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THE X-SEMIPRIMENESS OF RINGS

GRIGORE CALUGAREANU, TSIU-KWEN LEE, JERZY MATCZUK

ABSTRACT. For a nonempty subset X of a ring R, the ring R is called X-
semiprime if, given a € R, aXa = 0 implies a = 0. This provides a proper
class of semiprime rings. First, we clarify the relationship between idempotent
semiprime and unit-semiprime rings. Secondly, given a Lie ideal L of a ring
R, we offer a criterion for R to be L-semiprime. For a prime ring R, we
characterizes Lie ideals L of R such that R is L-semiprime. Moreover, X-
semiprimeness of matrix rings, prime rings (with a nontrivial idempotent),
semiprime rings, regular rings, and subdirect products are studied.

1. INTRODUCTION

Throughout the paper, rings are always associative with identity. For a ring R,
U(R) (resp. Id(R)) denotes the set of all units (resp. idempotents) of R, and Z(R)
stands for the center of R.

A ring R is called semiprime if, given a € R, aRa = 0 implies a = 0. Also, it
is called prime if, given a,b € R, aRb = 0 implies that either a = 0 or b = 0. The
purpose of the paper is to study a more general notion concerning semiprimeness
and primeness of rings.

Definition. Let X be a nonempty subset of a ring R. The ring R is called X-
semiprime (resp. X -prime) if, given a € R, aXa = 0 implies a = 0 (resp. if, given
a,b € R, aXb=0 implies either a =0 or b = 0).

An X-semiprime (resp. X-prime) ring with X = {1} is reduced (resp. a domain).
Also, a reduced ring (resp. domain) is X-semiprime (resp. X-prime) if 1 € X.

Proposition 1.1. Given a subset X of a ring R, if R is a prime X-semiprime
ring, then it is X -prime.

Proof. Indeed, let aXb = 0, where a,b € R. Then braXbxa =0 for all z € R. The
X-semiprimeness of R implies that bxa = 0 for all x € R. By the primeness of R,
either a = 0 or b = 0, as desired. ([l

According to Proposition [[.1] it suffices to study the X-semiprime case. In this
way, we can make our statements more concise.

In [6] the case X = U(R) was considered, the ring R is called unit-semiprime
if it is U(R)-semiprime. This turned out to be an interesting class of semiprime
rings. In this paper we first consider the special case X = Id(R). A ring R is
called idempotent semiprime if it is Id(R)-semiprime. Let X+ denote the additive
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subgroup of R generated by X. Clearly, a ring R is X-semiprime if and only if it
is X T-semiprime. Let E(R) := Id(R)". Thus the F(R)-semiprimeness of R just
means that R is idempotent semiprime.

In this paper we will be concerned with the following

Problem 1.2. Given a semiprime or prime ring R, find subsets X of R such that
R is X -semiprime, that is, given a € R,

aXa=0 =— a=0.

We organize the paper as follows.

In §2 it is proved that every idempotent semiprime ring is unit-semiprime (see
Theorem 2.1]). The converse is in general not true by an example from A. Smok-
tunowicz in [21]. Applying Theorem 2] we give an example of a prime ring, which
is not idempotent semiprime (see Theorem 2.3)).

In §3 we establish a criterion for Lie ideals L of a semiprime (resp. prime) ring
R such that R is L-semiprime (see Theorem B.6) and, in particular, matrix rings
are studied. We also conclude that idempotent semiprime is not a Morita invariant
property.

In §4 we give a complete characterization of the L-semiprimeness of a prime ring
R for any given Lie ideal L (see Theorem [H)). Also, in a prime ring R possessing
a nontrivial idempotent, its additive subgroups X, which are invariant under all
special automorphisms of R, are characterized by Chuang’s theorem and hence R
is X-prime [3] (see Theorem F.7]).

In §5 we characterize the d(R)-semiprimeness of a given prime ring R, where d
is a derivation of R. Moreover, we also study the d(L)-semiprimeness of R for L a
Lie ideal of R. See Theorems and 5.7

In §6 and §7 we are concerned with the problem whether, given a Lie ideal N of
a semiprime ring R, {g(N) = 0 is a sufficient condition for R to be N-semiprime,
where ¢r(N) denotes the left annihilator of N in R. It is in general not true.
However, it is indeed true if either N = [F(R),R] or N = [L, R] when R is 2-
torsion free and L is a Lie ideal of R (see Theorems [6.1] and [6.4]).

In §8 it is proved that every regular ring is idempotent semiprime but is in
general not [E(R), R]-semiprime (see Theorem and Example B3]). Finally, in
89, we study the subdirect product properties of X-semiprime rings.

Whenever it is more convenient, we will use the widely accepted shorthand “iff”
for “if and only if” in the text.

2. IDEMPOTENT SEMIPRIME

We begin with clarifying the relationship between “idempotent semiprime” and
“unit-semiprime”.
Theorem 2.1. If R is an E(R)-semiprime ring, then it is U(R)-semiprime.

Proof. Let a € R be such that aua = 0 for all u € U(R). In particular, a® = 0. Let

e=e?€ Rand z € R. Since 1 + ex(l —e),1+ (1 — e)ze € U(R), we have
a(l+ex(l—e))a=0=a(l+(1—e)ze)a.

Thus aeR(1 — e)a = 0 and a(1 — e)Rea = 0. The semiprimeness of R implies that

(1—e)ae = 0 = ea(1—e) and so ae = ea. Hence aea = ea? = 0, that is, aE(R)a = 0

and so a = 0, as desired. O
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The converse implication of Theorem 2.1l does not hold.

Example 2.2. Let K be a countable field and let S be the simple nil K-algebra
constructed by A. Smoktunowicz in [2I]. Let R be the unital algebra obtained by
adjoining unity to S using K. Then R is a local prime ring with maximal ideal .S
and every element of R is a sum of (two) units. Thus R is unit-prime. However, R
is not idempotent prime as it has only trivial idempotents and it is not a domain.

The following offers a prime ring which is not idempotent semiprime.

Theorem 2.3. Let R=Fk <a:, ylz? = O>, where k is a field. Then R is a prime ring
which is not idempotent semiprime.

Proof. Tt is known that R is a prime ring (see [7, p.92]). In view of [6, p.28],
R is not unit-semiprime. It follows from Theorem 2.I] that R is not idempotent
semiprime. ([

In fact, Id(R) = {0,1} for the ring R in Theorem It is an immediate
consequence of Theorem

3. LIE IDEALS

Let R be a ring. Given x,y € R, let [z,y] := xy — yx denote the additive
commutator of z and y. Also, let A, B be subsets of R. We denote [A, B] (resp.
AB) the additive subgroup of R generated by all [a,b] (resp. ab) for a € A and
b € B. Also, let Z(A) be the ideal of R generated by A.

An additive subgroup L of R is called a Lie ideal of R if [L, R] C L. Given Lie
ideals L, K of R, it is known that both [L, K] and KL are Lie ideals of R. Recall
that, given a subset A of R, we denote by AT the additive subgroup of R generated
by A.

Lemma 3.1. Let R a ring. Then E(R) is a Lie ideal of R and [E(R),R] CU(R)™.

Proof. Indeed, let e = ¢? € R and x € R. Then e + ex(1 —e¢) and e + (1 — €)ze are
idempotents of R. So

le,z] =e+ex(l—e)— (e+ (1 —e)xe) € E(R).

Hence [E(R), R] C E(R). Thus E(R) is a Lie ideal of R.
On the other hand, 1 + ex(1 —e) and 1 + (1 — e)ze are units of R. Thus

[e,r] =1+ex(l—e)— (14 (1 —e)ze) € UR)T.
Hence [E(R),R] CU(R)™. O

Clearly, if X C Y C R, then the X-semiprimeness of R implies that R is Y-
semiprime. By Lemma [3.J] and Theorem 2.1l we have the following

Proposition 3.2. If a ring R is [E(R), R]-semiprime, then R is E(R)-semiprime
and hence is U(R)-semiprime.

A natural question is the following

Problem 3.3. Let R be a semiprime ring. Find a sufficient and necessary condition
for R to be [E(R), R]-semiprime.
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We note that Problem is completely answered by Theorem [.TT] below. Mo-
tivated by Proposition B.2] we proceed to study the L-semiprimeness of a ring R,
where L is a Lie ideal of R. The first step is to establish a criterion for a ring R to
be L-semiprime (see Theorem [B.6)).

Lemma 3.4. If L is a Lie ideal of a ring R, then Z([L,L]) C L + L.

See, for instance, [16, Lemma 2.1]) for its proof. Given a subset A of a ring R,
let A denote the subring of R generated by A. We continue with the following

Lemma 3.5. Let R be a semiprime ring with a Lie ideal L. Suppose that aLb =0,
where a,b € R. The following hold:

(i) aZ([L,L))b =0 and aLb = 0;

(i1) If R be a prime ring and [L, L] # 0, then either a =0 or b= 0.

Proof. (i) Since a[L, RaL]b = 0 and aLb = 0, we get aRaL?b = 0. The semiprime-
ness of R implies aL?b = 0 and so a(L + L?)b = 0. By Lemma B4 we get
aZ([L,L])b = 0. Note that L + L? is also a Lie ideal of R. Repeating the same
argument, we finally get alb=0as L = pIya L.

(ii) It follows directly from (i) and the primeness of R. O

The following gives a criterion for a ring R to be L-semiprime.

Theorem 3.6. Let R be a ring, and let L be a Lie ideal of R. Then:
(i) If R is semiprime and L = R, then R is L-semiprime;
(i) If R is prime and [L,L] # 0, then R is L-prime.

Proof. (i) Let aLa = 0, where a € R. By Lemma 3 (i), aLa = 0 and so aRa = 0.
The semiprimeness of R implies a = 0.

(ii) Let aLb = 0, where a,b € R. By Lemma (ii), either a = 0 or b = 0, as
desired. g

The following lemma is well-known. For the convenience of the reader, we give
its proof.

Lemma 3.7. Let R be a noncommutative prime ring, and let I, J be nonzero ideals
of R. Then [[I,J],[I,J]] #0.
Proof. Replacing I, J by I NJ, we may assume that I = J. By [8, Lemma 1.5] for
the prime case, if [a, [I,I]] = 0 where a € R then a € Z(R).
Suppose that [[I,1],[I,1]] = 0. We have [I,I] C Z(R) and so [[I,I],R] =0
Thus R C Z(R). That is, R is commutative, a contradiction. O
The following is a consequence of Theorem B.6] (ii) and Lemma 317

Theorem 3.8. Let R be a noncommutative prime ring. If I and J are nonzero
ideals of R, then R is [I, J]-prime.

Lemma 3.9. Let R be a ring. We have
(i) If A is an additive subgroup of R, then [A, R] = [A, R);
(i1) If L is a Lie ideal of R, then [Z([L,L]),R] C[L,R] C L

Proof. (i) Let a1,...,a, € A and x € R. By induction on n, we get
[aras - an,z] = [ag - - an,za1] + [a1,a2 - - - ayx] € [A, R].

Thus [A, R] = [A, R).
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(ii) By Lemma [34 and (i), we have
[Z([L,L]),R) C [L+ L?* R] C [L,R] = [L,R] C L,
as desired. (]
The following is a slight generalization of [I6, Theorem 1.4] with V' = R.

Theorem 3.10. Let R be a ring with a Lie ideal L. If Z([L, L]) = R, then [L,R] =
[R, R] and R = [R, R)?. In addition, if R is semiprime, then it is [L, R]-semiprime.

Proof. By Lemmas B4 and (i), we have
[R,R] = [Z([L,L]),R] C [L + L? R] = [L, R].

Hence [R, R] = [L, R]. Since Z([L, L]) = R, it is clear that Z([R, R]) = R and so,
by [16, Theorem 1.4], R = [R, R] + [ R)?. Thus we have
(R,R] = [IR.E+[R R (R R+ R R
— [RELIR } (IR, B+ [R, R, [R R
~ [(RR) IR ] + [R.[R.RF)
C [R,R]? [R RJ?
(R,

RJ%,

where we have used the fact that [R, R]? is a Lie ideal of R. Hence
R=[R,R] +[R,R]? C [R,R]* + [R,R]* = [R, R?,

as desired.
In addition, assume that R is semiprime. Since

R=I[R,R]? = |L,RP C[L,R),

we have R = [L, R]. In view of Theorem [B0li), R is [L, R]-semiprime. O

Remark 3.11. (i) In Theorem B0, R is in general not [L, L]-semiprime. For
instance, let R := M (F'), where F is a field of characteristic 2, and let L := [R, R].
In view of [I6, Lemma 2.3, we have 0 # [L, L] C F. Thus Z([L,L]) = R but R is
not [L, L]-semiprime as R is not a domain.

(ii) In Theorem 310 if the assumption Z([L, L]) = R is replaced by Z([L, R]) =
R, we cannot conclude that R is [L, R]-semiprime. See Remark (i) and (ii) in
the next section, and a related result [I7, Theorem 1.1].

The equality [L, L] = [L, R] is in general not true. However, we always have the
following

Lemma 3.12. Let R be a ring. Then [E(R), R] = [E(R), E(R)].
Proof. Indeed, let ¢ = ¢2 € R and 2 € R. Then
le,z] = [e, e, [e,2]]] € [E(R),[E(R),R]] C [E(R), E(R)].
So [E(R), E(R)] = [E(R), R). O

Theorem 3.13. Let R be a prime ring with a nontrivial idempotent. Then R is
[E(R), R]-prime.
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Proof. Let E := E(R). Clearly, we have E ¢ Z(R). By Lemma [312] we have
[E,E] = [E,R] # 0. Let I := Z([E, E]), a nonzero ideal of R. It follows from
Lemma B9 (ii) that

0# [, R] = [Z([E, E]), R] € [E, R] = [E, E].
By Lemma B7 [[E,R],[E,R]| # 0. It follows from Theorem (i) that R is
[E, R]-prime. O

Theorem 313 is also an immediate consequence of Theorem [.111

Corollary 3.14. Every prime E(R)-semiprime ring R is either a domain or an
[E(R), R]-prime ring.

Proof. Assume that R is not a domain. Since R is a prime ring, it contains nonzero
square zero elements. Let a? = 0, where 0 # a € R. Since R is E(R)-semiprime,
this implies that E(R) # {0,1}. It follows from Theorem B.I3 that R is [E(R), R]-
prime. (I

We now apply Theorem [3.10] to the case of matrix rings.
Theorem 3.15. Let R := M, (A), where A is a semiprime ring and n > 1. Then
R is [E(R), R]-semiprime.
Proof. Let E := E(R). By [14, Theorem 2.1], we have Z([E, E]) = R. Since A is a
semiprime ring, so is R. By Theorem B.I0, R is [F, R]-semiprime. O
The following corollary is a consequence of Theorem and Proposition

Corollary 3.16. Let R := M, (A), where A be a semiprime ring and n > 1. Then
R is idempotent semiprime.

The above corollary is also a generalization of [0, Theorem 10] which allows to
prove easily the following result.

Corollary 3.17. The idempotent semiprime property does not pass to corners.

Proof. Choose a semiprime ring R, which is not idempotent semiprime, and n > 1
an integer. Then e11M,,(R)e11 = R and so M, (R) is idempotent semiprime but R
itself is not. O

Corollary 3.18. Idempotent semiprime is not a Morita invariant property of rings.

Throughout, we use the following notation. Let R be a semiprime ring. We can
define its Martindale symmetric ring of quotients Q(R). The center of this ring,
denoted by C, is called the extended centroid of R. It is known that Q(R) itself is
a semiprime ring and C' is a regular self-injective ring. Moreover, C is a field iff R
is a prime ring. We refer the reader to the book [I] for details.

4. PRIME RINGS

In this section, given a Lie ideal L of a prime ring R, we obtain a complete
characterization for R to be L-prime (see Theorem [L.0]). The following is a special
case of [0 Theorem], which will be used in the proofs below.

Lemma 4.1. Let R be a prime ring, a,b € R with b ¢ Z(R). Suppose that
[a,[b,z]] = 0 for all z € R. Then a* € Z(R). In addition, if char R # 2, then
a € Z(R).
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The following is well-known.
Lemma 4.2. Let R be a prime ring. If [a, R] C Z(R) where a € R, then a € Z(R).
Lemma 4.3. Let R be a prime ring. If a € RC'\ C, then dimc¢[a, RC] > 1.

Proof. Suppose not. We have dim¢[a, RC] = 1 and [a, RC] = Cw for some w €
[a, RC]. In particular, [w, [a, RC]] = 0. In view of Lemma H.I], we have w? € C.
Thus wla, RC] = Cw? C C.

Let z € RC. Then wla, za] = wla, z]a € C. Since wla, z] € C, we get wla, z] = 0.
Thus wla, R] = 0. The primeness of R forces w = 0 and so a € C. This is a
contradiction. O

Definition. A noncommutative prime ring R is called exceptional if both char R = 2
and dimg RC' = 4. Otherwise, R is called non-exceptional.

A Lie ideal L of a ring R is called proper if [I, R] C L for some nonzero ideal I
of R. We need the following lemma (see [I1, Lemma 7]).

Lemma 4.4. Let R be a prime ring with a Lie ideal L. Then L is noncentral iff
[L, L] # 0 unless R is exceptional.

Clearly, if L is a nonzero central Lie ideal of R, then R is L-prime if and only if
R is a domain.

Theorem 4.5. Let R be a prime ring, and let L be a noncentral Lie ideal of R. If
R is not a domain, then R is L-prime if and only if one of the following holds:

(i) L is a proper Lie ideal of R;

(ii) R is exceptional, [L,L] = 0, dime¢ LC = 2 and LC = [a, RC], where a € L
such that a + B is invertible in RC for all B € C.

Proof. Clearly, R is not commutative. By Lemma B9 (ii), [Z([L, L]), R] C L.

“=—": Suppose that R is L-prime. If Z([L, L]) # 0, then L is a proper Lie ideal
of R and (i) holds. Assume next that Z([L, L]) = 0, that is, [L, L] = 0. Since L is
a noncentral Lie ideal of R, it follows from Lemma [£4] that R is exceptional. Also,
R is not a domain and so RC' = My(C). Clearly, LC' is a commutative Lie ideal of
RC.

Since LC' is noncentral, 0 # [LC, RC] C LC and, by Lemma 2] [LC, RC] € C.
Choose a nonzero element a € [LC, RC]\ C. Then 0 # [a, RC] C LC. It is well-
known that Z(R) # 0 and C is the quotient field of Z(R). Hence we may choose
a € L. It follows from Lemma [£3] that dim¢[a, RC] > 1.

Suppose that dimg LC = 3. Then RC = LC + Cz for some z € RC. Thus

[RC,RC) = [LC + Cz, LC + Cz] = [LC,C%] C LC.

In particular, [[RC, RC], [RC, RC]| = 0, a contradiction (see Lemma [3.7). Hence
LC = [a, RC] and dim¢ LC = 2.

Suppose on the contrary that a+ g is not invertible in RC' for some 5 € C. Then
we can choose nonzero b, ¢ € RC' such that b(a+ ) = 0 and (a + 8)c = 0. We may
choose b,c € R. Given z € RC, we have

bla, z]c = bla + B, z]c = bla + )zc — bx(a + B)c = 0.

Hence b[a, RC]c = 0. That is, bLC'c = 0 and so bLc = 0. This is a contradiction as
R is L-prime. So (ii) holds.
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“«<=": Suppose that (i) holds. Then [I, R] C L for some nonzero ideal I of R.
In view of Theorem B8 R is [I, R]-prime and so it is L-prime. We next consider
the case (ii). Let b, ¢ € R be such that bLc = 0. Then bLCc = 0 and so b[a, z]c = 0
for all x € RC. That is,

baxc — brac =0

for all z € RC. Suppose first that ba and b are C-independent. In view of [19]
Theorem 2], ¢ = 0 follows, as desired. Suppose next that ba and b are C-dependent.
That is, there exists 8 € C such that ba = 8b. So b(a—) = 0. Since, by assumption,
a — B is invertible in RC and we get b = 0. Hence R is L-prime. (|

Remark 4.6. The case (ii) of Theorem L5 indeed occurs. Let R := My(F), where
F' is a field of characteristic 2.
(i) Let

r={|§ 2 ]laser -,

1 1
1 1
Since a € L and a? = 0, we get aLa = 0 but a # 0. Thus, R is not L-prime.

(ii) We choose F such that there exists € F satisfyingn ¢ F(*) := {u? | p € F}.
Let

where a := [ ] Then L is a noncentral Lie ideal of R satisfying [L, L] = 0.

r={| g S]laser -
1 1

where a := { n o1 ] Then L is a noncentral Lie ideal of R satisfying [L, L] = 0.
Note that a 4+ 3 is invertible for all 5 € F. Hence R is L-prime.

We follow the notation given in [3]. A subset X of a ring R is said to be invariant
under special automorphisms if (1+¢) X (1+¢)~! C X for all t € R such that t> = 0.
Clearly, if X C R is invariant under special automorphisms, then so is X . Also,
R is X-prime if and only if it is X T-prime.

Theorem 4.7. Let R be a prime ring with a nontrivial idempotent and let X be
a subset of R invariant under special automorphisms. If X ¢ Z(R), then R is
X -prime.

Proof. Without loss of generality we can replace X by X' and assume that X is
an additive subgroup of R. Clearly, R is not commutative.

Case 1: R is non-exceptional. Then, as X ¢ Z(R), we can apply [3, Theorem 1]
to get that X contains a proper Lie ideal L of R. In view of Theorem [H] (i), R is
L-prime and hence is X-prime.

Case 2: R is exceptional. It follows from [3, Lemma 11] that X Z(R) contains
a proper Lie ideal of R. Thus, using Theorem (i) again, we obtain that R is
X Z(R)-prime and hence is X-prime. O

The following are natural examples of X: potent elements, potent elements of a
fixed degree, nilpotent elements, nilpotent elements of a fixed degree (in particular,
elements of square zero), [F(R), R], U(R), E(R) etc. Moreover, if A, B are invariant
under special automorphisms, then so are AB and [A, B].

Let N(R) denote the set of all nilpotent elements of R. We end this section with
the following corollary, which is a consequence of Theorem 7]



THE X-SEMIPRIMENESS OF RINGS 9

Corollary 4.8. Let R be a ring possessing a nontrivial idempotents. The following
are equivalent:

(i) R is a prime ring;

(i1) R is U(R)-prime;

(i1i) R is N(R)-prime.

5. DERIVATIONS

By a derivation of a ring R we mean an additive map d: R — R satisfying

d(wy) = d(z)y + zd(y)

for all z,y € R. A derivation d of R is called inner if there exists b € R such that
d(z) = [b,z] for all z € R. In this case, we denote d = ady. Otherwise, d is called
outer. In this section we characterize the d(R)-semiprimeness of a given prime ring
R. Moreover, we also study the d(L)-semiprimeness of R for L a Lie ideal of R.

Let R be a prime ring with a derivation d. It is known that d can be uniquely
extended to a derivation, denoted by d also, of Q(R) (by applying a standard
argument). We say that d is X-inner if d is inner on Q(R) and d is called X-outer,
otherwise.

We need a preliminary proposition due to Kharchenko (see [10, Lemma 2]).

Proposition 5.1. Let R be a prime ring with a derivation §. Suppose that there
exist finitely many a;, b;, ¢j,d; € Q(R) such that

Z azé(:z:)bl + Z ijEdj =0

j
for all x € R. If § is X-outer, then ), a;xb; =0 =3, cjxd; for allz € R.

Given b € Q(R), let Lg(b) := {z € R | b = 0}, the left annihilator of b in R.
Similarly, we denote by rr(b) the right annihilator of b in R.
We are now ready to prove the first main theorem in this section.

Theorem 5.2. Let R be a noncommutative prime ring with a derivation d. Then
R is d(R)-semiprime iff one of the following conditions holds

(i) d is X-outer;

(i1) d = ad, for some b € Q(R), and for any 8 € C, either £r(b+ ) = 0 or
rr(b+8) = 0.

Proof. “=": Suppose that R is d(R)-semiprimeness. Assume that d is X-inner.
Thus there exists b € Q(R) such that d(xz) = [b,z] for all x € R. We claim that
given any 8 € C, either £g(b+ 3) = 0 or rg(b+ 8) = 0. Otherwise, there exist
B € C and nonzero elements a,c € R such that a(b+ 8) = 0 = (b + B)c. By the
primeness of R, w := cya # 0 for some y € R. Then

wd(z)w = wb + B, zJw = cya(b + B)zw — wz(b+ f)cya =0

for all z € R. That is, wd(R)w = 0 with w # 0. So R is not d(R)-semiprimeness,
a contradiction.

“«<=": (i) Assume that d is X-outer. Let ad(z)a = 0 for all # € R. By Propo-
sition B0l we get aya = 0 for all y € R. The primeness of R implies a = 0. This
proves that R is d(R)-semiprime.

(ii) Let ad(x)a = 0 for all € R. Since d(z) = [b,z] for all z € R, we get

0 = ad(z)a = abra — axba
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for all x € R. In view of [19, Theorem 2|, there exists 8 € C such that ab = —fa,
ie. a € Lr(b+ ). Thus ax(b+ f)a = 0 for all z € R. Hence (b+ S)a = 0, i.e.,
a € rr(b+ B). Since either {r(b+ 3) =0 or rr(b+ B) =0, we get a = 0. Hence R
is d(R)-semiprime. O

As a direct application of the above theorem we get the following

Corollary 5.3. Let R := M, (D), where D is a noncommutative division ring,
m > 1, and let d = ady, where b := Y" | j;e;, where p; € D for all i. Then R is
d(R)-semiprime iff u; ¢ Z(D) for any i.

Let z € M,,,(F), where F' is a field. We denote by det (z) the determinant of .

Corollary 5.4. Let R := M,,(F), where F is a field, m > 1, and let d be a
deriwation of R. Then R is d(R)-semiprime iff either d is outer or d = ady for
some b € R such that det (b+ 8) # 0 for any g € F.

In addition, if F is algebraically closed, then R is d(R)-semiprime iff d is outer.

In Corollary [5.4] let F be the algebraic closure of the field F. It is known that

the matrix b can be upper triangularizable in M, (F'), that is, there exists a unit u
of ML,,, (F) such that ubu~=1 = D i<i<j<n Mij€ij, Where p;; € F. Thus det (b+43) #0
for any 8 € F iff p; € F\ F for all i.

Motivated by the above two results, it is natural to raise the following

Problem 5.5. Let R := M,,(D), where D is a noncommutative division ring,
m > 1. Characterize elements b € R such that b+ 8 € U(R) for any 8 € Z(D).

The problem seems to be related to the triangularizability of the element b. We
next deal with the d(L)-semiprimeness of a prime ring R, where L is a Lie ideal of
R and d is a derivation of R.

Lemma 5.6. Let R be a prime ring with a nonzero ideal I, and a;,b; € Q(R) for
i=1,...,m. Then:
(i) Zﬁl a;xb; =0 for all x € I iff 221 bixa; =0 for all x € I;

(i) >0 azwb; =0 for all w e [I,I] iff i~ biza; € C for all z € R.

Proof. (i) If follows directly from [I8, Corollary 2.2].
(ii) Applying (i) we have

Z a;lx,ylb; =0vVx,yel <& Zaix(ybi) — (a;y)axb; =0V, y €1
i=1 i=1

= (ybi)za; — bjz(a;y) =0 Va,y € I
i=1

& [y, Zbixai} =0Vx,yel
i=1

& Zbixaiecwel

=1

& Zbixai € CVzr € R,

=1
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where the last equivalence holds as R and I satisfy the same GPIs with coefficients
in Q(R) (see [4, Theorem 2]). O

The following is the second main result in this section.

Theorem 5.7. Let R be a non-exceptional prime ring, not a domain, with a non-
central Lie ideal L, and let d be a derivation of R. Then:

(i) If d is X-outer, then R is d(L)-semiprime;

(i) If d is X-inner, then R is d(L)-semiprime iff it is d(R)-semiprime.

Proof. Since R is non-exceptional, either char R # 2 or dim¢c RC > 4. In view of
Lemma 4] we have [L, L] # 0. Thus, by Theorem 3.6l (ii), R is L-semiprime.
(i) Assume that ad(L)a = 0, where a € R. Let x € L and r € R. Then
ad([z,r])a = 0 and so
a([d(x),r] + [z, d(r)])a = 0.
Since d is X-outer, applying Proposition [5.1] we get
a([d(z),r] + [z, 2])a =0
for all z € L and all v,z € R. In particular, a[z,z2]a = 0 for all x € L and z € R.
That is, a[L, R]a = 0.

In particular, a[L, RaR]a = 0. Since a[L, R](aR)a = 0, we get aR[L,aR]a = 0.
By the primeness of R, we have [L,aR]a =0 and so [L,a]Ra = 0. Thus [a, L] = 0.
By the fact that a[L, Rla = 0 and [L, R] C L, we have a?[L, R] = 0. This implies
a? = 0 as L is noncentral.

It follows from a[L,aR]a = 0 and a? = 0 that aLaRa = 0, implying aLa = 0.
Since R is L-semiprime, we get a = 0, as desired.

(ii) Assume that d is X-inner. Clearly, if R is d(L)-semiprime, then it is d(R)-
semiprime. Conversely, assume that R is d(R)-semiprime. Since d is X-inner,
there exists b € Q(R) such that d(z) = [b,z] for all z € R. In view of Lemma [£.4]
[L, L] # 0. Hence, by Lemma[B9 (i), we have 0 # [K, R] C L, where K := Z([L, L]).

Let ad(L)a = 0, where a € R. The aim is to prove a = 0. Then a[b, zJa = 0 and
0

(1) abra = azxba

for all z € [K,K] C L. Since R is non-exceptional, the proof is divided into the
following two cases.
Case 1: dimg C > 4. Applying Lemma [B.6] (ii) to Eq.(), we have

(2) ayab — baya € C

for all y € R.

Suppose first that aypab — bayoa # 0 for some yo € R. Applying [5, Fact 3.1] to
Eq.@), we get Q(R) = RC and dim¢ RC' < co. It follows from [5, Theorem 1.1]
that dimg RC < 4, a contradiction. Thus ayab — baya = 0 for all y € R. In view
of Lemma 5.6 (i), abya — ayba = 0 for all y € R. That is, ad(R)a = 0. Since R is
d(R)-semiprime, we get a = 0, as desired.

Case 2: dimg RC' = 4 and char R # 2. Since R is not a domain, we have
RC = M (C'). Note that KC = RC in this case. Moreover, [KC,KC]+ C = RC
as char R # 2. Clearly, Eq.(I) holds for all x € [KC, KC.

Let y € RC. Then y = 2 4 § for some = € [KC, KC] and § € C. By Eq.(d) we
have

abya = abza 4 abfa = axba + faba = a(x + B)ba = ayba.
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Thus alb,yla = 0 for all y € RC. In particular, ad(R)a = 0. Since R is d(R)-
semiprime, we get a = 0, as desired. O

By Theorems 5.7 and [5.2] we have the following

Corollary 5.8. Let R be a non-exceptional prime ring, not a domain, with a
noncentral Lie ideal L, and let d be a derivation of R. Then R is d(L)-semiprime
if one of the following conditions holds:

(i) d is X-outer;

(i1) There exists b € Q(R) such that d(z) = [b,z] for all x € R. Moreover, given
any B € C, either {r(b+ ) =0 orrr(b+ B) =0.

Example 5.9. Let R := My(F), where F is a field of characteristic 2. We choose
F such that there exists n € F satisfying n ¢ F®) := {u? | u € F}. Let

L={{§ g}m,ﬁem:[a,m,

where a := { 1 1 ] Then L is a noncentral Lie ideal of R satisfying [L, L] = 0.
Since @ € L and a? = 0, we get aLa = 0 but a # 0. Thus, R is not L-prime. Let
d(z) == [b,z] for all z € R, where b := 717 1 . Then d is an inner derivation of R.

Since d(L) C L and R is not L-semiprime, it follows that R is not d(L)-semiprime.
Notice that b+ 3 is a unit of R for all 8 € F. In view of Theorem (i), R is
d(R)-semiprime.

6. SEMIPRIME RINGS I: MAIN RESULTS

Recall that, given a semiprime ring R, we denote by Q(R) the Martindale sym-
metric ring of quotients of R and by C the extended centroid of R. The following
two sections are about proving Theorems [6.1] and [6.4]

Theorem 6.1. Let R be a semiprime ring, and let L be a Lie ideal of R. Suppose
that Lr([L, R]) = 0. Then there exists an idempotent e € C' such that
(i) ex? € C for all x € L, and
(i1) (1 —e)R is (1 — e) L-semiprime.
In addition, if R is 2-torsion free, then e =0 and so R is L-semiprime.
Remark 6.2. In Theorem [61] since ¢r([L,R]) = 0, R is L-semiprime iff it is

[L, R]-semiprime (see Corollary [[-4] below). However, we cannot conclude that R is
[L, R]-semiprime unless R is 2-torsion free (see Remark (1)).

Applying Corollary [7.4] and the 2-torsion free case of Theorem [6.1] we have the
following

Corollary 6.3. Let R be a 2-torsion free semiprime ring, and let L be a Lie ideal
of R. Then R is [L, R]-semiprime iff Lr([L, R]) = 0.

When B is a subset of Id(R) such that B* is a Lie ideal of R, we can get better
conclusions for arbitrary semiprime rings as follows.

Theorem 6.4. Let R be a semiprime ring, and let B be a subset of Id(R) such
that Bt is a Lie ideal of R. Then (r(|B,R]) =0 iff R is [B, R]-semiprime.
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The meaning of the two results above deserves further understanding. Clearly,
given a Lie ideal L of a ring R, the assumption £r(L) = 0 is necessary to ensure
the L-semiprimeness of R but is in general not sufficient. Thus Corollary [6.3] and
Theorem are indeed very special and have good conclusions. It is natural to
raise the following

Problem 6.5. Let R be a semiprime ring with a subset X, and let
XM = {a" |2 e X},

where n is a positive integer.
(i) Characterize Lie ideals L of R such that R is L-semiprime iff {r(L) = 0.
(i1) Find subsets X of R such that R is X -semiprime iff £r(X) = 0.
(iii) Let L be a Lie ideal of R. If R is L-semiprime, is then it L") -semiprime?
(iv) If Lr([E(R), R]) = 0, is then R an [E(R), R]"™ -semiprime ring?
(v) Let R be 2-torsion free and let L be a Lie ideal of R. If Lr(L,R]) = 0, is
then R a [L, R)™ -semiprime ring?

The following is clear.

Lemma 6.6. Let R be a ring with subsets X,Y . Then:
(i) If R is both X -semiprime and Y -semiprime, then R is XY -semiprime;
(i1) If R is X -semiprime, then R is X" -semiprime for any positive integer n.

We give some examples of Problem (ii).

Example 6.7. Let R be a semiprime ring, and let p be a right ideal of R.

(i) The ring R is p™-semiprime iff r(p) = 0, where n is a positive integer.
Indeed, it is clear that R is p-semiprime iff £5(p) = 0. Thus, if £g(p) = 0, then R is
p-semiprime and hence is p"-semiprime (see Lemma [6.0] (ii)). Conversely, assume
that f is p™-semiprime. Then £r(p™) = 0 and so £r(p) = 0 as p™ C p.

(ii) Let X be a subset of R such that, for any = € p, ™(*) € X for some positive
integer n(z) < m, a fixed positive integer. Assume that aXa = 0, where a € R.
Then az™®a = 0 for all € R. In view of |12, Theorem 2], we get apa = 0. Thus
R is X-semiprime iff {r(X) = 0 iff {r(p) = 0.

(iii) Let X be a subset of R such that, for any z € p, z(®) € X for some positive
integer n(z). If R has no nonzero nil one-sided ideals, then R is X-semiprime iff
Cr(p) = 0 (see [12, Theorem 1]).

7. SEMIPRIME RINGS II: PROOFS

We begin with some preliminaries. Given an ideal I of Q(R), it follows from the
semiprimeness of Q(R) that, for a € Q(R), al = 0 iff Ia = 0. Thus {or)(I), the
left annihilator of I in Q(R), is an ideal of Q(R).

By an annihilator ideal of Q(R), we mean an ideal N of Q(R) such that N =
Loer)(I) for some ideal I of Q(R). The following is well-known (see, for instance,
[15, Lemma 2.10]).

Lemma 7.1. Let R be a semiprime ring. Then every annihilator ideal of Q(R) is
of the form eQ(R) for some idempotent e € C.

Let R be a ring with a Lie ideal L. Given « € R, xtLR C ([L,z] + Lz)R C LR.
This proves that LR is an ideal of R. This fact will be used in the proof below.
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Lemma 7.2. Let R be a semiprime ring, and let L be a Lie ideal of R. Then
Lory(L) = Lo(r) (Q(R)LQ(R)) = eQ(R)

for some idempotent e € C.

Proof. Let Q := Q(R). For a,b € Q, it is easy to prove that aRb = 0 iff aQb =0
(it follows from the definition of Q). It suffices to claim that, given a € Q, aL =0
iff aQLQ = 0. The converse implication is trivial. Suppose that aL = 0. Then
aLR = 0. Note that LR is an ideal of the semiprime ring R. We get LRa = 0 and
hence LQa = 0. So QLQa = 0 and the semiprimeness of @) forces aQLQ = 0. It
follows from Lemma [T] that

lo(L) = lo(QLQ) = eQ

for some idempotent e € C. O

Lemma 7.3. Let R be a semiprime ring with a Lie ideal L. The following hold:
(i) If aLa = 0 where a € R, then [a, L] = 0;
(i1) If Lr([L, R]) = 0, then given a € R, a[L, Rla = 0 implies aLa = 0.

Proof. (i) Since aLa = 0, we have a[L, RaR]a = 0. By the fact that a[L, R](aR)a =
0, we get aR[L,aR]a = 0. The semiprimeness of R implies that [L,aR]a = 0. Since
alL, R]a = 0, we have [L,a|Ra = 0. It follows from the semiprimeness of R again
that [a, L] = 0, as desired.

(ii) Assume that ¢g([L, R]) = 0 and a[L, R]a = 0. Since [L, R] is a Lie ideal of
R, it follows from (i) that [a,[L,R]] = 0 and so a?[L, R] = 0. Hence a*> = 0 as
Cr([L, R]) = 0. Now, it follows from a[L,aR]a = 0 that aLaRa = 0 and so, by the
semiprimeness of R, aLa = 0, as desired. O

As an immediate consequence of Lemma [7.3 (ii), we have the following

Corollary 7.4. Let R be a ring with a Lie ideal L satisfying {r([L, R]) = 0. Then
R is L-semiprime iff it is [L, R]-semiprime.

Clearly, if R is a prime ring and a[b, R] = 0, where a,b € R, then either a = 0 or
b € Z(R). The following is a consequence of Corollary [[l

Corollary 7.5. Let R be a prime ring with a noncentral Lie ideal L. Then R is
L-semiprime iff it is [L, R]-semiprime.

The next aim is to study semiprime rings R with a Lie ideal L satisfying
Cr([L, R]) = 0. We need a technical lemma.

Lemma 7.6. Let R be a semiprime ring with a Lie ideal L, and n a positive integer.
Assume that ™ € Z(R) for all x € L. Then Z([L,L]) C Z(R). In addition, if R is
2-torsion free, then L C Z(R).

Proof. In view of Lemma[34] we have Z([L, L]) C L+ L2 C L. Thus [z", R] = 0 for
all z € Z([L, L]). In view of [13] Lemma 2], we have [z, R] = 0 for all x € Z([L, L]).
That is, Z([L, L]) C Z(R). In particular, [L, L] C Z(R).

In addition, assume that R is 2-torsion free. Let P be a prime ideal of R such
that char R/P # 2. Working in R := R/P, we get [L,L] C Z(R) and so L C Z(R)
(see [2| Lemma 6]). That is, [L, R] C P. Since R is 2-torsion free, the intersection
of prime ideals P of R with char R/P # 2 is zero, it follows that [L, R] = 0 and so
L C Z(R), as desired. O
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Let R be a semiprime ring, and let L be a Lie ideal of R. We denote {r(L) :=
{a € R | aL = 0}, the left annihilator of L in R. In view of Lemma [T.2]
(r(L) = RN lqr)(L),

implying that g (L) is an ideal of R.

Proof of Theorem
Let Q := Q(R). In view of Lemma [[.2] there exists an idempotent e € C' such

that
to( " Rle%, RIR) = Q.
zel

Clearly, ez® € C for all # € L. This proves (i). We next prove (ii), i.c., (1 — ¢)R is
(1 — e)L-semiprime.

Since ¢r([L, R]) = 0, it is clear that
3) la-er([(1 —€)L, (1 —€e)R]) = 0.
Let b(1 — e)Lb = 0, where b = (1 — e)a € (1 — e)R for some a € R. The aim is
to prove b = 0. By b € (1 —e)R, we get a(l —e)La = 0. Note that (1 —e)L
is a Lie ideal of the semiprime ring (1 — e)R. In view of Lemma [I3 (i), we get
[a,(1 —e)L] = 0. In particular, [a,[(1—€)L,R]] =0

Also, 0 = a(1 — e)La = a*(1 — e)L, implying

(1—e)a®[(1—e)L,(1—e)R] =0.

It follows from Eq.(@) that (1 — e)a® = 0, that is, b* = 0. By Lemma B3 (i), we
have [L, R] = [L, R] and so la,[(1—e) )L ,R]] =0, implying

(4) [(1 - e)L7 [b7 (1 - e)RH =0.
Let P be a prime ideal of (1 —e)R and let (1 —e)R := (1 —e)R/P. By Eq.(),

we have

[(1—e)L+P/P,[b,(1—e)R]] =0.
If b ¢ Z((1—e)R), it follows from Lemma FEI] that > C Z(R) for all z €
(1 —e)L. Otherwise, b € Z(R) and so b =0 as b = 0. In either case, we have
bz, (1 —e)R] C P

for all z € (1 —e)L. Since P is arbitrary, the semiprimeness of (1 — )R forces
b[z2, R] = 0 for all z € L. Hence

b>  R[z* RIR =

mEZ

Thus b € ZQ(Z = R[z?, R]R) = e(). Since b = (1 — e)a, we get b = 0, as desired.

xeL

Finally, assume that R is 2-torsion free. Since (i) holds, we have ex? € C for
all z € L. Note that eL is a Lie ideal of the 2-torsion free semiprime ring eR. It
follows from Lemma [([6] that eL C C. This implies that e[L, R] = 0 and so e = 0
as {r([L, R]) = 0. Thus R is L-semiprime. O

The following extends Theorem to the general case without the assumption
Cr([L, R]) = 0.
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Theorem 7.7. Let R be a semiprime ring, and let L be a Lie ideal of R. Then
there exist orthogonal idempotents e1,eq,e3 € C with e; + ez + e3 = 1 such that
(Z) 61L - C,
(ii) eax® € C for all z € L, and
(i11) esR is e L-semiprime.
In addition, if R is 2-torsion free, then (e; +e2)L C C.

Proof. Let Q := Q(R). In view of Lemma [[.2] there exists an idempotent e; € C
such that
KQ([LvR]) =elQ.

Clearly, we have e; L C C. This proves (i). Let f := 1—e;. Then f@Q is the Martin-
dale symmetric ring of quotients of fR (see [1]). It is clear that £;q([fL, fR]) = 0.

In view of Theorem [6.1] there exists an idempotent ez € fC such that esx? € C
for all x € L. This proves (ii). Moreover, esR is e3 L-semiprime, where ez := f — es
and hence (iii) is proved.

Finally, assume that R is 2-torsion free. By Theorem [6.1] eaL C C' and hence
(e1 +e3)L C C, as desired. O

In a prime ring R, a Lie ideal L of R is noncentral iff £r([L, R]) = 0. Thus we
have the following (see also Theorem (i)).

Corollary 7.8. Let R be a prime ring of characteristic # 2, and let L be a non-
central Lie ideal of R. Then R is L-semiprime.

Remark 7.9. There exists a prime ring R of characteristic 2 and a Lie ideal L of
R such that ¢r([L, R]) = 0 but R is not L-semiprime (see Remark 6.2 (i)).

Proof of Theorem

“=": Clearly, [B, R] = [B", R]. Let a[B", Rla = 0, where a € R. The aim is
to prove a = 0.

Let e € Band z € R. Then ex(l—e) = [e,ex(1—e)] € [B, R] and so aex(l—e)a =
0. Hence aeR(1 — e)a = 0 and the semiprimeness of R implies (1 — e)ae = 0.

Similarly, we have ea(l —e) = 0 and so [e,a] = 0. That is, [a, B] = 0 and so
[a, BY] = 0. Since BT is a Lie ideal of R, we get [a,[BT, R]] =0 and hence
[B*, [a, R]] = 0.

Let e € B, and let P be a prime ideal of R. Then [€, [a@, R]] =0, where R := R/P.

If e = e ¢ Z(R), by Lemma [l we get @ € Z(R) and so [a, R] C P. Oth-
erwise, we have € € Z(R). That is, [e, R] C P. In either case, we conclude that
[a, R][B, R] C P. Since P is an arbitrary prime ideal of R, the semiprimeness of R
implies [a, R][B, R| = 0. Since ¢r([B, R]) = 0, we get [a, R] = 0 and so a € Z(R).

By the fact that a[B, R]a = 0, we get a?[B,R] = 0 and so a®> = 0. Since the
center of a semiprime ring is reduced, we have a = 0, as desired.

“<=”: Suppose not. Then (g([B, R]) # 0. Choose a nonzero a € ¢r([B, R]).
Then a[B, R]a = 0, a contradiction. O

The following extends Theorem to the general case without the assumption
(r([B, R]) = 0.

Theorem 7.10. Let R be a semiprime ring, and let B be a subset of Id(R) such
that BT is a Lie ideal of R. Then there exists an idempotent e € C such that
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(i) eBT C C, and
(i) (1 —e)R is (1 — e)[B, R]-semiprime.

Proof. Let Q := Q(R). It follows from Lemma [[.2] that

q([B, R)) = (o(Q[BT, RIQ) = eQ

for some e = e? € C. Then [eB*, R] = 0, implying eB™ C C and this proves (i).
Note that (1 —€)B C Id((1 —e)R) and (1 —e)B™ is a Lie ideal of the semiprime
ring (1 —e)R. Let a € (1 — e)R be such that a[(1 — e)B*,(1 —e)R] = 0. Then
a|[B*,R] =0 and so a € eQ. Hence a = 0 follows. In view of Theorem[6.4] (1 —e)R
is (1 — e)[B, R]-semiprime and this proves (ii). O

The following complements Proposition (see Problem B3).

Theorem 7.11. Let R be a semiprime ring. Then Lr([E(R),R]) = 0 iff R is
[E(R), R]-semiprime.

Corollary 7.12. If R is a semiprime ring such that [E(R), R] contains a unit of
R, then R is [E(R), R]-semiprime.

8. REGULAR RINGS

When dealing with idempotent semiprime rings, it is natural to consider rings
having many idempotents. Since regular rings also have many idempotents, a com-
parison is in order. Note that regular rings are unit-semiprime (see [6]).

Theorem 8.1. Let R be a semiprime ring. Suppose that, given any prime ideal
P of R, either R/P is a domain or there exists an idempotent e € R such that
€ ¢ Z(R), where R := R/P. Then R is idempotent semiprime.

Proof. We let E := E(R). Let aEa = 0,where a € R. The aim is to prove a = 0.

Let P be a prime ideal of R. We have aEa@ = 0 in R := R/P. We divide the
argument into two cases.

Case 1: R is a domain. Then aEa =0 and so a € P.

Case 2: There exists an idempotent e € R such that € ¢ Z(R). Then aEa =0
in R. Note that E is also a Lie ideal of the prime ring R. By Lemma we have

[E,R =[E,R =[F,E) = [E,E.

Thus [E, E] # 0 since € ¢ Z(R). By Theorem 3. (ii), the prime ring R is E-prime.
Thus @ =0 in R and so a € P.

In either case, we have a € P. Since P is arbitrary, we get a = 0. Thus R is
idempotent semiprime. ([

Theorem 8.2. Every regular ring is idempotent semiprime.

Proof. Let R be a regular ring and let P be a prime ideal of R. Let R := R/P.
Suppose that € € Z(R) for any idempotent e € R.

Let a € R. Since R is regular, aba = a for some b € R and so ab is an idempotent
of R. Hence ab € Z(R) and so ba’> = @. Therefore R is a reduced ring. By the
primeness of R, R is a domain.

The above shows that every regular ring satisfies the assumptions of Theorem

Bl Thus Theorem R.]implies that R is idempotent semiprime. O
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Example 8.3. (i) There exists a regular ring R which is E(R)-semiprime but is
not [E(R), R]-semiprime. For instance, let R := Ry @ Ry, where Ry = M,,(A) with
A a regular ring, n > 1, and Rs is a division ring. Clearly, R is a regular ring.
Then

(r([E(R), R]) = LR, ([E(R1), R1]) ® {r,([E(R2), R2]) = 0® R2 # 0.

In view of Theorem [ TT], R is not [E(R), R]-semiprime. However, by Theorem [R.2]
R is E(R)-semiprime.

(ii) In the ring R given in (i), it is easy to check that, given any prime ideal
P of R, either R/P is a domain or there exists an idempotent e € R such that
€ ¢ Z(R), where R := R/P. Thus, in Theorem Bl we cannot conclude that R is
[E(R), R]-semiprime.

9. SUBDIRECT PRODUCTS

We always assume that, given any ring R, there exists a subset X (R) associated
with R. For instance, let X (R) be E(R), U(R), [E(R), R], [R, R] etc. The following
is clear.

Theorem 9.1. Given rings Rg, B € J, anindex set, if X([[5¢; Rp) =[5, X (Rp).
then [1gc; Ra is X([1gc, Rp)-semiprime iff Rg is X (Rg)-semiprime for all 18 €
J.

An idempotent semiprime ring R just means that it is /d(R)-semiprime. The
following is a direct consequence of of Theorem by applying the property

Id(HB Rg) = H,@ Id(Rﬁ) for rings Rﬁ.

Proposition 9.2. A direct product of rings is idempotent semiprime iff each com-
ponent is idempotent semiprime.

Theorem 9.3. Let R be a semiprime ring. Suppose that, given any prime ideal P
of R, there exists an idempotent e € R such that € ¢ Z(R), where R := R/P. Then
the following hold:

(i) R is [E(R), R]-semiprime;

(ii) R is [E(R), R]-prime for any prime ideal P of R, where R := R/P;

(1ii) R is a subdirect product of prime rings Rg, f € I, an index set, such that
each Rg is [E(Rg), Rg]-prime.

Proof. (i) Let E := E(R). By Theorem [/ TT] it suffices to show that £g([F, R]) = 0.
Suppose not, that is, {g([E, R]) # 0. There exists a nonzero a € R such that
a[E,R] = 0. In particular, a[E,R?] = 0 and so aR[E,R] = 0. Since R is a
semiprime ring, a ¢ P for some prime ideal P of R. Then aR[F, R] C P, implying
[E,R] C P. Hence € € Z(R) for any idempotent ¢ € R, where R := R/P, a
contradiction.

(ii) In view of Theorem [T11] it suffices to show that ¢5([E(R), R]) = 0. Suppose

that a[E(R), R] = 0, where @ € R. Since E(R) C E(R), we get a[E(R),R] =0

and so aR[E(R),R] = 0. Since, by assumption, [E(R),R] # 0, it follows from
the primeness of R that @ = 0, as desired. Thus R is [E(R), R]-semiprime. The
primeness of R implies that R is [E(R), R]-prime.

(iii) Since every semiprime ring is a subdirect product of prime rings, (iii) follows
directly from (ii). O
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Notice that Theorem B.I5lis also an immediate consequence of Theorem B3] (i).

Theorem 9.4. Let R be a semiprime ring. Suppose that E(R) = E(R) for any
prime homomorphic image R of R. If R is a subdirect product of [E(Rg), Ra|-prime
rings Rg, B € I, an index set, then R itself is [E(R), R]-semiprime.

Proof. Write Rg = R/Pg, where Pg is a prime ideal of R, for each § € I. By
Theorem [.TT] it suffices to prove that £g([E(R), R]) = 0. Otherwise, a[E(R), R] =
0 for some nonzero a € R. Since (5., Pg = 0, there exists 3 € I such that @ # 0
in RB = R/Pﬂ.

By assumption, we have E(Rg) = E(R). So @[E(Rs),Rs] = 0 and hence
(r;([E(Rg), Rg]) # 0. Theorem [Z.T1] implies that Rg is not [E(Rg), Rg]-prime,
a contradiction. 0

Motivated by Theorem [@04] it is natural to ask the following

Problem 9.5. Characterize semiprime rings R satisfying the property that E(R) =
E(R) for any prime homomorphic image R of R.

Recall that if A is an additive subgroup of a ring R, we say that idempotents
can be lifted modulo A if, given 2 € R with 2 — 2% € A, there exists e = 2 € R
such that e — z € A.

A ring R is called suitable (or exchange [20]) if, given any x € R, there exists
e = ¢e* € R with e — x € R(x — 2?). Nicholson proved that a ring is suitable iff
idempotents can be lifted modulo every left ideal (see [20, Corollary 1.3]). Hence
we have

Proposition 9.6. Let R be a suitable ring. Then E(R) = E(R) for any prime
homomorphic image R of R.

The class of suitable rings is large: every homomorphic image of a suitable ring,
semiregular rings, clean rings and many others (see [20]).

Theorem 9.7. Let R be a semiprime suitable ring. Assume that R/P contains a
nontrivial idempotent for any prime ideal P of R. Then R is [E(R), R]-semiprime.

Proof. Since R is a semiprime ring, R is a subdirect product of prime rings Rg,
B € I, an index set. By the fact that R is suitable, it follows from Proposition [9.6]
that [E(R), R]+Ps/Ps = [E(Rg), Rg| for any 8 € I. In view of TheoremB.I3| every
Rg is [E(Rg), Rg]-prime. Hence, by Theorem [0.4] R is [E(R), R]-semiprime. O

REFERENCES

(1] K. I. Beidar, W. S. Martindale III, A. V. Mikhalev, “Rings with generalized identities”,
Monographs and Textbooks in Pure and Applied Mathematics, 196. Marcel Dekker, Inc.,
New York, 1996.

[2] J. Bergen, I. N. Herstein, J. W. Kerr, Lie ideals and derivations of prime rings, J. Algebra
71 (1) (1981), 259-267.

[3] C.-L. Chuang, On invariant additive subgroups, Israel J. Math. 57 (1987), 116-128.

[4] C.-L. Chuang, GPIs having coefficients in Utumi quotient rings, Proc. Amer. Math. Soc. 103
(3) (1988), 723-728.

[5] C.-L. Chuang and T.-K. Lee, Lengths of central linear generalized polynomials, Linear Alge-
bra Appl. 435 (2011), 3206-3211.

[6] G. Calugdreanu, A new class of semiprime rings, Houston J. of Math. 44 (1) (2018), 21-30.

(7] P. Cohn, Prime rings with invoution whose symmetric zero-divisors are nilpotent, Proc. Amer.
Math. Soc. 40 (1) (1973), 91-92.



20 GRIGORE CALUGAREANU, TSIU-KWEN LEE, JERZY MATCZUK

[8] I. N. Herstein, “Topics in ring theory”. University of Chicago Press, Chicago, Ill.-London,
1969, xi+132 pp.
[9] I. N. Herstein, A note on derivations II, Canad. Math. Bull. 22 (4) (1979), 509-511.

[10] V. K. Kharchenko, Differential identities of prime rings, Algebra i Logika 17 (2) (1978),
220-238. (English translation: Algebra and Logic, 17 (2) (1978), 154-168.)

[11] C. Lanski, S. Montgomery, Lie structure of prime rings of characteristic 2, Pacific J. Math.
42 (1972), 117-136.

[12] T.-K. Lee, A note on rings without nonzero nil one-sided ideals, Chinese J. Math. 23 (1995),
383-385.

[13] T.-K. Lee, Power reduction property for generalized identities of one-sided ideals, Algebra
Collog. 3 (1996), 19-24.

[14] T.-K. Lee, Bi-additive maps of &-Lie product type vanishing on zero products of xy and yx,
Comm. Algebra 45 (8) (2017), 3449-3467.

[15] T.-K. Lee, Anti-automorphisms satisfying an Engel condition, Comm. Algebra 45 (9) (2017),
4030-4036.

[16] T.-K. Lee, On higher commutators of rings, J. Algebra Appl. 21 (6) (2022), Paper No.
2250118, 6 pp.

[17] T.-K. Lee, Additive subgroups generated by noncommutative polynomials, Monatshefte fiir
Mathematik 199 (2022), 149-165.

[18] T.-K. Lee and T.-L. Wong, Linear generalized polynomials with finiteness conditions, Comm.
algebra 32(12) (2004), 4535-2542.

[19] W. S. Martindale, Prime rings satisfying a generalized polynomial identity, J. Algebra 12
(1969), 576-584.

[20] W. K. Nicholson, Lifting idempotents and exchange rings, Trans. Amer. Math. Soc. 229
(1977), 269-278.

[21] A. Smoktunowicz, A simple nil ring exists, Comm. Algebra 30 (1) (2002), 27-59.

DEPARTMENT OF MATHEMATICS, BABES-BOLYAI UNIVERSITY, CLUJ-NAPOCA, 400084, ROMANIA
Email address: calu@math.ubbcluj.ro

DEPARTMENT OF MATHEMATICS, NATIONAL TAITWAN UNIVERSITY, TAIPEI 106, TATWAN
Email address: tklee@math.ntu.edu.tw

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WARSAW, BANACHA 2, 02-097 WARSAW, POLAND
Email address: jmatczuk@mimuw.edu.pl



	1. Introduction
	2. Idempotent semiprime
	3. Lie ideals
	4. Prime rings
	5. Derivations
	6. Semiprime rings I: main results
	7. Semiprime rings II: proofs
	8. Regular rings
	9. Subdirect products
	References

