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OLD AND RECENT RESULTS
ON FINITE BOLYAI-LOBACHEVSKY PLANES

GABOR KORCHMAROS and ANGELO SONNINO

Abstract. The revolutionary ideas of Janos Bolyai opened the way for a far
more general and abstract approach to geometry than had previously been pur-
sued. In the spirit of Bolyai’s ideas, axioms with their mutual relationships and
impacts on geometry had intensively been studied and discussed for a long time.
The historical development is treated in the expository papers appeared in the
volume [75] which commemorated the 200th anniversary of the birth of Jénos
Bolyai, written by leading scientists of non-Euclidean geometry, its history, and
its applications. A recent survey on Bolyai’s work is also found in the survey
paper [44].

Axiom systems proposed for general Bolyai-Lobachevsky planes appeared in
the literature for the first time in the 1940’s. These attempts were strongly influ-
enced by the classical point of view in geometry in that time, and the proposed
definitions included sufficiently many postulates to exclude finite planes, that is,
geometries on a finite set of points; see Topel [88], De Baggis [33] and Baer [5].

It was only in 1962 Graves’ paper [43] that an axiom system for Bolyai-
Lobachevsky planes was proposed that admitted finite geometry. Since then, a
number of models for finite Bolyai-Lobachevsky planes have been constructed;
some of them present interesting properties from different points of view.

The present paper is an account of the known results on finite Bolyai-Loba-
chevsky planes. We focus on the finite analogs of the well known models of the
classical Bolyai-Lobachevsky plane, and show that the finite Beltrami-Cayley
and Poincaré models are related to current research in Finite geometry. We
also discuss some more, typically finite, models arising from unitary polarities
and maximal (k,n)-arcs of finite projective planes. In this context, we inves-
tigate those models which have a large symmetry group. An extensive list of
bibliographic references on finite Bolyai-Lobachevsky planes is also provided.

MSC 2010. 51E30, 05B30 51M10.

Key words. Linear space, Steiner system, inversive plane, arc, oval, hyperoval,
unital.

REFERENCES

[1] AcucLia, A., Giuzzi, L. and KORCHMAROS, G., Algebraic curves and mazimal arcs,
J. Algebraic Combin., 28 (2008), 531-544.

[2] AqucLia, A., Giuzzl, L. and KORCHMAROS, G., Constructions of unitals in Desargue-
sian planes, Discrete Math., 310 (2010), 3162-3167.

This paper is an expanded version of a plenary lecture given by the first author at
the Janos Bolyai Memorial Conference held in Budapest-Targu Mures/Marosvasarhely 30
August-4 September 2010.



3]

[10]
[11]

[12]

[13]

[14]
[15]

[16]

[17]
18]
[19]

[20]

[21]

22]

[23]

[24]

Assmus Jr., E.F. and KEv, J.D., On an infinite class of Steiner systems with t = 3
and k = 6, J. Combin. Theory Ser. A, 42 (1986), 55-60.

Assmus Jr., E.F. and KEY, J.D., Designs and their codes, Cambridge Tracts in
Mathematics, Vol. 103, Cambridge University Press, Cambridge, 1992.
BAER, R., The infinity of generalized hyperbolic planes, Studies and Essays Presented
to R. Courant on his 60th Birthday, January 8, 1948, Interscience Publishers, Inc., New
York, 1948, pp. 21-27.
BALL, S., BLoKHUIS, A., GAcs, A., SzIKLAI, P. and WEINER, ZS., On linear codes
whose weights and length have a common divisor, Adv. Math., 211 (2007), 94-104.
BaALL, S., BLokHUIS, A. and MAzzoccCA, F., Maximal arcs in Desarguesian planes of
odd order do not exist, Combinatorica, 17 (1997), 31-41.
BARNABEI, M. and BONETTI, F., Two examples of finite Bolyai-Lobachevsky planes,
Rend. Mat. (6), 12 (1979), 291-296.
BArwICK, S. and EBERT, G.L., Unitals in projective planes, Springer Monographs in
Mathematics, Springer, New York, 2008.
BATTEN, L.M., Combinatorics of finite geometries, Second Ed., Cambridge University
Press, Cambridge, 1997.
BELTRAMI, E., Saggio di interpretazione della geometria non-euclidea, Giornale di
Matematiche, 6 (1868), 284-312.
BETH, T., JUNGNICKEL, D. and LENz, H., Design theory, Vol. I, Second Ed., Ency-
clopedia of Mathematics and its Applications, Vol. 69, Cambridge University Press,
Cambridge, 1999.
BETH, T., JUNGNICKEL, D. and LENZ, H., Design theory, Vol. II, Second Ed., En-
cyclopedia of Mathematics and its Applications, Vol. 78, Cambridge University Press,
Cambridge, 1999.
BEUTELSPACHER, A., Finfiihrung in die endliche Geometrie. II, Bibliographisches In-
stitut, Mannheim, 1983.

BiLioTTi, M. and FRANCOT, E., Blocking sets of type (1,k) in a finite projective plane,
Geom. Dedicata, 79 (2000), 121-141.
BiL1oTTI, M. and KORCHMAROS, G., Collineation groups strongly irreducible on an oval,
Combinatorics '84 (Bari, 1984), North-Holland Math. Stud., Vol. 123, North-Holland,
Amsterdam, 1986, pp. 85-97.
BiLioTTi, M. and KORCHMAROS, G., Hyperovals with a transitive collineation group,
Geom. Dedicata, 24 (1987), 269-281.
BiLioTTi, M. and KORCHMAROS, G., Collineation groups preserving a unital in a pro-
jective plane of even order, Geom. Dedicata, 31 (1989), 333-344.

BiLioTTIi, M. and KORCHMAROS, G., Collineation groups preserving a unital of a pro-
jective plane of odd order, J. Algebra, 122 (1989), 130-149.
BIL10TTI, M. and KORCHMAROS, G., Some new results on collineation groups preserving
an oval of a finite projective plane, Combinatorics ‘88, Vol. 1 (Ravello, 1988), Res.
Lecture Notes Math., Mediterranean, Rende, 1991, pp. 159-170.
BISCARINI, P. and KORCHMAROS, G., Ovali di un piano di Galois di ordine pari dotate
di un gruppo di collineazioni transitivo sui loro punti, Proceedings of the Conference
on Combinatorial and Incidence Geometry: Principles and Applications (La Mendola,
1982) (Milan); Rend. Sem. Mat. Brescia, Vol. 7, Vita e Pensiero, 1984, pp. 125-135.
BonisoLl, A. and KORCHMAROS, G., Irreducible collineation groups fizing a hyperoval,
J. Algebra, 252 (2002), 431-448.
BUEKENHOUT, F., Ezistence of unitals in finite translation planes of order ¢* with a
kernel of order q, Geom. Dedicata, 5 (1976), 189-194.
BUEKENHOUT, F., Les plans de Benz: une approche unifiée des plans de Moebius, La-
guerre et Minkowski, J. Geom., 17 (1981), 61-68.



[25]

[26]

27)
28]
[29]
30]
31)
32
33
[34]
35)
136]
37)
38)
[39]

[40]
[41]

[42]
[43]
[44]
[45]
[46]
[47]
[48]

[49]

BUEKENHOUT, F., DELANDTSHEER, A., DOYEN, J., KLEIDMAN, P.B., LIEBECK, M.W.
and SAXL, J., Linear spaces with flag-transitive automorphism groups, Geom. Dedicata,
36 (1990), 89-94.

BumMmcror, R.J., Finite hyperbolic spaces, Atti del Convegno di Geometria Combinatoria
e sue Applicazioni (Univ. Perugia, Perugia, 1970), Ist. Mat., Univ. Perugia, Perugia,
1971, pp. 113-130.

CamiNA, A.R. and SPIEZIA, F., Sporadic groups and automorphisms of linear spaces,
J. Combin. Des., 8 (2000), 353-362.

COSSIDENTE, A., EBERT, G.L. and KORCHMAROS, G., A group-theoretic characteriza-
tion of classical unitals, Arch. Math. (Basel), 74 (2000), 1-5.

COSSIDENTE, A., EBERT, G.L. and KORCHMAROS, G., Unitals in finite Desarguesian
planes, J. Algebraic Combin., 14 (2001), n119-125.

CrOWE, D.W., The trigonometry of G F(2*™) and finite hyperbolic planes, Mathe-
matika, 11 (1964), 83-88.

CROWE, D.W., The construction of finite reqular hyperbolic planes from inversive planes
of even order, Colloq. Math., 13 (1964/1965), 247-250.

CROWE, D.W., Projective and inversive models for finite hyperbolic planes, Michigan
Math. J., 13 (1966), 251-255.

DE Bacgais, H.F., Hyperbolic geometry. I. A theory of order, Rep. Math. Colloquium
(2), 7 (1946), 3-14.

DE Bacais, H.F., Hyperbolic geometry. II. A theory of parallelism, Rep. Math. Collo-
quium (2), 8 (1948), 68-80.

DELANDTSHEER, A., A classification of finite 2-fold Bolyai-Lobachevski spaces, Geom.
Dedicata, 14 (1983), 375-393.

DELANDTSHEER, A. and DOYEN, J., A classification of line-transitive mazimal (v, k)-
arcs in finite projective planes, Arch. Math. (Basel), 55 (1990), 187-192.

DEMBOWSKI, P., Finite geometries, Classics in Mathematics, Springer-Verlag, Berlin,
1997, Reprint of the 1968 original.

DEMBOWSKI, P. and HUGHES, D.R., On finite inversive planes, J. London Math. Soc.,
40 (1965), 171-182.

DENnNisTON, R.H.F., Some mazimal arcs in finite projective planes, J. Combinatorial
Theory, 6 (1969), 317-319.

D1 Paora, J.W., Some finite point geometries, Math. Mag., 50 (1977), 79-83.

ENEA, M.R. and KORCHMAROS, G., Z-transitive ovals in projective planes of odd order,
J. Algebra, 208 (1998), 604—618.

GORDON, D., Steiner systems repository, IDA Center for Communications Research in
La Jolla. Last checked: November 2010. , http://www.ccrwest.org/cover/steiner.html.
GRrAVES, L.M., A finite Bolyai-Lobachevsky plane, Amer. Math. Monthly, 69 (1962),
130-132.

GREENBERG, M.J., Old and new results in the foundations of elementary plane euclidean
and non-euclidean geometries., Amer. Math. Monthly, 117 (1992), 198-219.
HamirTon, N. and MATHON, R., More mazimal arcs in Desarguesian projective planes
and their geometric structure, Adv. Geom., 3 (2003), 251-261.

HaMILTON, N. and MATHON, R., On the spectrum of non-Denniston mazimal arcs in
PG(2,2"), European J. Combin., 25 (2004), 415-421.

Hawmirton, N. and PENTTILA, T., Groups of mazimal arcs, J. Combin. Theory Ser. A,
94 (2001), 63-86.

HEATH, S.H., The ezistence of finite Bolyai-Lobachevsky planes, Math. Mag., 43 (1970),
244-249.

HEATH, S.H. and WYLIE, C.R., Some observations on BL(3, 3)., Univ. Nac. Tucumén
Rev. Ser. A, 20 (1970), 117-123.



[50]
[51]
[52]
[53]

[54]

[55]

[56]

[57]

58]
/59]
[60]
61]

[62]

[63]

[64]

[65]
[66]
[67]
[68]
[69]

[70]
[71]

[72]

HIRSCHFELD, J.W.P., Projective geometries over finite fields, second ed., Oxford Math-
ematical Monographs, The Clarendon Press Oxford University Press, New York, 1998.
HIRSCHFELD, J.W.P. and SzONYI, T., Sets in a finite plane with few intersection num-
bers and a distinguished point, Discrete Math., 97 (1991), 229-242.

HucHEs, D.R. and PIPER, F.C., Projective planes, Springer-Verlag, New York, 1973,
Graduate Texts in Mathematics, Vol. 6.

Hucues, D.R. and PipERr, F.C., Design theory, Second Ed., Cambridge University
Press, Cambridge, 1988.

HuppPERT, B. and BLACKBURN, N., Finite groups. III, Grundlehren der Mathematischen
Wissenschaften (Fundamental Principles of Mathematical Sciences), Vol. 243, Springer-
Verlag, Berlin, 1982.

KARTESzI, F., Introduction to finite geometries, North-Holland Publishing Co., Ams-
terdam, 1976, Translated from the Hungarian by L. Vekerdi, North-Holland Texts in
Advanced Mathematics, Vol. 2.

KARTESzI, F. and HORVATH, T., Finige Bemerkungen beziiglich der Struktur von
endlichen Bolyai-Lobatschefsky Ebenen, Ann. Univ. Sci. Budapest. E6tvos Sect. Math.,
28 (1985), 263-270 (1986).

Kava, R. and Ozcan, E., On the construction of Bolyai-Lobachevsky planes from pro-
jective planes, Proceedings of the Conference on Combinatorial and Incidence Geometry:
Principles and Applications (La Mendola, 1982); Rend. Sem. Mat. Brescia, Vol. 7, Vita
e Pensiero, 1984, pp. 427-434.

KoRCHMAROS, G., Collineation groups transitive on the points of an oval [(q + 2)-arc]
of Sa,q for q even, Atti Sem. Mat. Fis. Univ. Modena, 27 (1978), 89-105 (1979).
KORCHMAROS, G., Collineation groups doubly transitive on the points at infinity in an
affine plane of order 2", Arch. Math. (Basel), 37 (1981), 572-576.

KORCHMAROS, G., Cyclic one-factorization with an invariant one-factor of the complete
graph, Ars Combin., 27 (1989), 133-138.

KORCHMAROS, G., Metodi di teoria dei gruppi nello studio del le ovali dei piani proiettivi
finiti, Rend. Sem. Mat. Fis. Milano, 60 (1990), 93-111.

KORCHMAROS, G., Old and new results on ovals in finite projective planes, Surveys in
combinatorics, 1991 (Guildford, 1991), London Math. Soc. Lecture Note Ser., Vol. 166,
Cambridge Univ. Press, Cambridge, 1991, pp. 41-72.

KORCHMAROS, G. and SONNINO, A., Finite Bolyai-Lobachevskii planes, Acta Math.
Hungar., 134 (2012), 405-415.

M. KUT'iN, A., Finite geometries and the Steiner systems S(2,m,n), Combinatorial-
algebraic and probability methods in applied mathematics (Russian), Gor'kov. Gos.
Univ., Gorki, 1988, pp. 49-53.

LAGUERRE, E., Sur la géométrie de direction, Bull. Soc. Math. France, 8 (1880), 196—
208.

LINDNER, C.C. and Rosa, A. (Eds.), Topics on Steiner systems, North-Holland Pub-
lishing Co., Amsterdam, 1980, Ann. Discrete Math., 7 (1980).

LUNEBURG, H., Translation planes, Springer-Verlag, Berlin, 1980.

MASCHIETTI, A., Two-transitive ovals, Adv. Geom., 6 (2006), 323-332.

MATHON, R., New maximal arcs in Desarguesian planes, J. Combin. Theory Ser. A, 97
(2002), 353-368.

METZ, R., On a class of unitals, Geom. Dedicata, 8 (1979), 125-126.

OLGUN, S., On the line classes in some finite Bolyai-Lobachevskii planes, Doga Mat.,
10 (1986), 282—-286.

OLGUN, §., Some hyperbolic (Bolyai-Lobacheuvskii) planes obtained from finite projective
planes, Doga Mat., 12 (1988), 10-16.



[73] OLGUN, S. and GUNALTILI, 1., On finite homogeneous Bolyai-Lobachevsky (B-L) n-
spaces, n > 2, Int. Math. Forum, 2 (2007), 69-73.

[74] OLGUN, S., Ovals and finite Bolyai-Lobachevsky planes, Amer. Math. Monthly, 69
(1962), 899-901.

[75] PREKOPA, A. and MOLNAR, E. (eds.), Non-FEuclidean geometries, Mathematics and Its
Applications (New York), vol. 581, Springer, New York, 2006, Jénos Bolyai memorial
volume, Papers from the International Conference on Hyperbolic Geometry held in
Budapest, July 6-12, 2002.

[76] SANDLER, R., Mathematical notes: Finite homogeneous Bolyai-Lobachevsky planes,
Amer. Math. Monthly, 70 (1963), 853-854.

[77] SEGRE, B., Ouvals in a finite projective plane, Canad. J. Math., 7 (1955), 414-416.

[78] SkaLA, H.L., Projective-type axioms for the hyperbolic plane, Geom. Dedicata, 44
(1992), 255-272.

[79] SONNINO, A.; A new class of Sperner spaces, Pure Math. Appl., 9 (1998), 451-462.

[80] SONNINO, A., Some results on generalised affine spaces and their applications, Advanced
special functions and integration methods (Melfi, 2000), Proc. Melfi Sch. Adv. Top.
Math. Phys., Vol. 2, Aracne, Rome, 2001, pp. 339-350.

[81] SONNINO, A., Two methods for constructing S-spaces, Atti Sem. Mat. Fis. Univ. Mod-
ena, 51 (2003), 65-71.

[82] SONNINO, A., S-spaces from free extensions, Contrib. Discrete Math., 3 (2008), 58-62.

[83] SPERNER, E., Affine Raume mit schwacher Inzidenz und zugehorige algebraische Struk-
turen, J. Reine Angew. Math., 204 (1960), 205-215.

[84] SPOAR, G., The connection of block designs with finite Bolyai-Lobachevsky planes, Math.
Mag., 46 (1973), 101-102.

[85] SZAMKOLOWICZ, L., Remarks on finite regular planes, Colloq. Math., 10 (1963), 31-37.

[86] THAS, J.A., Construction of mazimal arcs and partial geometries, Geom. Dedicata, 3
(1974), 61-64.

[87] THAs, J.A., Construction of mazimal arcs and dual ovals in translation planes, Euro-
pean J. Combin., 1 (1980), 189-192.

[88] ToPEL, B.J., Bolyai-Lobachevsky planes with finite lines, Rep. Math. Colloquium (2),
5-6 (1944), 40-42.

Received December 16, 2013 Universita degli Studi della Basilicata
Accepted September 15, 2014 Dipartimento di Matematica,
Informatica ed Economia
Viale dell’Ateneo Lucano 10
85100 Potenza - Italy
E-mail: gabor.korchmaros@unibas.it
E-mail: angelo.sonnino@unibas.it



