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COMPATIBLE STRUCTURE IN IDEAL CECH CLOSURE SPACES

AHMAD AL-OMARI

Abstract. In Al-Omari et al., Touch points in ideal Cech closure spaces, Math-
ematica, 64 (2022), (C, f,Z) is a Cech closure space with an ideal Z. For H C C,
the set f(H), called Cech touch points, is defined by f(H) = {reC:HNN ¢1T
for every N € N(x)}. Several characterizations of these sets will also be discussed
through this paper. Moreover, we obtain characterizations of f—operator in an
ideal Cech closure space (C, f,Z), we investigate the notion of f-compatibility
with an ideal Z and obtain several characterizations of the compatibility.
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1. INTRODUCTION AND PRELIMINARIES

A non-empty collection of subsets of C is called an ideal Z on a space C if

the following properties are satisfies:

(1) If He T and K C H then K € .
(2) f HeZ and K € Z then HUK € 7.

An ideal topological space is topological space (C,7) with an ideal Z on C
and is denoted by (C,7,Z) (see [9,10]). First we recall several definitions.
An operator f : P(C) — P(C) defined on the power set P(C) of a set C
such that the following holds:
(1) f(0) =0;
(2) H C f(H) for all H C C;
(3) f(HUK) = f(H)U f(K) for every A, B € P(C).
is called a Cech closure operator (see [7,8]) and the pair (C, f) is a Cech closure
space. A subset H of C is said to be f-closed in (C, f) if f(H) = H holds.
And H is f-open if C — H is f-closed.
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By the closure operator we defined the interior operator f* : P(C) — P(C)
in the usual way: f*(H)=C— f(C— H).

Let (C f,T) be a Cech closure space with an ideal Z. For a subset H of C,
the set f(H) called touch points is defined as: f(H) ={z €C: HNN ¢ T for
every N € N(z)}. We investigate the properties of touch points and construct
a topology on X from the touch points. Moreover, in an ideal Cech closure
space (C, f,Z), we define f-compatibility with the ideal Z and obtain several
characterizations of the compatibility. Also the papers [2-6] have introduced
some property related to compatible structure in ideal Cech closure spaces.

REMARK 1.1. Let (C, f) be a Cech closure space.
(1) () =
2) (€)=

(3) f*(H) C H for every H C C.

4) ff(HNK)= f*(H)N f*(K) for all H, K € P(C).

A subset N is a neighborhood of a point x (respectively, subset H) in C if z €
f*(N) (respectively, H C f*(NN)) holds. The collection of all neighborhoods
of z will be denoted by N, or N (z).

In (C,f), a point z € f(H) if and only if for each neighborhood N of z,
N N A # () holds.

We set f(H) ={N:ACN,C—N e N(x)}and f*(H) = W{U : U C

H,U e N(x)}

DEFINITION 1.2 ([16]). Given f and f* be the be closure map and its dual
map on C. Then the neighborhood map N : C — P(C) and the convergent
map N*: C — P(C) assign to each z € C the collections

N(xz)={NeP(C):z€ f*(N)}
N¥(z) ={Q e P(C) : x € f(Q)}
of its neighborhoods and convergents, respectively.

LEMMA 1.3. Given (C, f) be a Cech closure space. Then the properties holds
(1) Q@ e N*(z) if and only if C — Q & N (z).
(2) z € f(A) if and only if C — A ¢ N(x).
(3) z € f*(A) if and only if C — A ¢ N*(x).
LeMMA 1.4 ([1]). Given (C, f) be a Cech closure space, then
(1) C € N(x) for every x € C.
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(2) 0 ¢ N(x) for every x € C.

(3) If N € N(z), then z € f*(N) C N.

(4) If N,M € N(z), then we have N N M € N (z).

(5) If NUM € N*(x), then N € N*(x) or M € N*(x).

DEFINITION 1.5 ([1]). Given (C, f,Z) be an ideal Cech-space. For H C C,
we define the set: f(H)={zx€C:HNN ¢ 7 forall N € N(x)}. And f(H)
it is called touch points of H with respect to f and Z.

LeMMA 1.6 ([1]). Given (C, f,Z) and (C,g,J) be ideal Cech-spaces, T and
J be ideals on C, and let H and K be subsets of C. Then we have:
(1) For H C K, we have f( H) C f(K).
(2) For I C J, we have f(H) 2 §(H).
(3) F(H) = £(F(H)) € F(H) and F(H) is f-closed.
(4) For H C f(H), we have f(H) = f(f(H)) = f(H).
(5) For H € T, we have f(H) = 0.

LemMa 1.7 ([1]). Given (C, f,I) be an ideal Cech-space and x € C. If
N e N(z), then NN f(H) = NN f(NNA) C f(NNH) for any subset H of
C.

TureoreM 1.8 ([1]). Given (C, f,T) be an ideal Cech-space and H, K C C.
Then the following hold:

W f0)=0.
(@) F(FH) € ).
(3) f(H)Uf(K) = f(HUK).
THEOREM 1.9 ([1)). Given (C, f,Z) be an ideal Cech-space, A = f(H)U H
and H, K be subsets of C. Then

(1) 0

(2) H F

(3) HU Ii HUK.
(4) H=H

By Theorem we obtain that H = H U f(H) is a Kuratowski closure
operator. We will denote by 7.4(x) the topology generated by H, that is,
7(2) ={U C X :C—U =C—U}. A subset H of C is said to be 7(z)-closed
if and only if f(H) C H. It is said to be 7, (x)-open if the complement is
Te1(x)-closed.
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TuroreM 1.10 ([1]). Given (C, f,T) be an ideal Cech-space. Then B(f,T) =
{V—-T1:VeN(@),IecZxecC} isa basis for 7q(x) and N(z) C 74(x).

THEOREM 1.11 ([1]). Given (C, f,T) be an ideal Cech-space and x € C, then
the following are equivalent:
(1) N( )N =0;
(2) €= f(0);
(3) ForallNeN( ), N C f(N);
(4) If I € Z, then f*(I) = 0.

Lemma 1.12 ([1]). Given (C, f,Z) be an ideal Cech-space and H, K be sub-
sets of C. Then

(1) J(H) ~ J(K) = J(H - K) ~ [(K).
(2) FHUK) = () = f(H - K) if K € T.

2. fy,-OPERATOR IN IDEAL CECH-SPACE

DEFINITION 2.1. Let (C, f,Z) be an ideal Cech-space. An operator fu -
P(C) — P(C) is defined as follows for every A € X, fy,(H) = {x € C : there
exists U € N (z) such that U—H € T} and observes that fy,(H) = C—f(C—H).

Several basic behavior of the operator fy, are included in the below theorem.

THEOREM 2.2. Given (C, f,Z) be an ideal Cech-space. Then the following
hold:
(1) For H C C, we have fy(H) is f-open
(2) For H C K, we have fy(H) C fy(K).
(3) For H,K € P(C), we have fy(HNK) = fu,(H)N fy(K).
(4) For U € 14(x), we have U C fy,(U).
(5) For H C C, we have fy(H) C fy(fyp(H)).
(6) For H C C, we have fy(H) = fy(fp(H)) if and only if f(X —H) =
F(fc - my). i
7) For H € Z, we have fy(H) =C — f(C).
8) For H C C, we have HN fy,(H) = int(H).
9) For HCC, Ic€Z, we have fy(H —1I) = fy(H).
(10) For H CC, I € I, we have fy,(HUI) = fy,(H).
(11) For (H — K)U (K — H) € Z, we have fy(H) = fy(K).

Proof. (1) Follows by Lemma (3).
(2) Follows by Lemma (1).
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(3) By (2) that fy(H N K) C fu(H) and fy(H N K) C fu(K). Hence
Jo(HNK) C fu(H) N fp(K). Now let © € fy,(H) N fy(K). There exist
UV eN(@)suchthat U— HeZandV-Ke€Z Let G=UNV € N(x)
and we have G — H € 7 and G — K € 7 by heredity. Thus G — (H N K) =
(G—H)U (G — K) € T by additivity, and hence x € f,(H N K). We have
Jo(H) N fyp(K) C fp(H N K) and the proof is complete.

(4) If U € 14(x), then X —U is 7 (x)-closed then we have f(C—U) C C—U
and hence U C C — f(C—U) = fu(U).

(5) Follows by (4).

(6) Follows by the facts:

(i) fy(H)=C—f(C— H).

(i) fu(fp(H))=C— fIC—(C—f(C—H))]=C— f(f(C—H)).

(7) By Lemma we obtain that f(C— H) = f(X)if H € T.

(8) If x € HN fy(H), then x € H and there exists a U, € N (x) such that
U, — H € T. Then by Theoremm7 U, — (U, — H) is an 7 (z)-open of z and
x € int(H). On the other hand, if x € int(H), there exists a basic 7.(x)-open
Vy — I of x, where V,, € N(z) and I € Z, such that z € V,, — I C H which
implies V — H C I and hence V, — H € Z. Hence x € H N f,(C).

(9) By Lemmaand fo(H=I)=C—flC—(H-1I)] =C—f[(C—H)UI] =
¢~ f(C — H) = folH). i i

(10) By Lemma|L.129land fy(HUI) = X —flc—(HUI)| = C—f[(C—H)—1] =
C—f(C—H)= fy(H).

(11) Let (H -~ K)U(K —H) € T. Let H— K = I and K — H = J.
Observe that I,J € Z by heredity. Also clear that K = (H — I) U J. Hence

fo(H) = fp(H = I) = fyl(H = 1) UJ] = fy(K) by (9) and (10). .

COROLLARY 2.3. Given (C, f,T) be an ideal Cech-space. We have U C
fo(U) for allU € N (x).

Proof. Since f,(U) =C— f(C—U) is true. Now f(C-U)CC—-U=C—-U,

since U € N(z). Hence, U=C—(C—-U)CC— f(C—-U) = fy(U). O
THEOREM 2.4. Given (C, f,Z) be an ideal Cech-space and H C C. Then the
following hold:

(1) fo(H)=U{U e N(z) : U — H € T}.
(2) fo(H) 2 U{U e N(z): (U — H)U(H —U) € T}.



6 Compatible structure in ideal Cech closure spaces 37

Proof. (1) This follows by the definition of fy-operator.
(2) Since Z is heredity, it is clear that U{U € N(z) : (U - H)U(A-U) €
I} CUWH{U e N(z): U—-H €1} = fyu(H) for every H CC. O

THEOREM 2.5. Assume that (C, f,Z) be an ideal Cech-space. If o = {H C
X :HC fy(H)}. Then o is a topology for C and o = 7(x).

Proof. Assume that o = {H C C: H C fy(H)}. First, we prove that p
is a topology. Clear that § C f;(0) and C C f,(C) = C, and thus @ and
C €. Nowif H K € g, then HNK C fy(H) N fyu(K) = fy(H N K) then
HNK € If {Hy:a e A} Cp, then Hy, C fy(Ha) C fy(UH,) for all a
and hence UH, C fy(UH,). This shows p is a topology. Now if U € 74(z)
and x € U, then by Theorem there exist V € N(z) and I € Z such that
xeV —1CU. Clearly V — U C I so that V — U € Z by heredity and then
xz € fyu(U). Thus U C fy(U) and we shown 7(z) C 0. Now let H € o, we
have H C fu(H), that is, H C C — f(C — H) and f(C — H) C C — H. This
shows that C — H is 74(z)-closed and then H € 7(x). Thus ¢ C 7¢(z) and
hence ¢ = 7(x). O

3. SOME PROPERTIES OF f-COMPATIBLE IN IDEAL CECH-SPACES

DErFINITION 3.1 ([1]). Given (C, f,Z) be an ideal Cech-space. Then f is
f-compatible with respect to ideal Z, denoted f =2 Z, if the following holds for
all HCC: Forallz € H and U € N(z), and if UNH € Z, then H € 7.

THEOREM 3.2. Given (C, f,T) be an ideal Cech-space, f be f-compatible
with respect to T such that N'(z)NZ = . Let G be a ¢ (x)-open set such that
G =U—H, where U € N(z) and H € . Then f(f(G)) = f(G) = f(G) =
fU) = fU) = f(fU)).

Proof. (1) Let G = U—H, where U € N(z) and H € T. SlnceN( )NT =

by Theoremwe have U C f(U). Hence by Lemmau 6, F(U) = f(f(U)) =
F().

(2) Since G is Td( ) open C — G =C — G and hence f(C —G)CC—-G. By
Lemma' 1.12, f(C ) C f(C G) But AV (z) N'Z = () and by Theorem
1 f(C —Cand henceC flG)C fc-G)cc— G Therefore, GCf( )
Hence, f( ) C F(J(G)). Hence by Lemma[L6 f(G) = f(G) = f(f(G))-

( ) Again, G C U implies that f(G) C f(U). By Lemma [1.12, f(G
f(U—=H)D f(U) - f(H) = f(U) since H € T. Thus f(U) = f(G)

By (1), (2) and (3), we obtain the result. O

=

)
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LemMA 3.3 ([1]). Let (C, f,Z) be an ideal Cech-space, then f = T iff H —
f(A) €T for all H C C.

THEOREM 3.4. Given (C, f,Z) be an ideal Cech-space. Then f = T if and
only if fy(H) — H €T for all H CC.

Proof. Necessity. Let f =27 and let H C C. clearly that x € f,(H)—-H €1
if and only if z ¢ H and = ¢ f(C — H) if and only if # ¢ H and there exists
U, € N(z) such that U, — H € Z if and only if there exists U, € N (x)
such that « € U, — H € Z. Now, for each z € fy(H) — H and U, € N (x),
U, N (fy(H) — H) € T by heredity and hence fy(H) — H € T by assumption
that f = 7.

Sufficiency. Let H C C and assume that for each x € H there exists
Uy € N(x) such that U, N H € Z. Observe that f,(C — H) — (C — H) = {z:
there exists U, € N(x) such that z € U, N H € Z}. Thus we have A C
Ju(C—H)—(C—H) €T and hence H € T by heredity of Z. O

LEMMA 3.5. Let (C, f,T) be an ideal Cech-space such that f =T and H C C,
then H is a 1¢(x)-closed iff H = K U I such that K is f-closed and I € T.

Proof. If H is a 7,(x)-closed set, then f(H) C H. Hence H=H U f(H) =
(H — f(H)) U f(H) Then by Lemma f(H) is f-closed set and by Lemma
A— f(H) € Z. Conversely, if H = K U I such that K is f-closed set and
I € 7, then by Lemmawe get that f(H) = f(KUI) = f(K)U f(I) =
f(K) C f(K)=K C H. Implies that H is a 74(x)-closed.

U
COROLLARY 3.6. Given (C, f,T) be an ideal Cech-space such that f = T.
Then B(f,T) is a topology on C and hence B(f, L) = 1a(x).

Proof. Let H € 7,4(z). Then by Lemma[3.5, C — H = F U I, where F is f-
closedand I € Z. Then H =C—(FUI) = (C-F)N(C—-1)=(C—-F)-1=V—I,
where V.= C — F € N(z). Thus every 74(z)-open set is form of the V — I,
where V € N(x) and I € Z. Hence by by Theorem the result follows. O

PROPOSITION 3.7. Given (C, f,Z) be an ideal Cech-space such that f = T,

HCC. IfNeN(x)and N C f(A)Nfy(H), then N—H € Z and NNH ¢ T.

Proof. If N C f(H)N fy(H), then N — H C fy(H) — H € T by Theorem
and hence N — H € Z by heredity. Since N € N(z) and N C f(H), we

get NN H ¢ 7 by the definition of f(H). O

As a consequence of proposition, we have.
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COROLLARY 3.8. Let (C, f,Z) be an ideal Cech-space such that f = T. Then
Jo(fu(H)) = fy(H) for all H C C.

Proof. fy(H) C fyu(fy(H)) follows from Theorem (5). Since f = T,
it follows from Theorem that fy,(H) € HUI for some I € Z and hence

fo(fy(H)) = fy(H) by Theorem [2.2] (10). .

THEOREM 3.9. Let (C, f,T) be an ideal Cech-space such that f = T. Then
Jo(H) =U{fy(U) :U € N(x), f,(U) — H € T}.

Proof. Let ®(H) = U{fy(U) : U € N(z), fp(U) — A € Z}. Clearly, ®(H) C
fy(H). Now let z € f,,(H). Then there exists U € N (x) such that U —H € Z.
By Corollary 2.3, U C fy(U) and f,(U) — H C [f,(U) —=U]U [U — H]. By
Theorem [3.4] f,(U) —U € T and hence fy,(U)— H € Z. Hence 2 € ®(H) and
®(H) O fy(H). Consequently, we obtain ®(H) = f,(H). O

In [12], Newcomb defines H = K [mod Z] if (H — K)U (K — H) € T and
observes that = [mod Z] is an equivalence relation. By Theorem (11), we
have that if H = K [mod Z], then fy(H) = fy(K).

DEFINITION 3.10. Let (C, f,Z) be an ideal Cech-space. A subset H of X is
called a Baire set with respect to N'(z) and Z, denoted H € W, (X, f,Z), if
there exists U € N (z) such that H = U [mod Z].

LEMMA 3.11. Let (C, f,Z) be an ideal Cech-space such that f = T. If U,
Ve N(z) and fu(U) = fyp(V), then U =V [mod I].

Proof. Since U € N (x), we have U C f,,(U) and hence U—V C f,(U)—-V =
fy(V)=V € I by Theorem[3.4} Similarly V—U € I. Now (U-V)U(V-U) € Z
by additivity. Hence U = V' [mod Z]. O

THEOREM 3.12. Let (C, f,Z) be an ideal Cech-space such that f =T. If H,
K eW,(C, f,1), and fy(H) = fy(K), then H =K [mod I].

Proof. Let U,V € N(z) such that H = U [mod Z] and K = V [mod
7). Now fy(H) = fu(U) and fy(K) = fy(V) by Theorem [2.2(11). Since
fu(H) = fy(U) implies that fy(U) = fy(V) and hence U = V' [mod Z] by
Lemma [1.11] Hence H = K [mod Z] by transitivity. O

4. MORE PROPERTIES OF AN IDEAL CECH-SPACES

LEMMA 4.1. Given (C,f,Z) be an ideal Cech-space. If A € N(x) then

N(x)NZ =0 if and only if f(H) = f(H).
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Proof. Let H € N(x) then by Lemma we have f(H) C f(H). Let
x € f(H), then for all U, € N(z) containing x we have U, N H # ¢. Again
U.NA € N(z), so U,NH ¢ T, since N'(z)NZ = (). Hence z € f(H). Therefore,
f(H) = f(H). Conversely, for any A € N(x) we have f(H) = f(H). Then
C = f(C) and then N (z) NZ = () by Theorem O

PROPOSITION 4.2. Let (C, f,T) be an ideal Cech-space.

(1) If K e W.(C, f,I) — I, then there exists H € N (x) such that K = H
[mod Z].

(2) f N(z)NZ =0, then K € W, (C, f,Z) — T if and only if there exists
H € N(z) such that K = H [mod Z].

Proof. (1) It K e W,.(C, f,Z) —Z, then K € W,(C, f,Z). Now if there does
not exist H € N (z) such that K = H [mod Z], we have K = () [mod Z]. Then
K € 7 which is a contradiction.

(2) If there exists H € N (z) such that K = H [mod Z]. Then H = (K —J)UI,
where J = K —H,I=H—-K cZ. If K €Z, then H € Z by heredity and
additivity, which contradicts that A (z) NZ = 0. O

PROPOSITION 4.3. Let (C, f,Z) be an ideal Cech-space with N'(z) NT = §.
IFK € Wo(C, f,T) — T, then f(K) 0 f(F(K)) # 0.

Proof. Let K € W,(C, f,I) — Z, then by Proposition [£.2)1), there exists
H € N(z) such that K = H [mod 7). This implies that § # H C f(H) =
F(KE =) Ul) = f(K) = f(f(K)), where J = K —H,] = H—K € T by
Theorem [1.8] and Lemma [1.12} Also § # H C fy(H) = fy(K) by Theorem

(11), so that H C fu(K) N f(f(K)). O
Given an ideal Cech-space (C, f,T), let U(C, f,T) denote {H C C : there
exists K € W,(C, f,Z) — Z such that K C H}.

PROPOSITION 4.4. Let (C, f,Z) be an ideal Cech-space with N'(z) NT = .
The following are equivalent:

1) HeU(,f, I);

(

(2) fu(H)N (f( ) # 0;

(3) fp(H)N ( ) # 0;

(4) fu(H )

(5) f(H) #

(6) There e:msts N € N(z) such that N— H e€Z and NNH ¢ T.
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Proof. (1) = (2): Let K € W,(C,f,Z) —Z such that K C H. Then
P € FU) and fu(K) C fo(H) and hence F(F(K)) 1 ful(K) C
F(f(H))N fy(H). By Proposition we have fy(H) N f(f(H)) # 0.

(2) = (3): It is obvious.

(3) = (4): It is obvious.

(4) = (5): If fy(H) # 0, then there exists U € N(z) such that U — H € Z.
Since U ¢ Zand U = (U—H)U(UNH), we have UNH ¢ Z. By Theorem 2.2
04 (UNH) € foU)NH = ful(U — H)UU N H) N H = fu(U 0 H) 0 H C
fo(H)NH = f(H). Hence f(H) # 0.

(5) = (6): If f(H) # 0, then by Theorem [1.10] there exists N € N(z) and
IeZsuchthat 0 # N—ICH. Wehave N—-HeZ, N=(N—-H)U(NNH)
and N ¢ Z. Hence NN H ¢ 7.

(6) = (1): Let K = NNH ¢ Z with N € N(z) and N — H € Z. Then
KeW,C,f,T)~Tsince K¢ Tand (K - N)U(N—-K)=N-HeZ O

THEOREM 4.5. Given (C, f,T) be an ideal Cech-space, where N'(z) NI = §.
Then for H CC, fy(H) C f(H).

Proof. Let x € fy(H) and = ¢ f(H). Then there exists a nonempty U, €
N (z) such that U, N H € Z. Since x € fy(H), by Theorem re WU e
N(z) : U—H € T} and there exists V € N (z) such that x € Vand V—-H € 7.
Now we have U,NV € N(x), U,NVNH € Z and (U,NV)—H € T by heredity.
Then by finite additivity we get (U, NVNH)U (U, NV —-H)=(U,NV)eZL
Since (U, NV) € N (), this is contrary to N'(z)NZ = (). Therefore, z € f(H).
Hence fy(H) C F(H). O

COROLLARY 4.6. Given (C, f,I) be an ideal Cech-space, where N'(z)NT = (.
Then for 1 C C, fy(H) C J(J(H)).

THEOREM 4.7. Given (C, f,Z) be an ideal Cech-space. Then the following
are equivalent:

(1) N(z )oI—(Z);

(2) fup(0) =

(3) If H C C is T (x)-closed, then fy(H) — H =0);
(4) If I € Z, then fy(I) = 0.

Proof. (1) = (2): Since N (z) NZ = (), by Theorem [2.4 we obtain fy(0) =
U{U e N(z):U eI} =0.
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(2) = (3): Suppose z € fy,(H) — H, then there exists a U, € N(z) such
that 1 € U, — H € Zand U, — H € N(z). But U, — H € {U e N(z) : U €
T} = fy(0) which implies that fy,(0) = 0. Hence fy,(H) — H = 0.

(3) = (1): Let I € T then fy(I) = fu(IUD) = f(0) =

(4) = (1): Let H € N(xz)NZ, then H € T and by (4) fy(H) = (. Since
H € N(x), by Corollary 2.3 we get H C fy(H) = 0. Hence N(z)NZ =0. O

THEOREM 4.8. Let (C, f,Z) be an ideal Cech-space. Then N(z)NT = () if
and only if f[fw(H)] = flfp(H)] for all H C C.

Proof. Let N(z) NZ = 0. Tt is clear that f[f,(H)] C f[fu(H)]. For the
reverse inclusion, let z € f[fy(H)]. Then for every U, € N(z), UyN fy(H) # 0
and Uy N fy(H) € N(x) implies that U, N fy(H) ¢ Z, since N'(z) NZ = 0.
Hence x € f[f¢( )]. Hence f[f¢(H)] = flfy(H)]. Conversely, suppose that

FUfo(H)] = f[fs(H)], for every H C C. Then for C C C, f[fy(C)] = f[f(C)].
Hence f[ — f(C=0)] = f[C— f(C—C)], implies that f(C) = f(C) = C. Hence
N(z)nZ=9. O
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