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GENERALIZED VISCOSITY METHOD FOR APPROXIMATING
SOLUTIONS OF COUNTABLE FAMILIES OF CERTAIN
NONLINEAR MAPPINGS IN REAL HILBERT SPACE

HAMMED ANUOLUWAPO ABASS

Abstract. The purpose of this paper is to introduce a three step iterative al-
gorithm which include a general viscosity explicit method for approximating a
common solution of fixed point problem of an infinite family of k;-demimetric
mapping and a directed operator in the framework of real Hilbert space. Fur-
thermore, we prove a strong convergence theorem for approximating a common
solution of the aforementioned problems. We also show that our iterative algo-
rithm holds for an infinite family of L-Lipschitzian and quasi-pseudocontractive
mapping together with a directed operator. The iterative algorithm presented
in this article is design in such a way that it solves some variational inequality
problem and no compactness condition is impose on our scheme and mapping.
Finally, we give applications of our main result to variational inclusion and equi-
librium problems. Our result complements and extends some related result in
literature.
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1. INTRODUCTION

Let C be a nonempty, closed and convex subset of a real Hilbert space H.
A point p € C is called a fixed point of T if Tp = p. We denote by F(T') the
set of all fixed points of T'. A nonlinear mapping T : C' — C' is said to be:

(i) Nonexpansive if ||Tz — Ty|| < ||z — y||,V x,y € C;

(il) Quasi-nonexpansive if F(T) # () and

|Tx —2*|| < ||z —2"||,¥V € C and z* € F(T);
(iii) Firmly nonexpansive if F(T') # () and
T2 = Tyl? < lla — ylf? — [I(Z — T — (I - T)yl[2.¥ 2,y € C;
(iv) Firmly quasi-nonexpansive if F(T') # () and
[Tz —z*||? < ||z — «*||> = ||(I = T)z||>,V = € C and z* € F(T);
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(v) Strictly pseudo-contractive if there exists k € [0,1) such that
1Tz = Tyl* < ||z — yl* + Kl = T)a — (I = T)yl*,¥ 2,y € C;

(vi) Directed if F(T') # () and (Tz—a2*,Tr—2z) <0,V € C and 2* € F(T);
(vii) Demicontractive if F(T) # () and there exist k € [0,1) such that

[Tz — 2*|)? < ||z — 2*||? + k||T2z — 2||>,V 2 € C and z* € F(T).

REMARK 1.1. Bauschke and Combettes [7] gave the definition of directed
mapping as follows. A map T : C' — C is directed if

T2z — 2*|)? < ||z — z*||® = ||Tz — z||>,V 2 € C and z* € F(T).

This implies that the class of directed mapping coincides with that of firmly
quasi-nonexpansive mapping (see [21]).

Let T : H — H be a mapping, then the following statements are equivalent:

(i) T is directed;

(ii) there holds the relation:

1Tz — pl> < |l = pl[> — ||z — Ta|]%, ¥ p € F(T), « € H.

DEFINITION 1.2. Let C be a nonempty, closed and convex subset of a real
Hilbert space H and k € (—oo,1). A mapping T : C — H with F(T) # 0 is
called k-demimetric if for any x € C and p € F(T)

1-k
2

DEFINITION 1.3. A mapping T : H — H is demiclosed at a point z € H if
the weak convergence of any sequence {zx} to some point z* and the strong
convergence {T'(zx)} to z implies that T'(z*) = z.

(1) (r—pz—Tz) > l = Tl

DEFINITION 1.4. An operator T': C' — (' is said to be quasi-pseudocontr-
active if F(T) # () and

(2) [Tz — 2*||* < ||z — || + ||Tz — z||* V 2 € C and z* € F(T).

DEFINITION 1.5. A mapping T : C' — C is said to be L-Lipschitzian if there
exist some L > 0 such that

(3) 1Tz —Ty|| < Ll|z — yl,V z,y € C.

It is very clear that the class of quasi-pseudocontractive mappings include
the class of demicontractive mappings which contains the class of nonexpan-
sive, quasi-nonexpansive and pseudo-contractive mappings.

Directed operators are important because they include many types of non-
linear operators such as nonexpansive mapping and quasi-nonexpansive map-
pings. The subgradient projection T of a continuous convex function f : H —
R is a directed operator.
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Recently Chang et. al. [11] considered the split equality fixed point prob-
lem for quasi-pseudo-contractive mappings and employed the following itera-
tive scheme to prove a strong convergence theorem imposing the compactness
condition on this class of mapping.

Up = Ty, — Y A*(Ax, — Byn);

+ (1= an)((1 = &)+ &T((1 = )] + 192 T))un;
Un = Yn + B (Ax,, — Byn);
Ynt+1 = an¥Yn + (L — an) (1 = &) + EuS((1 = na) I +0nS))vn;

where Hy,Hy and Hj3 are three Hilbert spaces, A : Hi — Hs and B :
Hy — Hj are two linear bounded operators with adjoint A* and B* respec-
tively. T : Hy — Hy and S : Hy — Hy are two L-Lipschitzian and quasi-
pseudocontractive mappings with L > 1, F(T) # 0 and F(S) # 0. Using
their iterative scheme, they [11] proved a strong convergence result imposing
a compactness condition, (see [11, Theorem 3.2] for details).

Apart from the work of Chang et. al. [11], many authors have introduced
different iterative algorithms being Halpern, Viscosity, Mann, Kranoselski,
Parallel, Cylic, Hybrid to mention a few to approximate solutions of fixed point
problems both in Hilbert spaces and Banach spaces, (see [1H6}9[14}15,20] and
the references contained in).

In 2016, Takahashi [20] introduced a Halpern type algorithm for finding
a common element of the set of common fixed points for a finite family of
demimetric mappings and the set of common solutions of variational inequality
problem for a finite family of inverse strongly monotone mappings in a real
Hilbert space. He proved the following theorem:

In4+l = Qpln

THEOREM 1.6 ([20]). Let C' be a nonempty, closed and convex subset of
a real Hilbert space H. Let {ki,...knps} C (—00,1) and {p1,...un} C (0,00).
Let {Tj}jj\il be a finite family of kj-demimetric and demiclosed mappings of
C into H and let {Bi}ij\il be a finite family of u;-inverse strongly monotone

M N
mappings of C into H. Assume that (| F(T;)N(( VI(C,B;)) # 0. Let {u,}
j=1 i=1
be a sequence in C' such that u, — u. For z1 = x € C, let {zp,} C C be a
sequence generated by

zn = 2 §((1=A) ] + X Tj)an;
j=1

N
W = Z UiPC(I - nnBi)a:n;
=1

Tn+l1l = 6nun + (1 - 5n)(PC(an33n + /ann + ’ann)% Vne N;
where a,b,c € R { A}, {m} C (0,00),{&1,.-,&r}, {01, ..,on} C (0,1) and

{an}, {1}, {0n} C (0,1) satisfying the following conditions:
() 0<a<A, <min{l —Fky,...1 —kp},0<b<m, <2min{u1,..., tn};
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00 N
(i) & =1and ) o5 =1;

j=1 i=1
(iil) 0 < ¢ < apy BnyYn <1 and ap + B+ = 1;
(iv) le o =0 and Y &, = occ.

n=1
00 N
Then {x,} converges strongly to a point zy € (| F(T;) N () VI(C,B;))
j=1 i=1

where zy = P u and VI(C, B) is the solution set of varia-

_ﬁol F(Ty)N( _ﬁl VI(C,B;))
j= i=

tional inequality problem.

The viscosity approximation method introduced by Moudafi [16] in 2000 is
design in such a way that it solves some variational inequality problem. Since
the inception of viscosity iterative method, different authors have employed it
to approximate solutions of fixed point problem and other related optimization
problems (see |1H4}|1322,23] and the references contained in).

In 2005, Xu et. al. [23] combined the viscosity iterative scheme together
with the implicit midpoint method to approximate a solution of a fixed point
problem of a nonexpansive mapping in the framework of real Hilbert space.
They proved a strong convergence theorem using the following iterative algo-
rithm:

(4) Tn1 = anf(zn) + (1 = an)T(

where f is a contraction and {a,} C (0,1). They also proved that iterative
algorithm solves some variational inequality problem:

(5) (f =1z, z—2") <0, VzeF(T).

Moreso, Alghamdi et. al. [5] introduced the implicit midpoint rule for non-
expansive mappings and obtained a weak convergence result using an implicit
algorithm to approximate the solution of the implicit midpoint rule for non-
expansive mappings in the framework of Hilbert space.

Recently, Ke and Ma [14] modified the viscosity implicit midpoint rule by re-
placing the midpoint by any point of the interval [z, z),+1]. They constructed
the following generalized viscosity implicit rule for a nonexpansive mappings:

(6) Tpt1 = Qnf(Tn) + (1 — an)T($nTn + (1 — 8n)&nt1)

where f is a contraction and showed that {z,} defined in @ converges strongly
to a point x* € F(T') which also solves the variational inequality .

We noticed that the computation of implicit midpoint methods is not an
easy work in practice and its computation also require more assumptions.
Based on these, Marino et. al. [15] introduced the following general viscos-
ity explicit rule for quasi-nonexpansive mappings T in the framework of real



5 Generalized viscosity method 7

Hilbert space:

(7) f%n—&-l = 5n$n + (1 - Bn)TfU'rL;
Tpt1 = anf(Tn) + (1 — an)T(snxn + (1 = 8p)dni1), V> 1;

where f is a contraction, {a,},{f,} and {s,} are sequences in (0,1). They
proved a strong convergence result which also solves variational inequality
problem to a solution of F'(T'), where T is a quasi-nonexpansive mapping.
Motivated by the works of Chang et. al. [11], Takahashi, [20] Xu et. al. [23]
and other authors working in this direction, we introduce a three steps iterative
algorithm which contains a general viscosity explicit method to approximate
a common solution of an infinite family of k;-demimetric mapping and a di-
rected operators in the framework of real Hilbert space. We prove a strong
convergence theorem to the solutions of the aforementioned problems. Our
iterative algorithm also solves some variational inequality problem. Lastly, we
give applications of our main result to variational inclusion and equilibrium
problems. The result presented in this paper extends and complements the
works of Takahashi [20], Marino [15], Alghamdi [5], Ke and Ma [14] and other
related results in this direction.

2. PRELIMINARIES

We state some known and useful results which will be needed in the proof
of our main theorem. In the sequel, we denote strong and weak convergence
by ”—” and ”—", respectively.

LEMMA 2.1. Let H be a real Hilbert space. Then for each x,y € H, the
following inequality holds:

e+ ylI? < [Jz]]> + 2(y, = + y).

LEMMA 2.2 (|12]). Let E be a uniformly convex real Banach space. For
arbitrary r > 0, let B;(0) :={z € E : ||z|| < r}. Then, for any given sequence
{z;}2, € Br(0) and for any sequenced {x;}°, of positive numbers such that
Y2y Ai =1, there exists a continuous strictly increasing convex function

g9:[0,2r] = R, ¢(0) =0,

such that for any positive integers i, j with i | j, the following inequality holds:

1Y diall? =D Aillal > = X[l — ).
=1

i=1

LEMMA 2.3 ([18]). Let H be a real Hilbert space and C' be a nonempty, closed
and conver subset of H. Let k be a real number with k € (—oo,1) and let U
be a k-demimetric mapping of C into H. Then F(U) is closed and convez.

LEMMA 2.4 (|18]). Let C' be a nonempty, closed and convex subset of a real
Hilbert space H. Let k € (—o0,1) and T be a k-demimetric mapping of C' into
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H such that F(T) is nonempty. Let A be a real number with 0 < A < 1 —k
and define S = (1 — \)I + XT. Then S is a quasi-nonexpansive mapping of C
nto H.

LEMMA 2.5 ([11]). Let H be a real Hilbert space and T : H — H be a L-
Lipschitzian mapping with L > 1. Denote K = (1 — &)1 + &T((1 —n)I +nT)
fo<éE<n< ﬁ, then the following conclusions holds.

(1) F(T) = F(T((1 = n)I +nT)) = F(K);

(2) If T is demiclosed at 0, then K is also demiclosed at 0;

(3) In addition, if T : H — H is quasi-pseudocontractive, then the mapping
K is quasi-nonexpansive, that is,

|[Kz —u*|| < ||z —u*|| V2 € Hand u* € F(T) = F(K).

LEMMA 2.6 (|24]). Assume {an} is a sequence of nonnegative real sequence
such that

ant1 < (1 —op)an + opdy, n >0,

where {0, } is a sequence in (0,1) and {6,} is a real sequence such that
o0
(i) > on =00,
n=1

o0
(ii) imsup 0, <0 or > |opdy| < 0.
n—00 n=1
Then lim a, = 0.
n—oo

3. MAIN RESULT

LEMMA 3.1. Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let {ki,....k;} C (—o0,1) fori=1,2,... and 0 < a < A\, < min{l —
ki,....1 —ki}. Let S; for i = 1,2,... be an infinite family of k;-demimetric
mappings which is demiclosed at the origin and U : H — H be a directed

[e.e]
operator. Suppose g € Ilc with p € (0,1) and T := (| F(T;) F(U) # 0. For
i=1

any x1 € C, let {z,} be a sequence generated itemtz;)ely by

00
in—&-l = 5n,0xn + Z /Bn,iTaixm
(8) I
Zn =ty + (1 - tn)jnJrl;

Tpt+1 = %g(ﬂfn) + (1 — ’Yn)UZn, Vn>l1;

where {Bno}, {Bni}, {tn} and {y} are sequences in (0,1) with > B,; =1
i=1
and To, = (1 — M) I + ApS;). Then, {x,} is bounded.



7 Generalized viscosity method 9

Proof. Let p € I', then we have from and Lemma that

00
Hi'n+1 _pH = ||Bn,0xn + Zﬁn,iTa,':En - p||
=1

< Bn,()”xn - pH + Zﬁn,z
(9) i=1

e
< Bn,0||$n —PH + Zﬁn,z
i=1

|Taixn =l

|zn — pll

< |Jan = pll.
Using and @D, we also have that
|z = pll < tollzn —pl[ + (1 = t)||Zn41 — pl|
(10) < tnllzn = pll + (1 = tn)[|zn — pll
= |Jzn — pll.
It follows from and @ that
zns1 = pl* < vallg(zn) = plI* + (1 =) |[U20 — pl|?
< Yu(llg(@n) = 9@l + lg(p) — pI)? + (1 = va)l|20 — plI?
— (1 =v)llzn — UZnHz
< 29(|lg(xn) — 9@)I1> + llg(p) = pI1)* + (1 = )z — plI?
< 29np?|[2n = DI + 2919 (p) — pI* + (1 = 70 ||zn — pl[?

< (=1 = 20"z — pl* + (1 — 20°) (lg(p) = pII*).-

It follows from induction that

2
1 —2p?

2
[l = pI[* < max{[Jzr = pl*, = 5,2 l9(p) —plM} n>1,
which implies that {z,} is bounded. Consequently, we haves that {z,},
{T,,xn} and {Uz,} are all bounded. Hence, we complete the proof. O

THEOREM 3.2. Let C be a nonempty, closed and convex subset of a real
Hilbert space H. Let {ki,....,k;} C (—00,1) fori=1,2,... and 0 < a < A, <
min{l — ki,...,1 — k;}. Let S; for i = 1,2,... be an infinite family of k;-
demimetric mappings which is demiclosed at the origin and U : H — H
be a directed operator. Suppose g € g with p € (0,1) and assume that

oo
{Bnots {Bnit {tn} and {7y} are sequences in (0,1) with 3 B,; = 1 and
i=1
To, = (1 = A)I + ApS;). Then the following conditions are satisfied:
[ee]
(i) lim v, =0 and > v, = oc;
n—oo

n=1

(if) 0 < liminf B,,0804(1 — tn).
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Then, {x,} generated iteratively by converges strongly to a point x* € T’
which solves some variational inequality problem

Proof. Let p € T', then we have from Lemma [2.2] and Lemma [2.4] that

[o¢]
|Ens1 —pl* < Bn.ollzn — pll* + Zﬁn,iHTaimn —pl?
i=1
- ,Bn,O/Bn,ig(| T — Tai$n| )
(12) -
< /Bn,O”xn _pH2 + Zﬁn,z”wn _p”2
i=1

— Br.oBnig(||zn — Ta;znl])
= [|lzn — sz = Bn,0Bnig([|zn — To,xnll)-
From and , we have that
llzn = pII* < tallzn —pl* + (1 = tn)||2n41 — pI®
< tollan — plI* + (1 = to) [[[zn — pl|?
= Bn,0Bn,ig(|lzn — Ta,2nl])]
<l = plI* = BroBni(L = tu)g(llzn — Ta,zal])-
Using and , we have that
|zn41 = plI* < vallg(@n) = pl[? + (1 = 3)|[Uz0 — pl|?
< Yllg(@n) = pl* + (1 =)l — pI”
— (L= 7)llUz, — znl[?
< Yllg(zn) = plI* + (1 =) [llzn — 2l
= Bn0Bni(1 = t)g(|lon — To,on|l)]
~ (L= )lUz — znl[?
= Yullg(zn) — pl?
+ (1= y)llzn — plf?
— (1= 7)Bn0Bni(1 = tn)g([|zn — Ta;znl])
— (L= 7)lUz, — znl[?

We now divide our proof into two cases.

(13)

(14)

Case 1. Assume that {||x,, — p||} is a monotonically decreasing sequence.
Then {||z, — p||} is convergent and clearly,

nh_}rgo ||zn, — p|| = nh_glOH%nH —pll.
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From and conditions (i) and (ii) of (3.2)), we have that
(1 =) Bn0Bni(1 = tn)g(l|zn — To,znll)
< Yallg(zn) = plI* + (1 = )
Hence, we have that
(15) lim g(||xn — Ta,znl]) = 0.

n—oo

From the property of g in Lemma [2.2] we obtain that
(16)

@0 = pl* = lznsr — plI.

lim ||z, — Ta,xn|| = 0.
n—oo

Similarly, using (14)), we have that
(L =)0z = zal* < 7nllg(zn) = pl* + (1 = )|z — pl|?
— [|lzpt1 — p||2 —(1- 'Yn)ﬁn,O/Bn,i(l —tn)g(||Tn — Ta,xnl])
On using conditions (i) and (ii) of and ([15]), we haves that

(17) lim ||Uz, — z,|| = 0.
n—oo
We obtain from and that
o
(18) Eni1 = zall <D Buill Tagn — 2|l = 0, asn — oc.
i=1
From and , we obtain that
(19) 120 = zn|] < (1= ta)||Zn41 — onl| = 0, asn — oo.
Now, using and , we obtain that
(20) lim ||Uz, — z,|| = 0.
n—oo
We obtain from (8), condition (i) of (8) and that
@) st —anll < vullglea) = zall + (1= 30)1Uz0 = 22l

Hence, we have that

(22) lim ||zp+1 — zn|| = 0.
n—oo

Since {z,} and {z,} are bounded, there exist subsequences {zy, } and {2y, }
which converges weakly to x*. From and the demiclosedness principle,

oo
we have that z* € () F(T,,). Similarly, using and the demiclosedness

=1
principle, we have that * € F(U). Hence, we have that z* € T".
Next, we show that {x,} converges strongly to z*.
Since U is a directed operator and from , we have that

|znr1 — 2> < vallg(an) — *|)* + (1 — ) ?|Uzn — 2*|?
+ 29 (1 — W) {9(z) — 2", Uz, — 2%)
= v2llg(zn) — z** + 270 (1 — 1) {g(2n) — g(z*), Uz — z%)
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+ 27, (1 — ) (g(*) — 2%, Uz — &%) + (1 = )| U 2 — ¥
< yallg(an) — 21> + (1 = 7n) [[l9(xn) — g(@*)|P + ||Uzn — 2*[|?]
+ 27, (1 — ) (g(2*) — 2%, Uz — %) + (1 — ) [|[Uzn — 27|
< Yallg(@n) = a*|* + (1 = ) 0% |20 — 2*1* + (1 = ) [[Uzp — 2*||?
+ 29 (1 = ) {g(¢") — 2%, Uzn — 2%) + (1 = 3)?||U 20 — 2°|?
< (1 =)llzn — 2% + (1 = va)p* | — 2*[|?
+ Y [llg(@n) — 2*[1? + 21 — W) (g(z*) — 2*, Uz, — 27)]
< (1 =)l|zn — 2P + 201 = ) p?||2n — 2|
+ Y [llg(@n) — 2*(1* + 2(1 = 3) (g(z*) — 2%, Uz — z%)].
This also implies that
(23) |Zn11 — 2*|> < (1= on)pin + ©ndn, ¥ 0> 0;

where ¢y = (1 = (1 = 7,)p) and

5 = 20— mllg(a®) —a, Uz — 2")]) | nlllg(en) — 27]
" 1— (1= )p? 1= (1=)p?’

We now verify that
limsup({(g(z*) — 2", Uz, — ")) <0.

n—oo

Since {z,} is bounded, there exists a subsequence {z,, } such that

limsup((g(z*) — 2, Uz, — 2*)) = limsup({g(z™*) — 2™, x,, — 2¥)).

n—00 N —»00
Using , we have that
limsup((g(z”) — 2", Uz — 2%)) = limsup({g(z") — 2", 2, — 2"))

= —liminf((( — g)z*, x,, —x™)).

N —r00

Since {zy, } converges weakly to an element p € I', we have that
(25) — lim (((I = g)a*,zpn, —2")) = =(((I —g)z",p—z7)).
N —>00

Since Wy (Tn,, Yn,,) C I and (z*, y*) is the solution of the variational inequality

problem . Hence, from and , we obtain that
(26) limsup((g(z*) — z*, Uz, — x™)) < 0.

n—oo

Therefore, Using Lemma (2.6)) in and condition (i) of (8), we have that
. _aX(2) —
Jim ([, — 27[]7) = 0,

which implies that x,, — z*.
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Case 2. Assume that {||z, — p||} is not a monotonically decreasing se-
quence. Then, we define an integer sequence {7(n)} for all n > ng (for some
no large enough) by

7(n) :=max{k € Nk <n:||lxx — p|| <||lzrs1 — pl|}-

Clearly, 7 is a nondecreasing sequence such that 7(n) — co as n — oo and for
all n > ng. From , we have that

(1 - VT(n))ﬁT(n),O/BT(n),i(l - t‘r(n))g(HxT(n) - Taﬂ»‘T(n) H)
< 'Yf(n)Hg(‘TT(n)) - pH2 + (1 - %‘(n))HxT(n) - pH2 - ”xT(n)+1 - pH2'
Hence, we have from condition (i) and (ii) of (8)) that

(27) T(il)rgoo (HxT(TL) - Tazx'r(n)H) =0.
From the property of g in Lemma [2.2] we have that
(28) T(}Ll)rgoo HxT(n) - TaixT(’n) H =0.

Similarly from , we have that

(1 - fY’r(n))HUZT(n) - ZT(n)H2 < /YT(TL)”g(xT(?’L)) - pH2 + (1 - 77(n))|’$7'(n) - pHZ
—lzrmy+1 =PI = (1= Yo () Brn)0Brm).i (1 = tr(m)) 9127 () — Taia, oy |-

Applying conditions (i) and (ii) of and using , we have that

(29) T(}Ll)goo H|UZT(TL) - ZT(TL)H =0.
Following the same approach as in Case 1, we obtain from that
(30) limsup((g(z*) — 2%, Uzr(n) — %)) < 0.

7(n)—o0

Together we have from that
2 my+1 — 2P < (1= Yoy (1 = (1= Yo () Py — 27|

+ 77'(71)(1 - (1 - 7T(n))p2) |:277'(n)(1 - ’YT(’VL))
[<g(.’£*) - JJ*, UZT(n) - JJ*>]

# 2 loter) — 171,
which implies that
2r(my = 2** < Mary — 21 = NJrmyr1 — 2|
2(1 - ’y’r(n)) [<g(l‘*) - ZL‘*, UZT(TL) - ZL‘*>
1 - (1 - ’YT(TL))p2
Ve llg(@rm)) — 27| ]
1- (1 - ’YT(n))p2 ’

]

_|_
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using condition (i) of and (30)), we have that
li —z*|| = 0.
im |2y — 27|
This implies that .,y — 2* as 7(n) — oo. This completes the proof. O

THEOREM 3.3. Let C' be a nonempty, closed and convex subset of a real

Hilbert space H. Let T; : H — H, fori=1,2,...; be an infinite family of L-
[e.e]

Lipschitzian and quasi-pseudocontractive mappings with L > 1, (| F(T;) and

=1
T is demiclosed at the origin. Let U : H — H be a directed operator. Suppose

g € Ilg with p € (0,1) and assume that {Bno}, {Bni}, {tn} and {7} are
o o

sequences in (0,1) with Y B,; = 1. Suppose that T := (\ F(T;) N F(U) # 0;
i=1 i=1

then for any x1 € C, let {x,} be a sequence generated iteratively by

00
jn—&—l = Bn,Oxn + Z /Bn,iKifrn;
]
31 A
( ) Zp =ty + (1 - tn)xn—i—l;
Tnt1 = Yng(xn) + (1 —)Uzp, V0> 1;

where K; is defines as stated in Lemma and the sequences {Bno}, {Bni},
{tn} and {yn} satisfy the following conditions:
o0

(i) lim v, =0 and > v, = o0;
n—oo —1

(i) 0 < Hminf Br.oBni(1 — tn);

n—00 L

(111)0<a<§n<nn<b<ﬁ, VTLZl

Then, {x,} generated iteratively by converges strongly to a point x* € T’
which solves some variational inequality problem

Proof. The proof follows from the proof of Lemma [2.5] Lemma [3.1] and
Theorem [3.2 O

REMARK 3.4. We observed that authors working on both the implicit and
explicit viscosity iterative method considered a nonlinear mapping, mostly a
nonexpansive mapping. Marino [15] extended this to a quasi-nonexpansive
mapping. Based on these, we consider two different mappings in which one is
an infinite family of k-demimetric mappings and the other a directed operator.
We also show that our result holds if the demimetric mapping is alternate to
an L-Lipschitzian and quasi-pseudocontractive mapping. Furthermore, Chang
et. al. [11] proved a strong convergence result by imposing a compactness
condition on their mapping. During the course of proving a strong convergence
result in this article, we were able to dispense the compactness condition which
makes our work extend the works of Chang et. al. [11] and other related
works in literature. Another observation is that our iterative algorithm does
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not require prior knowledge of operator norm as this gives difficulties in real
life computation.

COROLLARY 3.5. Let C' be a nonempty, closed and convex subset of a real
Hilbert space H. Let U : H — H be a nonexpansive mapping. Suppose g € Il
with p € (0,1) and assume that {Bn}, {tn} and {y,} are sequences in (0, 1)
and T := F(U) # 0; then for any x1 € C, let {x,} be a sequence generated
iteratively by

Tnt1 = Bnxn + (1 = Bp)Uxy;
(33) Zn = tnTy + (1 — ty)Tny1;
Tnt1 = Yng(Tn) + (1 —m)Uzn, ¥V 0 > 1;
where the sequences {Bn}, {tn} and {v,} satisfy the following conditions:

oo
(i) im v, =0 and > v, = o0;
n—oo n=1
(i6) 0 < liminf 5, (1~ Ba)(1 — tn).
n oo
Then, {x,} generated iteratively by converges strongly to a point x* € T’
which solves some variational inequality problem

(34) (g(z*) —z",p—2") <0, Vpel.

4. APPLICATIONS

1. Variational problems via resolvents mappings.

Given a maximal monotone operator M : H — 2H where H is a real
Hilbert space, it is well known that its resolvent J /]\VI (x) = (I + M)~ is quasi-
nonexpansive and 0 € M(z) < x = JM(z). More so, the zeroes of M are
exactly the fixed points of its resolvent mapping. By replacing T, by J /]\V[ , the
problem under consideration is nothing but find z* € F(U)NM~1(0), and our
new algorithm is defined as follows:

SAUnJrl = Bnan + (1 - Bn)J)]\Wxnv
(35) Zn = tn@n + (1 — tn)Tnt1;
Tnt1 = Yng(xn) + (1 = v)Uz,, ¥V n > 1.

2. Equilibrium Problem
The Equilibrium Problem (EP) which was first introduced by Blum and
Oettli [8] is to find 2*C such that

(36) F(x*,u) >0, YueC;

where C' is a nonempty, closed and convex subset of a real Hilbert spaces H
and F': C x C' — R is a bifunction satisfying the following assumptions:

(i) F(xz,z) =0, Yz e€C;

(ii) F' is monotone, that is F(z,y) + F(y,z) <0V z,y € C,

(iii) For each z,y, 2z € C,limsup, o F(tz + (1 — t)z,y) < F(z,y);
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(iv) For each x € C, the function y — F(z,y) is convex and lower semicon-
tinuous.
It is well known that operation T (x) : H — C defined by (see [1]):

1
T () = {zGC’,F(z,y)—I—;(y—z,z—x} >0, VyeC}.

T

is quasi-nonexpansive and its fixed points are exactly the equilibria of F.
Setting T, = T.F" in , then the problem under consideration is nothing but
to find a point * € F(U) N F(TF). We present our new iterative algorithm
as follows:

ETpg1 = Ban + (1 - Bn)TrFa
(37) Zp = tnxn + (1 — ty)Tny;
Tpt1 = mg(@n) + (1 —7)Uzn, V0 > 1.
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