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STABILITY OF BINOMIALS OVER FINITE FIELDS

MOHAMED AYAD, BOUALEM BENSEBA, and MOHAMED MADI

Abstract. A polynomial f(z) over a field K is said to be stable if all its iterates
are irreducible over K. L. Danielson and B. Fein have shown that over a large
class of fields K, if f(z) is an irreducible monic binomial, then it is stable over
K. In this paper it is proved that this result no longer holds over finite fields.
Necessary and sufficient conditions are provided under which a given binomial is
stable over F,. These conditions are used to construct a table listing the stable
binomials over F, of the form f(z) = 2% —a, a € F, \ {0,1}, for ¢ < 27 and
d < 10. The paper ends with a brief link to Mersenne primes.
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1. INTRODUCTION

Let K be a field and f(x) be a non-constant polynomial with coefficients in
K. Set fo(z) =z, fi(zr) =z and f,(z) = <fn,1 o f) () for n > 2. Following
R. W. K. Odoni [8], this polynomial is said to be stable over K if f,(z) is
irreducible over K for all n > 0. The first example of such a polynomial
appears in [8], where it is proved that f(z) = 2 — x + 1 is stable over Q. In
[9], the same author shows that any iterate of an Eiseistein polynomial is itself
Eisenstein, thus f(x) is stable. This gives a class of stable polynomials over
fraction fields of factorial domains.

This result implies that, given an integral domain A with fraction field K

and algebraically independent variables si, s2, ..., s,, the generic polynomial
of degree n,
G(S1y. .y 8n,x) = 2™ — 512" Lo (=1)"s, € Alsq, .. ., 85][2]

is stable over K (s1,...,5p).

Inspired by this result, the paper [2] considers the stability of the generic
polynomial of the integers of a number field. More precisely, let K be a
number field of degree n and {ws,...,w,} be an integral basis. Let uy,...,u,
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2 Stability of binomials over finite fields 45

be independent variables over Q and let

n
(U1, ..., Up,T) :H<x—(ulw‘fi+...+unwgi)’

i=1
where o1, ...,0, are the distinct embeddings of K in C. Then under some
arithmetical conditions, this polynomial is stable over Q(uq,...,uy). To the

best of our knowledge, the stability of the polynomial F' in the general case is
still open.

The stability of quadratic polynomials over various fields was the subject
of [3] and [4].

For the stability of trinomials over finite fields, we refer to [1].

In [5], the following surprising result is proved. Let f(z) = 2™ — b be an
irreducible polynomial over K. Then f(z) is stable over K in the following
cases:

(i) K=Qand b e Z.
(ii) K = Q(t) and b € Z[t].

(ii) K = F(t) and b € F[t], where F is an arbitrary algebraically closed

field.

(iv) K =F(t),be F(t)\ F, n > 3 and F is an arbitrary field of charac-

teristic 0.

We will see in the last section of this paper that this result does not hold
over finite fields. We will give an algorithm which establishes the stability of
a given binomial defined over a finite field.

For fixed integer d > 2, define inductively the polynomials (P,(z))n>1 by
Py(x) = x and P,(z) = [Pp_1(2)]¢ + (1) 'z for n > 2.

Let a € F; and let ng and mg be indices with ng < mg such that P,,(a) =
P, (a). Supposing that ng first and mg next are chosen to be minimal with
this property, then {P,(a),n > 1} = {Pi(a),..., Pm,—1(a)}. This set plays an
important role in the stability of f(z) = 2¢ — a. In section 4, the following
result is proved.

THEOREM 1.1. Let d > 2 be an integer such that d # 0 (mod 4) and let
f(z) = 2¢ — a € F,[x]. Let ng, mo, with ng < myg, be minimal integers such
that Py, (a) = Pmy(a). Then f(x) is stable over Fy if and only if for any prime
number 1 | d and any k € {1,...,mo — 1}, Py(a) & F.. Here Py(a) ¢ F., means
in particular Py(a) # 0.

This theorem is used for the construction of the table placed at the end
of the paper. Obviously, the integer mg defined above satisfies the condition
mo < g+1. Theorem 4.4 shows that mg < (¢—1)/5+2, where 6 = ged(q—1, d).
There are examples where this bound is reached. Suppose that f(x) is not
stable and let 79 > 1 be the smallest integer such that f,,—1(z) is irreducible
and fr,(x) is reducible over F,. The preceding theorem implies 79 < mg—1 <
(g —1)/6 + 1. Notice that this bound for r¢y depends on g.
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QUESTION 1.2. Does there exist an integer N such that for any prime power
q and any f(z) = 2% —a € Fylz], if fi(z),..., fn(z) are irreducible over Fy;
then f(x) is stable?

The example f(x) = 2% — 12 € Fyg[z] extracted from the table in section
4, shows that fi(z),..., fs(x) are irreducible while fg(x) is reducible. This
shows that if N exists, then N > 6.

NoTATION 1.3. The following notations will be used throughout the paper.
Fy: the finite field with q elements.

le(f): leading coefficient of f(x).

fn(z): n-th iterate of f(x).

Np/g(a): norm of a relatve to the extension F/K.

m | n: m divides n.

2. PRELIMINARY RESULTS

LEMMA 2.1. Let q be a power of a prime p # 2, I a prime number and § a
positive integer such that 1| q—1 and 6 =1 (mod l). Let o € Fy. Then o is
an l-th power in Fy if and only if a is an l-th power in IF;&.

Proof. Let £ be a generator of IF;(;; then n = £(q6_1)/(q_1) is a generator of
Fg. Set a = n" where u is a nonnegative integer; then
a = cul@=D/(g=1) _ cu(ltat-+¢""1) . _ ev,
We have v = u(14+q+---4+¢* ') =ud (mod ) = u (mod ), hence « is an
l-th power in F} if and only if « is an [-th power in IFZ5. O

LEMMA 2.2. Let p be an odd prime number and q = p™ with m > 1. Let
k > 1 be an integer and o € F;k. The following equivalences hold.

(i)
k
a is a square in F e <= Q=02 =1,
(i)
k is even or,

—11 nm K <
18 SqUATE T Bt {k: is odd and ¢ =1 (mod 4).

Proof. Let & be a generator of F(’;k and set a = &%, u > 0. Then
(i)
Q@ =D/2 _ 1 s ,SU(qk—l)/? -1
— u(g®*-1)/2=0 (mod ¢* —1)
< u=0 (mod2)

<= « is a square in Fqk.
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(ii) By (i) we have:
—1is a square in Fx <= (—1)((11“*1)/2 -1
— (¢*=1)/2=0 (mod 2)
e ¢"—1=0 (mod 4)
— ¢*=1 (mod4)
<= kisevenor kisodd and ¢g=1 (mod 4).

LEMMA 2.3. Let 6 > 1 an integer, K =Fy and F' =F 5.
1. The norm map Np g : F' — K is surjective and it maps F* onto K*.

2. Let & be a generator of F* and n = §(q6*1)/(q*1). Then 1 is a generator
of K*.

3. Letl be a prime number. If 1t q— 1, then the morphism ®; : F* — K*
such that ® = z' is one-to-one and onto. If 1 | q¢ — 1, then Ker(®;) =
{z € F* |2 =1} and (F*/Ker(®))) ~ (K*)'. Moreover, for any a € F*,
a € (F*)! if and only if Np/(a) € (K*)'.

Proof. 1. See |7, Theorem 2.28].

2. Since F* is cyclic of order ¢° — 1 generated by &, it contains a unique
subgroup of order g — 1 generated by n = & (@=1)/(a=1) , namely K*. Moreover,

nt = ¢kl k(¢°=1)/(q—1) (gk) -1)/(¢—1) — = (gh)l+a+- +q®1

= (M) (€M) (€Y = Npy(€9).

3. The statements about ®; are obvious. We prove the last statement of 3.
Set a = £* for some k > 0. Then

N (a) = [Np g (€)]F = [€@ D/ @Dk = o,
hence
a€(F*) < k=0 (modl)s Np/(a) € (K.
O

We will make use of the following Lemma the proof of which is immediate.

LEMMA 2.4. Let K be a field, A\ € K* and u(z) = Az. Let f(z) € K[z]\ K
and g(z) = (u='o fou)(xz). Then, for any n > 1, fn(z) and gn(z) have the
same number of irreducible factors over K.

3. IRREDUCIBILITY OF BINOMIALS

In this section, we study the irreducibility of binomials f(z) = 2¢ — a with
a € .
q
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EXAMPLE 3.1. Let ¢ be a power of a prime p and f(z) = % — a, where
a € F,. Suppose that p | d; then f(z) is reducible over F,.

Proof. Set d = pm and ¢ = p”*, where m and k are positive integers. Then
flz) =P —q? = (xm)p_(apk‘l)p: (xm_ap’“‘l) ((:z:m)pfl—i—- ) ,_,_(apk‘l)pfl)?
hence f(x) is reducible over F,. O

The proof of the following lemma can be found in |10].

LEMMA 3.2. Let K be a field and f(x),g9(z) € K[z]\K. Let a be a root of
f(x) in an algebraic closure of K. Then f o g(x) is irreducible over K if and
only if f(x) is irreducible over K and g(z) — « is irreducible over K(«).

LEMMA 3.3. Let K be a field and n > 2 an integer. Let a € K*. Assume
that for all prime numbers | | d, we have a ¢ K' and if 4 | d, then a ¢ —4K*.
Then ¢ — a is irreducible over K. The converse is true.

Proof. For the direct implication, we refer the reader to [6]] Chapter 8,
Theorem 16]. We prove here the converse. Let | be a prime divisor of d and
a =V, with b € K*. Set d = tl. Then

2t —a=g" -V
= (1) —
= (2! — b)u(a?) for some u(X) € K[X].
Thus z% — a is reducible. If 4 | d, d =4t and a = —4b*, then
2? —a =2 + 4b* = (2% + 202! + 20%) (2 — 20z + 207),
hence the result. g
This result about the irreducibility of binomials is valid over any field. In

[7], the same problem of irreducibility is stated specifically over finite fields.
We state Theorem 3.75 in [7].

LEMMA 3.4. Let d > 2 be an integer and a € Fy. Then the binomial % —a
is irreducible in Fq[z] if and only if the following two conditions are satisfied:
(i) each prime factor of d divides the order e of a in T, but not (¢ —1)/e;

(i) g=1 (mod 4) if d =0 (mod 4).

The conditions, call them (C), contained in Lemma 3.3 (resp. call them (C")
contained in Lemma 3.4) are equivalent to the irreducibility of the binomial
z¢ — a, hence (C) and (C') are equivalent. But at first glance, it is not so
obvious that they express the same meaning, so we prove the following.

PROPOSITION 3.5. Let | be a prime number and a € Fy. Let e be the order
of a in Fy. Then the following propositions are equivalent:

(i)lleandlt(qg—1)/e;
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(if) a & (F5)"
Proof.
e (i) = (ii). Suppose that a € (]F;)l and let § be a generator of F7.

Then a = £, where u is a nonnegative integer. Moreover, we have
e=(q—1)/ged(q —1,lu). Let § = ged(q — 1,1u), then § = (¢ — 1) /e.
We show that [ {eorl| (¢ —1)/e. Suppose that [ | e, then | q—1,
thus [ | . Therefore [ | (¢ —1)/e.
(ii) = (). Suppose that a ¢ (F)! and let £ be a generator of Fy. Then
a = £“, where u is a nonnegative integer such that u # 0 (mod [). Let
d = ged(q — 1,u). Since u # 0 (mod [), then [ | ¢ — 1; otherwise any
element of IFy is an [-th power. This implies [ { § and then [ | (¢ —1)/4.
Since e = (¢ — 1)/0, then [ | e. Since § = (¢ —1)/e, then [ { (¢ —1)/e.
]

COROLLARY 3.6. Let g be a power of a prime.

1. Let d > 2 be an integer such that d # 0 (mod 4) and let a € Fy.
Suppose that ¢ — a is irreducible over Fy. Then any prime factor of
d divides ¢ — 1. Moreover, d | ¢% — 1.

2. Let d > 2 be an integer such that d # 0 (mod 4). Let a and b € F
and let e(a) and e(b) be their respective orders. If e(a) = e(b), then
z¢ — a is irreducible over Fy if and only if the same holds for x4 —b.

3. Let a € F} and let d # 0 (mod 4). Suppose that ¢ Z —1 (mod 4), in
the case d even. Then x% — a is irreducible over F, if and only if the
same property holds for z% + a.

4. Let d and e be positive integers such that d > 2, d # 0 (mod 4) and
ged(d,e) # 1. Let a € Fy; then x? — a® is reducible over F,

5. Let d and e be positive integers such that d > 2, d # 0 (mod 4) and
ged(d,e) = 1. Let a € Fy; then x? —a is irreducible over F, if and only
if % — a® satisfies the same property.

6. Let d be a positive integer such that d # 0 (mod 4). Let d be the
squarefree part of d. Let a € Fy and b € IF;d; then x% — a is irreducible
over Iy if and only if z% — ab satisfies the same property.

7. If dy and dy have the same prime factors with di and do # 0 (mod 4),
then ™ — a is irreducible over Fy if and only if z% — q is.

8. Let dy, do be integers at least equal to 2, (ged(dy,ds) = 1, both not
0 modulo 4. Let fi(z) = 2% — a1, fo(x) = 2% — ay and f(z) =
rhdi a‘fzagl, where ay and ag € F. Then f(x) is irreducible over Fy
if and only if fi(x) and fa(x) have the same property.

Proof.
1. Suppose that some prime factor | of d does not divide ¢ — 1; then any

d

element a € F7 is an [-th power, hence 2 —a is reducible over F, which
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D.

7.

8.

is a contradiction. For the second part, let a be a root of z% — a and
let A={neZ,a" cF,}. Since P 1; then A # (). Obviously, A
is an ideal of Z. Let 0 be a generator of A, then ¢ | d. On the other
hand, z% — @ is the minimal polynomial of « over F ¢» hence ¢ —a
divides % — b for some b € F. This implies d < ¢ and then d = 4.
Now since ¢ — 1 € A, then d | ¢% — 1.

Obvious from Lemma 3.4.

By symmetry, we may just prove the necessity of the condition. Sup-
pose that z% — a is reducible over F, and let [ be a prime number
dividing d such that a = b with b € F,. If = 2 and 2 | ¢ — 1, then
q =1 (mod 4) and then, by Lemma 2.2, —1 is a square in F. This
implies —a is a square, hence ¢ + a is reducible. If | = 2 and 2t ¢ —1,
then any element of Fy is a square. In particular —a is a square and
then 2 + a is reducible. If [ # 2, then —a = —b! = (—b)! and we get
the same conclusion as before.

Let [ be a prime factor of ged(d,e). Set d =ld; and e = le;. Then

—a° =z —aqa
_ (xdl)l . (ael)l — ((L‘dl . ael) ((xdl)lfl o+ (ael)lfl>’
hence % — a is reducible over F,.

e Suppose that 2% — @ is reducible over F, and let [ be a prime
number such that [ | d and a = b’ with b € Fy; then a® = (%)
thus ¢ — a® is reducible over Fy.

e Conversely, suppose that 2% — a¢ is reducible over F, and let [ be
a prime number such that [ | d and a® = b with b € Fy. Let u
and v € Z such that ud + ve = 1 and let § be such that d = [6;

then
d+ d ) ! ! ) !
a = au ve — au ave — (au ) <b’U> — <au b’l)) ,
hence 2% — a is reducible over F,.

e Suppose that 2% — a is reducible over F, and let [ be a prime
number dividing d such that a is an [-power; then ab is also an
I-th power. This implies ¢ — ab is reducible over F,.

e Suppose that 2% — ab is reducible over F, and let [ be a prime
number dividing d such that ab is an [-th power. Multiplying by
b—!, which is an I-th power, shows that a is an I-th power, hence
x% — a is reducible over F,.

Suppose that % — a is reducible over F, and let [ | d be a prime such

that a = b' with b € [Fy. Since [ | dg, then 2% — g is reducible over F,,.
e Sufficiency of the condition. Suppose by contadiction that f(x)

is reducible over F; and let [ be a prime number dividing dids
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and b € Fy such that acllQCLgl = b'. We may suppose that [ | d;
and [ t dy since the proof is similar for the other case. Let ¢
be a generator of Fy. Set a1 = §"', ag = £"2 and b = £"; then
gudatuadi — ¢vl hence uydy + ugd; = vl (mod ¢ — 1). Let w € Z
be such that uids +uedy = vi+w(g—1). If [ 1 ¢—1; then fi(x) is
reducible by item 1. of this corollary . Suppose next that [ | ¢—1,
then [ | uy, thus a; is an I-th power for a prime factor of d;. This
implies fi(z) is reducible.

e Necessity of the condition. Suppose that one of fi(z), f2(x), say
fi(z), is reducible over F,. Let [ be a prime number such that
l|dy and a1 = bt with b € IE‘;. Let 61 € Z be such that di = ldq;

l
then aibagl = bld2al251 = <bd2agl> , hence f(x) is reducible over
F,.
n
Notice that the assumptions in 1. of Corollary 3.6 hold if ged(d,q — 1) = 1.

4. STABILITY OF BINOMIALS

Let d > 2 be an integer. Define inductively the polynomials (P, (z)),>1 by
Pi(z) = z and P,(z) = [P,_1(2)]% + (=1)%'2 for n > 2. These polynomials
will be used in what follows.

LEMMA 4.1. Let d > 2 be an integer such that d # 0 (mod 4) and let
f(z) = 2% — a, where a € F*.

1. Suppose that fn—1(x) is irreducible and fy(x) is reducible over F, for
some n > 2. Then there exists a prime number 1| d such that P,(a) is an l-th
power in [Fy.

2. If P,(a) =0 for some n > 2, then f(x) is reducible over Fy. If for some
n > 1, Py(a) is an l-th power in ¥ for some prime divisor | of d, then f,(x)
is reducible over IFy.

Proof. 1. Let (ay)n>1 be elements of F, such that f(ai) =0 and f(ay,) =
a1 forn > 2. Set By, = ax+ P,—_k(a). We have f(a,) = afll—a = a1, hence
ay, is a root of ¢ —a — a,,—1. By Lemma 3.2 this polynomial is reducible over
Fy(on—1), hence by Lemma 3.3, there exists a prime number [ | d such that
ato,_ 1= bl1 for some by € Fy(an—1). Thus Pi(a)+op—1 = bll, by € Fy(an—1).
We prove by induction on k € {1,...,n — 1} that

(1) Pi(a) + ap_g = bi/,, with by, € Fo(og,—k).
Let k € {1,...,n — 2} and suppose that (1) holds. Denote by N the norm map
NE(@n—1)/Fylansn)- THED

N(Pk(a) + O‘nfk) = N(ﬁnfk)
= [N(O)]" := by,
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with b1 € Fy(a,—(k41)). Since ad |, —a— Qp—(kt1) = 0, then
(2) [Bn—k — Pe(a)]” = a — app_ (k1) = 0,
hence

N(P(a) + an—k) = N(Bn-r)
= (V[P —a = an 1) |
= [Be(@)]’ + (D" a4+ (=) ap_ sy
= Pyt1(a) + (_1)d_1an—(k+1)‘

If d =1 (mod 2) we immediately obtain Pyi1(a) + a,—(rpy1) = b§€+1 with
br+1 € Fq(an,(k+1)). If d = 0( (mod 2), since Qp—(k+1) and —Qp_(k+1) are

conjugate over Fy(a,_(x42)) then Ppii(a) + ap_ 1) = ml where by is
a conjugate of b1 over Fy(a,_(412)), so our claim is proved. Applying the
result for k = n — 1 we get P,_1(a) + a1 = bé_l with by,—1 € Fy(ar). This
implies
N, (a1)/Fy (Pn—1(a) + 1) = Ng_(ay)/r,(51)
= [Nr,(ar)/F, (bn—1)]'
— b, with b, € F,.
Since af — a = 0; then [$; — P,_1(a)]? — a = 0, hence

NF(an)/Fy (Pr-1(a) + 1) = Ny, (a,)/F, (B1)
= (=) {[-Pr-1(a))? - a}
= [Po1(a))?+ (1) a
= P,(a).

Thus, P,(a) = bl, where b, € F,.
d
2. Suppose that P, (a) = 0 for some n > 2; then (Pn_l(a)> +(=1)%1a =0,

hence P,,_1(a) is a root of %+ (—=1)4"'a in F,. By Lemma 3.3 and item 3. of
Corollary 3.6, we get 2% — a is reducible over F,.

Suppose that for some n > 1, P, (a) is an I-th power in F; for some prime
divisor [ of d.

If n = 1, then according to Lemma 3.3, f(x) is reducible over F,. Suppose
that n > 2. We may suppose that fi(x), ..., fn—1(z) are irreducible over F,. We
have P,(a) = Np_(a1)/F,(Pn—1(a) + a1), hence by Lemma 2.3, P,—1(a) + a1 is
an [-th power in F,(a;). Suppose by induction that P,_(a) + oy is an [-th
power in Fy(ay). Since Py_g(a) + ax = Nr, (1) /Fy(an) Pn 1) (@) + Qk1);
then by Lemma 2.3 again , P,_(,41)(a) + agq1 is an I-th power in Fy(ayy1).
In particular for £ = n — 1, we get that Pj(a) + a,—1 which is a + a,—1 is
an [-th power in Fg(oy,—1). Since al —a — a,_; = 0 then by Lemma 3.3,
the polynomial ad — (a + a,,—1) is reducible over Fy(ay_1). Thus, f,(z) is
reducible over F, by Lemma 2.2. O
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For fixed a € Iy, the family (P, (a))n>1 is finite. More precisely, let ng and
mo be indices such that ng < mg and P, (a) = Py, (a). Suppose that ng first
and mg next are chosen to be minimal with this property, then

(3) {Pa(@),n > 1} = {Py(a), e, Pug1(a)}
Moreover, we have mg < g + 1.

THEOREM 4.2. Let d > 2 be an integer such that d # 0 (mod 4) and let
f(z) = 2¢ — a € Fylx]. Let ng, mo, with ng < mo, be the minimal integers
such that Py, (a) = Ppy(a). Then f(x) is stable over Fy if and only if for any
prime number | | d and any k € {1,...,mo — 1}, Pi(a) ¢ Fé. Here Py(a) ¢ Fg
means in particular Py(a) # 0.

Proof. 1If for some [ | d and some k € {1,...,mg — 1}, Pi(a) is an [-th power,
trivial or not; then by the preceding lemma, f(z) is not stable. Conversely
suppose that f(x) is not stable over F, and let n be the smallest positive
integer such that f,(z) is reducible over ;. If n = 1, that is f(z) is reducible,
then a = Pi(a) is an [-th power in I for some prime divisor [ of d. Suppose
that n > 2, then by Lemma 4.1, there exists a prime number [ | d such that
Py(a) is an [-th power in IF}. Since P, (a) = Py(a) for some k € {1,...,mg — 1},
then Py (a) is an I-th power in [F} as desired. O

THEOREM 4.3. Let d > 2 be an integer such that d # 0 (mod 4) and let
f(z) = 2% — a € Fylx] with a # 0. Suppose that P,(a) is an l-th power for
some postive integer n and some prime number | | d. Let ng be the smallest
positive integer satisfying this property. If P,,(a) =0 or ng =1 then f(x) is
reducible over Fq. If ng > 2, then fp, is reducible while f,,—1 is irreducible
over Fy. In any case x@ — P, (a) is reducible over F,.

Proof. If P,,(a) = 0 or ny = 1 then, by the preceding lemma, f(z) is
reducible over [F,. Supposing that ng > 2, the preceding lemma shows that
fno () is reducible over F,. Since f(z) is irreducible over I, (otherwise ng = 1),
then we may consider the greatest integer m € {1,...,n9—1} such that f,,(z)
is irreducible over F,, which in turn implies fp,+1(z) is reducible over Fj.
Lemma 4.1 shows that Pp,41(a) is an {-th power in F,. Since m+1 < ng and
no is minimal, then m + 1 = ng, hence f,,—1(x) is irreducible over F,. The
last statement is obvious and its proof will be omitted. ]

COROLLARY 4.4. Let f(z) = 2¢ —a € Fy[x] with a # 0 and d # 0 (mod 4).
Let § be a positive integer such that 6 = 1 (mod 1) for any prime factor | of
d. Then f(x) is stable over F, if and only if it is stable over F .

Proof. 1t is not hard to see that the sufficiency of the condition follows.
Let us now prove that the condition in the hypothesis is necessary. By
contradiction, suppose that f(x) is not stable over Fgs. By Theorem 4.2, there

exist an index n and a prime number [ | d such that P,(a) = 0 or P,(a) € Féé.
In the first case f(x) is not stable over F,, a contradiction. Now we consider
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the second possibility. Since f(z) is stable over Fg, then in particular f(z) is
irreducible, hence by item 1. of corollary 3.6, any prime factor of d divides
g — 1 thus, [ | ¢ — 1. Now Lemma 2.1 implies P,(a) € IFé contradicting the
stability of f(z) over F,. O

THEOREM 4.5. Let d > 2 be an integer such that d # 0 (mod 4) and let
f(z) = 2%—a € Fylz] witha # 0. Let§ = ged(q—1,d). Suppose that Py (a) # 0
for any positive integer n. If fi(x),..., fiq—1)/5+1(x) are irreducible over I,
then, f(x) is stable.

Proof. Let H = E‘;(q_l)/‘s and A = {Pi(a),... ,P(q_l)H}. H is a subgroup
B

of I}, so its index is equal to (¢ —1)/d. Since the multiset A contains @ +1
elements, there exist ¢ and j with ¢ < j such that Pj(a) = P;(a) (mod H),
that is Pj(a) = ba=1/d) pi(a) with b € ;. Moreover, we may suppose that
i and j are minimal with this property. This implies P;(a)? = P;(a)? and
then, by definition of the polynomials Py(z), Pj+1(a) = Piy1(a). From the
definition of ng and mg, we deduce that ¢ +1 = ng and j +1 = myg. Since
j < (q%;l) +1, then mg—1 =35 < @ + 1. Now the stability follows from
Theorem 4.3. U

REMARK 4.6. The preceding theorem shows that mg < (¢ —1)/6 4+ 2. Here
are two examples for which the bound is reached.

e q=7,d=2a=-2,0=2and f(z) = 22+2. We have P;(—2) = -2,
Py(—2) = —1, P3(—2) = 3, Py(—2) = —3 and P5(—2) = —3, hence
mo=5=(7—1)/2+2.

eq=7d=3,a=20=3and f(z) = 22 — 2. We have P(2) = 2,
Py(2) =3, P3(2) = 1 and Py(2) = 3, hence mg = 4 = (7 — 1)/3 + 2.

COROLLARY 4.7. Let a € Fy. If d is odd, then z% — a is stable over F, if
and only if the same property holds for z® + a

Proof. By induction on n, we show that P,(—a) = —P,(a). Then the
conclusion follows immediately from the preceding theorem and from item 3.
of Corollary 3.6. This identity is true by assumption. Suppose it is true for
the step n — 1. Then

d

Pu(—a) = (Pn_l(—a))d +(-a) = = (P1(@) — a=—Pufa).

REMARK 4.8. One verifies easily that

£ (0) = —P,(a) for n > 1if d is odd
e —Pi(a) if n =1 and P,(a) for n > 2 if d is even.

Here we consider the case where the binomials are not monic.
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PROPOSITION 4.9. Let g(x) = ba? — ¢ € F,[x], with b and ¢ # 0. If some
prime factorl of d does not divide g—1, then g(x) is reducible over Fy. Suppose
that any prime factor of d divides ¢ — 1. Then there exist a and A € Fy such
that g(z) = (u™t o fou)(z), where u(z) = Az and f(z) = z? — a. Moreover,
g(z) is stable over Fy if and only if f(x) is.

Proof. If | d and 1 { ¢ — 1, then cb™! € Fgl, hence z% — ¢b™! is reducible
over F, and then the same holds for g(z). Suppose that any prime factor
of d divides ¢ — 1. The condition that there exist a and A € F; such that
g(z) = (u™' o fou)(z) is equivalent to b = X! and ¢ = aA™!. Since
ged(d—1,q—1) = 1, then the first equation determines A\. The second equation

determines a. The statement about stability follows from Lemma 2.4
0

EXAMPLE 4.10. 1. f(z) = 22 +1 € F3[z]. Soa = —1 and d = 2. Pi(a) =
Py(a) = —1. —1 is not a square in F3, hence 22 4 1 is stable over Fs.
2. f(z) =22 -2 € Fs[x]. Soa =2 and d = 2. P(a) = Py(a) = 2 which is
not a square in Fs, hence the stability of 22 — 2 over Fs.
3. f(z) =22 +2€Fs[r]. Soa=—2and d = 2. Pi(a) = —2 and P»(a) =1
which is a square in F5. 22 + 2 is not stable over Fs.
4. We have Fg = F3(i) where i = —1.
o fi(z) =22 — (1+1) € Fy[x].
Soa=(1+1i) and d = 2. P3(a) = —1 which is a square in Fg, hence
22 — (1 +1) is not stable over Fy.
o fo(z) =22+ (1+1i) € Fo[x].
Soa=—(1+1i) and d = 2. Py(a) = 1 which is a square in Fg, hence
2?2 4+ (1 +1) is not stable over Fy.
o f3(z) =22 — (1 —1i) € Fy[x].
Soa=1—14and d=2. P3s(a) = —1 which is a square in Fy, hence
22 — (1 — 1) is not stable over Fy.
o fi(r)=2%—(i—1) € Folx].
Soa=1i—1and d = 2. P,(a) = 1 which is a square in Fg, hence
22 — (i — 1) is not stable over Fy.

A Mersenne number is a positive integer of the form 2™ — 1, where m is
an integer at least equal to 2. Set ¢ = 2"*. When ¢ — 1 is prime, this prime
is called a Mersenne prime. It is well known that if ¢ — 1 is a Mersenne
prime then m is prime. The converse is false, the first counterexample being
211 — 1 =2047 = 23 x 89. We prove the following.

THEOREM 4.11.

1. Let q be a non-trivial prime power and o € Fy. Then 297 — s
irreducible over Fy if and only if a generates Fy.

2. Suppose that ¢ = 2™, where m > 2 s an integer. Then the following
conditions are equivalent.
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(i) For any a € F,\ {0,1}, 297! — « is stable over Fy
(ii) For any a € Fy\ {0,1}, 2971 — « is irreducible over F,
(ili) ¢ — 1 is a Mersenne prime.

Proof.

1. Necessity of the condition. Let e be the order of o in IFy. Obviously
e < g — 1. On the other hand, let [ be a prime divisor of ¢ — 1. Sup-
pose, by contradiction, that the [-adic valuations satisfy the condition
vi(a) < vi(g—1); thenl | (¢—1)/e, which contradicts the irreducibility
of 2971 — a (see Lemma 3.4). Therefore, v;(a) = v;(¢ — 1), and then
e=q—1.

Sufficiency of the condition. Since e = ¢ — 1, then, by Lemma

3.4, 297! — @ is irreducible over Fy.

2. e (i) = (ii). Obvious.

e (ii) = (ii7). By 1., for any a € Fy\ {0,1}, a generates . This
implies that the order of this cyclic group is a prime number thus,
q — 1 is prime.

e (iii) = (i). By 1., for any a € F, \ {0,1}, 297! — « is irreducible
over Fy. To get the stability, since (F3)?"! = {1}, we must show
that P,(«) ¢ {0,1} for any n > 1. For n = 1, this is proved
above. Suppose, by induction, that it is true for n > 1. We have
Poii(a) = Py()it + (=1)72a = 1+ a. If Pyyq(a) = 0 then,
a=1. If Pyyi(a) = 1 then, a = 0. In both cases we reach a
contradiction. Therefore, 29! — « is stable over F,.

O

In [7] a table of irreducible polynomials over F,, of degree d, for small ¢ and
small d is given. The following table lists the stable binomials f(z) = 2¢ — a
for 3 < ¢ <27,2<d<10,d#0 (mod4) and a € Fy \ {0,1}. The values
of d for which there exists a prime number [ | d and [ { ¢ — 1 are omitted
since in this case f(x) is reducible over [F4(see Corollary 3.6). The values of
d which are congruent to 0 modulo 4 are also omitted. For given ¢, d and a,
the table lists the sequence [P;(a)],. .., Pn,(a)] (see the begining of section 4
for the definition of this sequence). One and only one of this list, say P,(a), is
possibly underlined. This means that P,(a) is an [-th power for some prime
divisor [ of d and n is the smallest positive integer satisfying this property.
This implies that n is the smallest positive integer such that f,(z) is reducible
over F,. If no element is underlined then f(x) is stable.

The elements of F, \ {0,1} are enumerated in the following way. If ¢ = p is
a prime number, then a = 2,...,p — 1. If ¢ = p® with e > 2, then a generator
a of F7 is chosen and its minimal polynomial over F,, M (), is mentioned.
In this case a = «,...,a97 2. If a binomial f(z) of degree d is revealed to be
stable over IF, by this table, then we have an infinite list of polynomials having
the same property.
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Table of stable polynomials
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4 [4,12,10,5,8, 8] 4 [4,3,5,12,3|ns 4 [4,10,10]ns
5 [5,7,5]s. 5 [5,0,5]ns. 5 [5,7, 7|ns
6 |[6,4,10,3,3ns. |6 |[6,1,7, 1]ns. 6 | [6,6]s.
7 [7,3,2,10,2]ns 7 [7,12,6,2,2|ns 7 [7,5,5]|ns.
8 8,4, 8]ns. 8 8,0, 8]ns. 8 [8,4,6,4]ns.
9 [9,7,1,5,3,0,4, T]ns. 9 [9,10,8,1,10]ns. |9 [9,5,3,5]ns
10 | [10,12,4,6,0,3,12ns. | 10 | [10,9,11,1,11]ns. | 10 | [10,4,4]ns.
11 |[11,6,12,3,11|ns. | 11 | [11,3,12,1010/ns. | 11 | [11,1,3,3]ns.
12 | [12,2.5,0,1,2ns. |12 | [12.11,4, 11]ns. | 12 | [12.2,0. 2]ns.
q=13
d=9
2 [2,7,10,1,3,3] 3 [3,4,2,8,11,11]ns. 4 [4,3,5,9,5]|ns.
5 | [5,10,4,4]ns 6 |[6,11,1,7,1ns. |7 |[7,2,12,6,12]ns.
8 |1[8,3,9,9ns 9 |1[9,10,8,4,8]ns 10 | [10,9,11,5,2, 2ns.
11 | [11,6,3,12,10, 10)ns 12 | [12,11,7,7]ns
=16, M(z) = X"+ X +
d=9
a [, a3, a3 al3ns. | a? | [a2,a5, et ettins. | | [a3, a0, ol a2, .
0, a’]ns.
ot | [ahal2,a7, 0, | a® | [a®,al® alf)s. a8 | a8, a5, al3, o,
. ot o 2]ns 0,a%ns
a’ | [a”, ot atf a?, a® | [af,a? a0 ns. | ® | [@% a% a7, a,0,
a'Ons. a’Jns.
a0 | [a10, a5, ad)s. all | [all, a2, a®, a2, a'? | [a'2, 010, ol af,
a’]ns 0, *?]ns
a3 [a13a,a107£,a10]n5. al? [a%,1,a8,a10 081N s.
q=17
d=2
2 | [2,2]ns. 3 |[3,6,16,15,1,15ns. | 4 | [4,12,4]ns.
5 [5,3,4,11,14,13,4]ns. | 6 [6,13,10,9,7,9]ns. | 7 [7,8,6,12,1,11, 12]ns.
8 |[8,5,0,9,5]ns 9 |1[9,4,7,6,10,6]ns. | 10 | [10,5,15,11,9,3,
16,3 |ns
11 | [11,8,2,10,4,5, |12 |[12,13,4,4]ns 13 | [13,3,13]ns.
14,15, 10]ns.
14 | [14,12,11,5,11]s. | 15 | [15,6,4,1,3,11,4]ns 16 | [16,2,6,4,1,2]ns
q=19
d=2
2 | [2,2s. 3 |[3,6,14, 3]ns. 4 | [4,12,7, Tns.
5 [5,1,15,11,2,18, |6 [6,11,1,14,0,13, |7 [7,4,9,17,16,2,16]
15]ns 11]ns. ns
8 [8,18,12,3,1,12]ns. | 9 [9,15,7,2,14,16,0, | 10 | [10,14,15,6,7,1,
10, 15]ns. 10]ns.
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12| [12,18,8,14,13,5, | 11| [11,15,5,14, 14]ns 13| [13,4, 3,15, 3|ns
13]
14 | [14,11,12,16,,14] |15 | [15,1,5,10,9,9ns. | 16 | [16,12,14,9,8, 10, .
ns. 8]ns.
17 | [17,6,0, 2]ns 18 | [18,2,5.7,12, 12]ns
d=3 d=26 d=29
2 | [2,10,14, 10]s. 2 | [2,5,5]ns. 2 |[2,1,3,1]ns.
3 | [3,11,4,10,15,15]ns. | 3 | [3,4,8,17,8]ns 3 1[3,2,2s.
4 |[4,11,5,15,16,15]ns. | 4 | [4,7,0,15, 7]ns 4 | [4,5,5]s.
5 | [5,16,16]s. 5 | [5,2,2ns. 5 |[5,6,6]s.
6 |16,13,18,5,17,17] |6 |[6,5,1,14,1]ns 6 |1[6,7,7ns
7 |[7,8,6,14,15,0,7jns. | 7 | [7,16,0,8,8|ns 7 | [7,8,8]ns.
8 |[8,7,9,151,9ns. |8 |[8,715,3,1812 |8 |[8,9,9ns.
9 |[9,16,1,19,2,17, |9 |[9,2,17,17]ns. 9 |9,10,8,8]ns
1]ns.
10 | [10,3,18,9,17,2,. | 10 | [10,1, 10]ns 10 | [10,9, 11, 11]
18]ns.
11 | [11,12,10,4,18, 10]ns. 11| [11,9,0,8,9]ns. 11 | [11, 10, 10]ns
12 | [12,11,13,5,4,0, |12 | [12,11,8, 8]ns. 12 | [12,11, 11]ns
12]ns.
13| [13,6,1,14,5,14]ns. | 13 | [13,17,13]ns. 13 | [13,12,12]ns.
14 | [14,3,3]s. 14 | [14,12,6,16,12]ns. | 14 | [14,13,13]s.
15 | [15,8,14,4,3,4]ns. | 15 | [15,15]s. 15 | [15, 14, 14]s.
16 | [16,4,4]s 16 | [16, 10, 14, 10]ns 16 | [16,11,4, 10, 15, 15]
ns.
17 | [17,9,5,9]s. 17 | [17,9,13, 13]ns 17 | [17,18,16, 18]ns.
18 | [18,17,10,11,0,18]ns 18 | [18,2,8,2]ns 18 | [18,17,0, 18]ns.
q=23
d=2
2 | [2,2]ns 3 11[3,6,10,5,22,21,1, | 4 | [4,12,2,0,19,12]ns
21]ns.
5 | [5,20,4,11,1,19,11]ns. | 6 | [6,7,20,3, 3]ns. 7 117,19,9,5,18,18]ns.
8 |[8,10,0,15,10lns. |9 |[9,3,0,14, 3]ns. 10 | [10,21,17,3,22, 14,
2,17|ns.
11| [11,18,14,1,13,20, |12 | [12,17,1,12]ns 13 | [13, 18,12, 15, 13]ns.
21,16,]
14 | [14,21,13,17,22,10,. | 15 | [15,3,17,21,12,14, | 16 | [16,10,15,2, 11,13,
20, 17|ns. 15 ]ns
17 | [17,19,22,7,9,18,8, | 18| [18,7,8,0,5,7|ns. | 19 | [19,20,13,12,10,12
1, 7|ns. |ns
20 | [20,12,9,15,21,7, | 21| [21,6,15,20,11,8, |22 |[22.2,5,3,9,13,9]ns.
6,16, 6]ns 20]ns.
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¢=25M(X)=X%2+4X +2
d=2 d=3 d=
o [, a!®, al0 a?!, o [, 0!8, at? a?, o [, o', a® at4]ns.
a?,a, 15 aMns. al”, a®ns
a? | [a? ol o a,0, |a? |[a? a,1,a' 7 1]ns. | o | [a?,a® al%d]ns.
o', a'ns.
o’ [a3, 7. 1,02, a2, o’ [0473, a21’0’0‘3]ns. ol [Cﬁ, a, a”, a17]ns.
at? o’ at? a?ns.
at | o 2,020,022, at | [oha® 0?0502 | ot | [, 0?0, a?ns.
at® al% o’ a’ns. adls.
o | [a®, a8, a2, 0, (05,018, 02, 0%, 013, | & | [a5, a?2 a2, a?ns.
at® a?? 5.0 Ins. a'®lns.
a® | [ab, allns a® | [a®,0,a0%ns. a® | [a®, allns.
o’ [a7,a% a2t a®, alf, o’ (a7, a0, a% a?!, all, a [a7, a6, a2, allalf)
o?ns. a?, a8 afns. ns.
ad (a3, al5,a?, a3, ad (a8, a%, a7, a3, als, ad [a®, a9, !l a1 ]ns
a14’ a24] a4]s.
o [@® at, al3 all al?, o’ [@®,02! 03,021 ns o @2, a8, a”, a*, a|ns.
a??]
10 [@19, al3, a8, alOns. al® [a10,a% 1,013,024 ]ns al? [Lm, «, CYQ, OJ]TLS.
all | [a11,a20, 024, 08,024 | ol | [a!1,a2,a20,0f, a7, 1| 11,68, a2, a7, o8]
a?t ot albns. ns.
12 [@!2,0a5,0,a%%, afns 0412 [@!2, 18, a?4, al?|ns (3[12 [@!2,a5,0,a%%, af)ns.
a3 | [a13,a23 a8 o3 o'5]ns al® | [a13,a8, 03,08, o] 13| 213,015 02,17 15
Ins
al® | [a!%,a13,1,a10 ols [a157 0497 0, a15]n3 al® | [a!5, 65, a3, al3]ns
at,al|ns
al® | [a16,03,02 a7, o6 [aw,azo,an,an, al® | 216,028 a7, a7]ns.
a1770122]_ asjam]s
al? [a177a197a167 al? [0177(167&15 al? [a177a737a107a137
al® a3 ns al® a,ab]ns a3lns.
ats | [ 1, at8ns. a8 | [al®0,a'®]ns. a8 | [af® ot at®ns.
al? | [al9, 015, o, ab, a7, a'® | [a19,622,a16:019,0%ns ald [a197 a237 a23]s.
20 @’amya{ 14 38 23] 20 [a20a16,a19,a,a a6, 20 [L%a4,a4]ns.
a2l [0421, al6 11 420 all]ns a2l [a21, a3,a15,a9,0,a21]ns. a2l [04217 a237a7107 alo}ns.
22 [a227a23707a107a23]ns_ 22 [022,017 a'2, a,a'2]ns. 2?2 [Lﬂ7 0[37 a14, a?’]ns.
a? | [a23,03,a20, a,al3, a2 | [a23,a1 08,021, a0, | a2 | [a23,al9, al9]s.
a'3ns. al2 o, af]
q=25,M(X)=X%>+4X +2
=9
(0} [Oé, 045, Oé]S. Oég [£7a15 a3,a?3 QS]TLS al” | [@'7,a7,a8, a,a7]s.
on [a2, «, Oélo, OK]S alo [alo, 14,a ,Q ,a14}8. 18 [Lw,a24,a12,a6,0,a18

|ns.
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a3 (03,0021 a!5,0,03 all [an a7.a10 19 a7]8. ol [a19 a23 o4 g1l 423
Ins. Is
ol [a4, a8, 23,020, a8]s. al? | [a12,a18,a6,024,0,a12 20 [azo al6 19 o4 O616]3.
Ins
a’® [CL’5, «, Ot4, a13, Ot]S al3 [a13,a17,a8,a5,a17]8. a?l | [@?),a3,a15,09,0,a2 ns.
aﬁ [a67a12 a247a18707a6] ald | [al4, o103 012 al0ns. | a22 [a22,a2,a17,a14,a2]8.
a7 [O(?’ 1 ,a2,a23,a11}5. ald [a157 21,a9,a3,0,a15]ns.
ad (08, at, a7, a6, a4s. 16 [am,azo, 11,(18’0‘20]5‘
=27, M(X)=X>+X +1
d=2
o [Oz,a;l, a13,a7,a}ns. ol0 [alo,a21 @20 o7 o7, old [als 0{22’0@570112]718
alT|ns
042 [a2,a14,0,a15,al4}ns. all [a117a17’a4’a4]ns‘ al? [&19’0117,%&720’&21’&12,
a13,&11,a2,a25,a13]ns
a? | [03,a12,05,02 0%]ns. | o2 | [a!2, a7, a"]ns a0 | [a29,a11,a8, 024 a]ns.
ot | [ahall a0 62! 020 ol3 [0513, 0413]8. a?! | [a2, 023,019, a10]ns.
Ins
ad (05,025, 03, 08,011,010, | alt | [a4,al0, 024, a?, a2, a?? | [a22, a2, 08,013, a?,
at ol a?t alOns. 1,02, ns. o, a3ns.
066 [04670616707(119,(116]715. ald [0‘15,0523’0‘9,&7247 047,(14, a?3 [0{23706167062470612717
alS,a21,a18,a17,a13]n5. a6,a5,o¢23]ns.
a’ [@”,a?%, al? o'?|ns. all | [a18,at, 0?0 a3 a, a2t | [a?4, 6?1 ,02,08,02]ns.
all 1, alns.
ad a7 a®,a20 o8] ns. al” | [al7,a22,020, 4101, a® | [a%5, a4, 08, 04,1,
a?. | [0%,a20,a1% 0!t a%ns. at® ol alns. a?, al? a®ns.
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