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A NOTE ON APPROXIMATION PROPERTIES OF
DERIVATIVES OF SCHOENBERG SPLINES

HEINER GONSKA, MICHAEL WOZNICZKA, and FRANK ZEILFELDER

Abstract. We analyze approximation properties of derivatives of variation-di-
minishing Schoenberg splines with emphasis on the case of purely equidistant
knots. New direct inequalities regarding simultaneous approximation up to the
second derivative are obtained in terms of the classical second order modulus of
smoothness. For adequate polynomial degree and sufficiently smooth functions
these quantitative estimates imply a simultaneous approximation order which is
quadratic with respect to mesh size. These results remain valid if we drop the
general requirement of data given outside the basic interval. Numerical tests
verify our theoretical error bounds.
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13 (1912), 1–2.

[4] Beutel, L.M., Gonska, H.H., Kacsó, D.P. and Tachev, G.T., On
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We are obliged to Prof. Ioan Raşa for clarifying some details about higher-order convexity
and to Prof. Valery A. Zheludev for sending us a copy of his survey [34] which also includes
an extensive bibliography of English and Russian language literature on approximation by
local splines.



[6] de Boor, C.R., A Practical Guide to Splines, Springer, New York, NY, USA,
revised edition, 2001. 1st edition, 1978.

[7] de Boor, C.R., Divided differences, Surv. Approx. Theory, 1 (2005), 46–69.
[8] Farin, G.E., Curves and Surfaces for CAGD: A Practical Guide, 4th edition,

Academic Press, New York, NY, USA, 1997.
[9] Goldberg, D., What every computer scientist should know about floating-point

arithmetic, ACM Computing Surveys, 23 (1991), no. 1, 5–48.
[10] Gonska, H.H., Quantitative Korovkin type theorems on simultaneous approxi-

mation, Math. Z., 186 (1984), 419–433.
[11] Gonska, H.H. and Kovacheva, R.K., The second order modulus revis-

ited: remarks, applications, problems, Conferenze del Seminario di Matematica
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