, &)l < Aa(e)e 2O g |, VE > to > 0.

DEFINITION 3.2. A solution of is said to be globally uniformly bounded
if every n = n(e) > 0 there exists ¢ = ¢(n), independent of ¢, such that for all
tO = 07

[zocll <n=llz(t; )l <ec, Vi=to
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DEFINITION 3.3. Let r =r(¢) > 0 and B, = {x € R" / ||z|| < r}.
(7) By is uniformly stable if for all A = A(e) > r, there exist § = §(4) > 0
such that for all tg > 0,

|zoell <6 = |lz(t,e)|| <A, V=t

(ii) B, is globally uniformly stable if it is uniformly stable and the solutions
of system are globally uniformly bounded.

DEFINITION 3.4. B, is globally uniformly exponentially stable if there exists
v=7(e) >0 and k = k() > 0 such that ¥V ¢ty € Ry and V 2. =€ R",

[zt )] < kllzoell exp(=(t —to)) + 7, V= to.

System is globally practically uniformly exponentially stable if there
exist r = r(¢) > 0 such that B, is globally uniformly exponentially stable.

3.2. MAIN RESULTS
We consider the following system :
&= A (t)x+ h(t,z,¢)
(6) _
ZL‘(tO,«E) = T0,e,

where A.(.) is an n X n continuous matrix on Ry . We will first study the
linear problem where h(t,z,e) =0

{55 = A ()

x(to, ) = .-

(7)

We may write A-(t) = Ao(t) + eF(t) where Ap(-) and F(.) are an n X n
continuous matrix on R and € being a small real parameter. In order to study
the global exponential stability of the system @ we shall assume throughout
all the paper that the nominal unperturbed system

T = Ap(t)z
x(to) = X0

(8)

is globally uniformly exponentially stable, that is there exists constants ¢ > 0
and v > 0 independent of ¢y such that V {5 > 0

(9) 1Raq (¢, to)]| < ce 0700 v i >t

where R4, (t,tp) denotes the state transition matrix of the system (8) |[16]. We
have the following result.

THEOREM 3.5. Assume the unperturbed system is globally uniformly
exponentially stable and suppose F(-) is a bounded function, then for any e €
[0, %) the system is globally uniformly exponentially stable.
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Proof. Let Ra_(t,to) denotes the state transition matrix for the system (7).
Since the mapping € — Ra_(t, o) is C*°, then one may write an asymptotic
expansion of R4, as

(10) Ra_(t,tg) = Ra,(t,to) + eYi(t) +--- +'Yi(t) +
where the Y;(-), i > 1, are matrices that can be found as follows. First, we

plug equation into the system

2 Rac(t,t0) = (Aolt) +<F (1)) Ba (1, 1)
R (to, to) = 1.
It follows
Ra,(t,to) +eYi(t) + - + Vi (t) +
= (Ao(t) +eF (1)) (Ray(t,to) +eYi(t) + - +Yi(t) +...),
or similarly
e (Vi(t) = AoYi(t) = F(t)Ray(t,10) ) + 2 (Va(t) — AoYa(t) = F(VA()) +
~+ﬁ<E@—Aﬁﬂﬂ—F@E4@0+~-:0
The previous identity is verified for all € > 0 if and only if
Yi(t) — AoYi(t) — F(t)Ray(t,to) = 0

and
(11) Yi(t) — AgYi(t) — F()Y;_1(t) =0 Yi>2.
On another hand, by using the identity
I=Ry (to,to) =I+eYi(to) + - +eYi(te) +..., Ye>0
we obtain
Yi(to) = --- =Yi(to) = 0.

To find Y7 we solve the following system:

Yi(t) = AgYi(t) + F(t)Ra,(t, to)
Yi(to) = 0.
It follows by the Duhamel’s formula

t
lfl(t) = RAO(t,Sl)F(Sl)RAO(Sl,to)dsl.

to
Now we solve

Ya(t) = AoYa(t) + F(t)Y(1)
Ya(to) =0,
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we obtain,

Ya(t) = / Ray (£, 51)F(s1)Yi (51)ds1

to
t S1
== / RAO(t, Sl)F(Sl) RAO(Sl,SQ)F(SQ)RAO(SQ,to)dSQ d81
to to

t S1
= / RAO (t, Sl)F(Sl)RAO (81, SQ)F(SQ)RAO (82, to)dSQ d81 .
to

to

Using , we obtain by induction
t S1 Si—1
Vi = [ [ [ Raglts)F(sn) R (o1, s0) (s
to Jto to

e RAO (Sifl, Si)F(Si)RAO (Si, to)dsi dsi,1 e d51 .
It follows by @

t prs1 Si—1
i) < / / / ce =D Fsy)]| ce™E1752) || F(sy)]] ..
to Jto to

ceV(si—1—s:) |1F (sl ce 5i10) qg.ds; 1 ...ds;

) t rsi1 Si—1
:cle—%t—to)/ / / EGOI IE ()] - 1F(s0)l| dsi dsi .. dsy.
to Jto to

Since F'(.) is bounded, then 3 k > 0 s.t. ||F(¢t)|| <k Vt > tyg. It follows by
the Cauchy formula for repeated integration
—(t—t t i
A / (t — S)i—l ds = i ¢t e—(t—t0) (t —to)
(=1 Jy 7!

We obtain using

|Yi(t)|| < K¢ Yt > tg.

—+00

[Ra.(t,to) — Ra,(t, to)|| < ZﬁiHYi(t)H
=1
o Kid el (t—to)
y(t—to) 0
se T z; il

< e(—'y—i—kca) (t—to) ’

yielding by @
1B (t,t0) | < [[Rag (£, 20)l| + [ Ra (£, t0) — Ray (£, t0)]]
< ce(t=to) 4 o= (y—kee)(t—to)
< Ke e(t—to)
with K = ¢+ 1 and 7. = v — kce. Thus, choosing € < v/(kc) we obtain
[ (t, )l = [|1Ra. (¢, o) z(to, )|
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< ||Ra. (t, to)||l|=(to, €)|]
<K onﬁ”e*%(t*to)

with v, > 0, and the proof is completed. O

Now we study the problem @ when h(t,z,€) # 0. In this case we have the
following Theorem.

THEOREM 3.6. Consider the system @ with the following assumptions:
(A1) A:(t) can be written as:

A(t) = Ao(t) +eF (1),

where F(.) is an n X n continuous and bounded matriz on Ry and € being a
small real parameter.

(A2) The system 1s globally uniformly exponentially stable.

(As) The nominal system associate to @ has a unique solution.

(A4) The function h is defined on Ry x R™ x R* | continuous in (t,z,¢) and
locally Lipschitz in (x,€), uniformly in t.

(As) There exists continuous positive functions ¢ and \e verifying:

12) I(t,2,2)]| < $(0)all + Ac(t) VE € R,

6) » € LP(Ry,Ry) for some p € [1,+00).

(
(A
(A7) There exists a constant M' > 0, such that
(

13) Ae(t) < M'e et
with ve =y — kce where k = sup;> || F(t)|| and v and ¢ are given in (9).

Then,

v (t07$07€) € R-‘r x R™ x [07 %)7
C

the mazimal solution x(.,€) of (6)) such that z(to,e) = zo., verifies:
(i) The function x(.,e) is defined on [ty, +00).
(13) for all t > to

lz(t, €)|| < Lllo.lle™") 4 Ne?,
where N, L >0 and 0,0 € (0,7.].
In order to prove Theorem [3.6] we need the following lemma from [14].

LEMMA 3.7. Let ¢ € LP(Ry,R,) where p € (1,400). We denote by ||¢||,
the p-norme of ¢. Then, ¥Vt >0, s > 0 and t > tg

t¢('r)d’r <N+ L(t —tp)
to

where N = [ ¢(T)dr + Aﬁs and L = ijlMs with Ms = [|@|[s,+oo(llp-
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Proof. (of Theorem [3.6)).
(i) The system (6) can be written

z(t,e) = f(t,z(t,e),¢),
where
ft,z,e) = Ac(t)x(t,e) + h(t, x(t,€), ).

The function f is continuous in (t,x,¢), locally Lipschitz in (x,¢) and uni-
formly in ¢ then the standard Cauchy-Lipschitz Theorem V (¢, zg,c) € Ry X
R™ x R asserts that there exists a unique maximal solution z(., ) of @ such
that z(to,e) = xoe.

Next, we prove that z(., ) is defined on [tg, +00). Supposed by contradiction
that there exists Tynqe > to such that z(.,¢) is defined on [tg, Tinaz). Then, for
all t € [to, Tma;t)

[(t, )l < (My+ Ma)|z(t, )| + Ms,
where

My = sup || A(1)]],

[tO7Tmaa:]

My = sup o),
[tO7Tmar]

Ms= sup [A(t)]].
[t07Tmax]

It follows that
t t
| [ s, )as] < / ((My + M) (s, )| + Ms) ds,
to to
hence

[z (t; )l < llz(to, )| +/t (M + Myl (s, e)|| + M3) ds.

Using Lemma we obtain for all t € [to, Thnaz)

t t
l(t,€)| < [|at, &) eleoMIHM ol MFMEMS <y,

with
M4 — ”x(tO’E)He(MlJFM2)Tmaz + e(M1+M2+M3)Tmaz.
Consequently, z(., ) remains within the compact Bjy,, which contradicts that
Tinar < +00. We conclude that
Traz = +00.

(i) We can write the solution z(t,e) of (6] as

¢
x(t,e) = Ra_(t,to)x(to, e) + Ra_(t,s)h(s,x(s,¢),e)ds,

to
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where Ra_(t,t0) is the transition matrix of the system (7). Then, we have

[zt )|l < [[Ra. (¢, to) ll|(to, €| +/t 1B (, s)[[[[P(s, 2(s, ), €) |ds.

By using the assumption (Az) and Theorem we get

t
l(t,e)|| < Kllzoclle =070 4+ [ Ke = =9)|[||n(s, z(s,¢), €) | ds.
to

From the inequality we deduce that

t
M a(t )| < Kllawoelle™™ +/ (Ke™*¢(s)[x(s, )| + Ke™*A(s)) ds.

to
Denote

ult, ) = ' |lx(t, €)],
it follows
t
u(t,e) < Kuf(to, ) + / (Ku(s,e)p(s) + Ke™°A.(s)) ds.
to
Applying Lemma we get

KA L feg(s)ds

u(t,e) < u(to, €)e fto *+ reffo Yt > tg, Vr > 0.

Since ||z(t,€)|| = e "=tu(t, ), we obtain

Ji, Ké(s)ds—e(t—to) I Kop(s)+ KA gy
(14) (o)l < Kllzoelle +re :

Let
+o0 l
M’ = sup[e™'\.(t)] and M = < qbp(T)dT) .
t>0 s

We have by the assumptions (Ag) and (A7), that M’ and M € R,. It follows
that

b Ke=s )\ (s) KM’

(15) ds < t V> to.
to r r
Moreover since ¢ € LP(R;, R, ), then
+o00
’ W(S)ds t—>——>&-o(c)>’

and hence there exists s > 0 such that

My <P

Kp—-1
By using Lemma we obtain for all ¢ > 0
1

(16) /¢ d7+—+MT(t7t0)
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From and , we get

K¢(s)ds — ~:(t — to)

to
5 M -1
< i ([Coteas+ ) o (M P2E <o) - )
0 p p
and
! K (s)e™*
K¢(s)ds + &ds — Vet
to
—1 M’ s M.
< (—%;—I—KMSP —I—K) t+ K </ o(r)dr + 5) )
p r 0 p
hence
S Mg —1
|a(t, )| < Ko ¢(T)d‘r+7)Hx&g”e*(%fKMspT)(t*to)
e (e KM B2 S0 K ([ o)+ 22)
Taking
M/
">
- _plar
¥ -5 M;
L = KeK(%+I5 ¢(T)d7'>’
N = reK(%+fos ¢(T)dT> = E
-1
6= — KPTMs € (0,7],
-1 KM’
0=r.— K2 M, — € (0,6).
p
We deduce
|z(t,e)|| < L|zoe e 0 4 Ne™0 vt > ¢,
O
COROLLARY 3.8. Under the same assumptions of Theorem |3.6], we have
Vr > e, Yt > to, Vo € R™\ By
K P S

|z (t, &)l < P llzoe e 1),
where P >0 and 0 € (0,7.).
Proof. Theorem [3.6] implies
|z(t,e)|| < L||lzoc) e 2t 4 Ne7 vt > t.
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Let 7 > 0, then for all g, € R™\ B, we have
Y N .
|z (t, )|l < Lfjwoefle ) + e 0(t—to)
N —_ —
< (L + ) g o0,

Take P = L+ 7 > 0, we obtain
|z(t, )| < P |lzo le 010,

O
REMARK 3.9. Take the limit when r — %57];47% in Theorem we obtain
P
(17) |z(t,€)|| < Lljzoelle ) + NVt >ty >0,
with
N — M’ ex(%ﬂg‘ ¢>(T)d7)'
F-o
In particular, if we choose p = 1, we find
(18) lz(t, )| < Lllzoclle ") + N Wt > tg > 0,
with
L = K eKll#lh
and
N EM ksl
Ve

The estimates and imply that the system @ is globally uniformly
practically asymptotically stable in the sense that the ball By is globally
uniformly asymptotically stable.

4. NUMERICAL RESULTS

In what follows, we give some numerical examples to illustrate our theoreti-
cal study. The first example deals with the system and the second example
is in concern with the system @ All the illustrations have been performed
with the software Matlab.

ExaMPLE 4.1. Consider the following system

T1=—x1 —txg+e (.%'1 — 1‘2)
(19) To = —To+tx; +¢ (.’El + 1'2)
zoe = (1,2).

The system can be written as
T = A(t) x,
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-4

L L L L L " . L L L L L L L L
o 1 2 3 4 s 6 7 8 o 10 o 1 2 3 4 5 6 7 8 o 10

Fig. 4.1 — Time evolution of the states x1 and x> of the system with tp = 0 and various
values of €. From left to right and top to bottom: ¢ =0.01, e = 0.5, ¢ = 1.1 and € = 2.

where

x= (2) and  A.(t) = Ay +cF(t)

A0:<_tl :j) and F(t):(} —11>.

A straightforward computation shows that the transition matrix R4, is given
by

with

cos (%(752 — t%)) —sin (%(tQ - t%))

sin (3(22 —13))  cos ($(12 - 13))

R, (t,tg) = e~ (710

Hence, we have
R, (t, to)|| = ce™1(t=t0)

with v = ¢ =1 and || - || denotes the Euclidean norm. Since F(-) is bounded,
then we deduce using Theorem that for any ¢ € [0,1) the system is
globally uniformly exponentially stable. Figure shows the time evolution
of the states 1 and x9 of system with tg = 0 and for various values of
e. One can notice that the solutions are stable if ¢ € [0,1) as predicted by
theory.
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ExXAMPLE 4.2. Consider the following system

& = —x1 +exo + i e
1 1 2T 1 fad el | 143
20 b0 = o+ £ t z3
(20) P2 = mm Tt N WeY g

xO,E = (17 2))
which can be written as

T = A (t)x + h(t,x,¢),

where
- @;) and  A(t) = Ao+ £F(2)
with
1 0 1
A0—<0 _1> and F()_<1—1i-t 0>
and
o hl(t7 €, E)
h(t, x, 5) = (hQ(t, x, 5))
with
1.2 67215
hl(t,$,€) = (1+1t2)2 1+ xl%—i-x% * i—&-m%
CEQ
ha(t,x,e) = (1+tt2)2 1+ ;f-{—x%'
The system

T =A(t)x

is globally uniformly asymptotically stable. Indeed, F'(-) is bounded and the
the transition matrix Ry, satisfies:

—(t—to) 0
e
RAO (t?to) = ( 0 e—(t—to)) )

thus
1R Ao (t, to) || = =10
On the other hand,
Ih(t z,e)||> = hi(t, z,) + h3(t, x,€)
1 _
< m(ﬁ +a3) +e(2+e)e ™.

By using the classic inequality

va2+b2<a+b,
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we get
Bt z,e)[* < () |(®)]| + At ),
where
1
= —
) (1+12)3
and

At e) =ve(2+¢e)e™.

The functions ¢ and A are continuous, positive and bounded on [0, +00). More-
over

¢ € LP(R+7R+) vp € [17 +OO)
To estimate ||¢||,, we use the inequality:

PP(t) < o(t) Viz=0,
since ||¢]|co = 1, then

+oo

/ owar< [ o1,
0

0

hence
oll, <1 Vp>1.

Consequently, one can apply Theorem to prove the following results:

(i) there exist a unique maximal solution z(., ) of defined on [0, +00).
(i) Vp>1,Yee(0,5), V>t
la(t. )| < e flafle” Iy TG,

where r > 1/(1/p —¢) is any arbitrary real number. In particular, we have for
p=1landr —1/(1—¢)

e
1—¢

The estimate implies that the system is globally uniformly practically
asymptotically stable in the sense that the ball B e is globally uniformly
asymptotically stable. Figure shows the time evolution of the states x;
and xy of the system for tp = 0 and € = 0.1.

(21) |2(t,e)|| < el|moclle1-E—t0) 4
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Fig. 4.2 — Time evolution of the states x1 and x2 of system with to = 0 and € = 0.1.
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