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Rickart matrices over commutative rings

GRIGORE CALUGAREANU AND TSIU-KWEN LEE

ABSTRACT. An element of a unital ring is termed right Rickart if its right annihilator is a principal right ideal
generated by an idempotent. This paper investigates the properties of right Rickart elements in general rings,
with particular emphasis on their behavior in matrix rings over various classes of commutative rings where
idempotents are diagonalizable.

1. INTRODUCTION

The rings we consider are supposed to be associative with identity.

Let R be a ring, and let a, e be elements of R. The right annihilator of a, denoted
r(a) = {x € R : ax = 0}, is defined as the set of elements of R that are annijhilated by «
on the right. This set forms a right ideal in R. Similarly, eR denotes the right (principal)
ideal in R generated by e.

The concept of Rickart rings originates from Rickart’s work on C*-algebras, elaborated
in the seminal paper [7]. In 1960, it was Maeda [5] who defined a ring as right (or left)
Rickart if the right (or left) annihilator of any element is generated by an idempotent. In
this note, we provide an elementwise formulation of this concept.

Definition 1.1. Let a be an element of a ring R, and let e be an idempotent in R. The pair
(a, e) is called a right Rickart pair in R if r(a) = eR. The element q is called right Rickart
if there exists an idempotent e such that (a, e) is a right Rickart pair. If the idempotent e is
unique, a is said to be uniquely right Rickart.

The corresponding concepts for left Rickart pairs and left Rickart elements are defined
analogously.

For convenience, this note primarily focuses on right Rickart pairs and elements, omit-
ting the term “right” for brevity.

Elements for which r(a) = 0 or 7(a) = R (associated with trivial idempotents) are
termed trivially Rickart. In a unital ring, these elements include the left non zero-divisors
(in particular, the units) and 0. Thus, every element of any domain are both right and left
Rickart. Furthermore, a connected ring (i.e., one with only trivial idempotents) is right
Rickart if and only if it is a domain.

For a € R, therightideal aRR is a direct summand if and only if a is (von Neumann) reg-
ular. Consequently, regular elements - including idempotents and unit-regular elements -
are both right and left Rickart.

The primary goal of this note is to characterize the Rickart matrices in M,,(R), the ring
of n x n matrices over some commutative rings R, for any positive integer n.

In Section 2, we explore general properties of Rickart elements in arbitrary rings. Sec-
tions 3 focuses on characterizing Rickart matrices up to similarity over various classes of
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rings. The characterization of Rickart matrices relies heavily on the description of idempo-
tent matrices, making the diagonalization of idempotent matrices particularly significant.

Recall that, following Steger [9], a ring R is called an ID ring if every idempotent ma-
trix over R is similar to a diagonal one. Examples of ID rings include division rings,
local rings, projective-free rings, principal ideal domains, elementary divisor rings, unit-
regular rings, and serial rings.

Steger’s results were later generalized by Song and Guo [8], who proved (see Theorem
2) that equivalent idempotents are conjugate.

We denote by E;;, the n x n matrix with all entries zero except for the (4, j)-entry, which
is 1, and by U(R), the set of all units of a ring R.

2. RICKART ELEMENTS

First, note that in order to check that (a,e) is a Rickart pair, one has to check both
inclusions, that is

R1 r(a) C eR, or equivalently, if ab = 0 for some b € R then there is ¢ € R such that
b =ec, and

R2 eR C r(a), or equivalently, aeb = 0 for every b € R. Moreover, since the ring is
unital, equivalently, ae = 0, or equivalently, e € r(a).

Proposition 2.1. An element a is regular iff there is an x € R such that (a,1 — ax) is a Rickart
pait.

Proof. Suppose a is regular in R and a = axa for some . We take e = 1 — za, the comple-
mentary idempotent to za. Then, a(1 — za) = (a — aza) = 0, shows that (1 — za)R C r(a)
(R2) and y = (1 — za)y if ay = 0, shows the opposite inclusion (R1). Conversely, r(a) =
(1 — za)R implies a(1 — za) = 0 and so a = aza is regular. O

In particular, idempotents and unit-reqular elements are right (and left) Rickart.
It is easy to adapt some well-known proofs (see [4], 7.48) given for rings, to elements.

Proposition 2.2. An element a € R is right Rickart iff aR is projective (as a right R-module).

Proof. Consider the exact sequence 0 — r(a) — R Iy aR - 0, where f(z) = ax for any
x € R. Since a is right Rickart, r(a) = eR for some idempotent e € R, so the above
sequence splits. This implies that aR is projective. Conversely, if aR is projective, the
sequence splits, so 7(a) = eR for some idempotent e € R. O

A simple characterization of the right Rickart elements in Abelian rings was proved by
Endo (see [4], Ex. 7.20).

Proposition 2.3. If R is Abelian, aR is projective iff a = be with e = e* and r(b) = 0.

In particular, in Abelian rings, nonzero nilpotents are not Rickart.
However, as matrix rings are not Abelian, we cannot use this simple form (a product
of an idempotent and a left non-zero-divisor) when describing Rickart matrices.

We proceed with two examples of nonzero nilpotents which are right (or left) Rickart
in some not Abelian rings.

Example 2.1. Any nonzero nilpotent in any matrix ring over any right semihereditary
ring. Indeed, recall that a ring R is right semihereditary iff, for every n > 1, M, (R) is
right Rickart (see [4], 7.63). In particular, any nilpotent matrix of M, (Z) is right (and left)
Rickart.
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Example 2.2. Take R = [ %2 0 }, aring which has 5 idempotents 02, E11, a2, [ 1o } ,
2

Zy 10

1
Rickart.

Indeed, both 7(T") = {02, a2, [ 00 } ,T} = [ 00 ]R,Z(T) = R[ 1 8 } are prin-

[ 0 (1) }, two units I, [ 1 ? } and a nilpotent T' = Ejy;. The nilpotent T is right and left

11 11
cipal ideals generated by idempotents.

This is superseded by a result mentioned in Section 3 (see Proposition 3.8): as Z is a
field, T2 (Z) is Rickart, so all its elements are Rickart (incl. 7).

A useful result for the study of Rickart matrices follows.

Proposition 2.4. (i) If (a,e) is a Rickart pair and v € U(R) then (u™'au,u~'eu) is also a

Rickart pair.
(ii) Rickart elements are invariant to conjugations.
(iii) Rickart elements are invariant to equivalences.

Proof. (i) (R1) Assume u~'aub = 0. Then aub = 0 and so there exists ¢ € R such that
ub = ec. Hence b = (uteu)(u='c).

(R2) Indeed, (u~tau)(u~teu) = u=(aeu) = 0.

(ii) Follows from (i).

(iii) Suppose (a, ) is a Rickart pair and u € U(R). First, as r(ua) = r(a) it follows that
(ua, e) is also Rickart. Secondly, as r(au) = r(u~'au), using (i), (au,u™'eu) is a Rickart
pair. O

Denote Ric(R) the set of all the Rickart elements of R. As one might expect, owing to
the behavior of r(a) and eR, examples show that Ric(R) is not closed under addition, nor
under multiplication.

As for addition, in section 3, it is proved that 21, = Iy + I is not Rickart in My (Zy).
However, I, is (trivially) Rickart, being a unit.

As for multiplication, recall that idempotents (and more general (unit-)regular elements)
are Rickart. Below we provide a product of two idempotents which is not Rickart. Since
(see [4], Ex. 7.10) a commutative semihereditary ring must be reduced, Z, is not semi-
hereditary and it makes sense to search for examples in M3(Z4), which, as already men-
tioned, is not (right) Rickart.

2 2

Consider the idempotents F;; and E = [ 3 3

] in My(Z4). The product £ E =

[ (2) g } is nilpotent (as 2% = 0) in Z4.

Proposition 2.5. Let R := M(Zy). Then A := { g (2) ] is not Rickart.

Proof. Otherwise, rr(A) = FR for some idempotent matrix F' € R. Since we have
2E11, 2E22 S TR(A) = FR, this 1mp11es (IQ — F)2E11 =0= (IQ — F)2E22 Write

a b
woreftb]

OZ(IQ—F)2E11:|:3Z 8}and0:(Ig—F)2E22:[

Then
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Hence ) )
2a’  2b
12_F:|:261 2d/:|a
where o', V', ¢/, d’ € Zy. Then A(I; — F) = 0 and AF = 0, implying A = 0, a contradiction.

O
Remark. While U(R)e C Ric(R), as these are unit-regular elements, Re is generally

not included in Ric(R): an example is (212)(E11 + E12) = [ (2) 3 } over Z,, as witnessed
by the previous proposition.
Similarly, for n x n matrices, taking A = E11 E, with E := Z?Zl (2E1j + 3Es;), we have

the following.
Proposition 2.6. Let R := M,,(Z4), n > 1. Then A := Z?Zl 2F) is not Rickart.

In what follows, we characterize the uniquely Rickart elements. Here, for some subset
X of R, £r(X) denotes the left annihilator of X in R.

Theorem 2.1. An element a € R is uniquely Rickart iff rr(a)lr(rr(a)) = 0.

Proof. To show the condition is necessary, write rgz(a) = eR, where e = €?> € R. Then
eR = (e+ex(l —e))Rforany z € R and so ex(l —¢) = 0. Thatis, eR(1 — e) = 0 and so
rr(a)lr(rr(a)) = 0as R(1 — e) = lr(rr(a)).

The condition is also sufficient. Let rg(a) = eR = fR, where e, f are idempotents of
R. Thenef = fand fe = eand so (1 — f)eR = 0. Hence 1 — f € ¢r(rr(a)) and since
rr(a)lr(rr(a)) = 0, we geteR(1 — f) = 0andsoe(l — f) = 0. Thuse = ef = f, as
desired. O

Corollary 2.1. An element a € R is uniquely Rickart iff there exists an idempotent e € R such
that rr(a) = eRand eR(1 —e) = 0.

As it is known, an idempotent is called right semicentral if eR(1 — e) = 0. Hence a
Rickart pair (a, e) is uniquely Rickart iff e is right semicentral.
Corollary 2.2. A nonzero element a in a prime ring R is uniquely Rickart iff rr(a) = 0.

As already done above with uniquely Rickart elements, following the pattern of clean
or nil-clean or fine elements, we can consider the following subclass of Rickart elements.

Definition 2.2. An element a in a ring R is called strongly Rickart if there exists an idem-
potent e € R such that (a, e) is a Rickart pair and ae = ea. This means that not only ae = 0
(by (R2)) but also ea = 0.

Strongly Rickart elements can be also characterized by an apparently weaker condition.

Proposition 2.7. In a ring R, an element a € R is strongly Rickart iff there exists an idempotent
e € R such that (a,e) is a Rickart pair and ea € Ra®.

Proof. Since the “only if” part is trivial as ae = ea = 0, assume that there exists an idem-
potent e € R such that (a, €) is a Rickart pair and ea € Ra?. Then ea = ra? for some r € R.
In particular, ea = era?. Therefore,

(e —era(l —e))a =0.

Let f := e — era(l — e). Then f is an idempotent of R such that rg(a) = eR = fR and
fa =0. From ae = 0 we also get af = 0, as desired. g

Corollary 2.3. Inaring R, if a is Rickart and a € Ra?, then a is strongly Rickart.
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The pair (a, e) for an idempotent e is a left Rickart in R if {r(a) = Re.
The strongly Rickart elements may not be left Rickart elements. Indeed, take @ a left non-
zero-divisor which is a right zero-divisor. Then r(a) =0,a-0 =0-a = 0 but {g(a) # 0.

Note that a notion of strongly Rickart ring also appears in the literature - namely, a ring
in which the right annihilator of each single element of R is generated by a left semicen-
tral idempotent (see [1]). This differs from our elementwise formulation above. In the
terminology we use here, [1] calls a ring strongly Rickart if every element a € R occurs
in a Rickart pair (a, e) where the idempotent e is left semicentral; that is, ere = er for all
r € R. In our work we do not consider strongly Rickart rings in this global sense—our
study is strictly elementwise.

In order to simplify the wording and the notations, in closing this section, we introduce
here two subsets related to Rickart pairs: for a Rickart element a, £(a) := {e € R : e =
e?,r(a) = eR}, and, for an idempotent e € R, Ric(e) := {a € R: r(a) = eR}.

Clearly, for any Rickart element a, £(a) is not empty and a was termed uniquely Rickart
if £(a) consists of a single element. As already proved in Corollary 2.1, this holds iff the
idempotent is right semicentral. As it contains at least 1 — ¢, Ric(e) is also not empty.

Next, we give an example of Rickart element a such that £(a) consists of 4 idempotents.

Example 2.3. The nilpotent F11(E12 + E21) = Ei2, as an idempotent by unit product,
is unit-regular, so Rickart. We consider this product over Z, and we show that £(E12)
consists of 4 idempotents.

First note that r(F12) = {aF91 + bEss : a,b € Zs}. Such a linear combination is an
idempotent iff a = ab and b = b?. As Z, has only trivial idempotents, if b = 0 then a = 0
and clearly 0, does not generate r(E12). If b = 1, we have four idempotents Es; + aE9; =

0 0 : 0 0 0 0
[ 0 1 },for each a € Z4. Each of these generates r(E12): indeed, [ a 1 ] [ 5w } =

z
not right semicentral.

[ 0 1(1)) ] covers all 7(E12). It is easy to check that the idempotent matrices 2 (1) ] are

As already mentioned, elements such that r(a) = 0 or r(a) = R are called trivially
(right) Rickart. These are the left non-zero-divisors and 0, respectively.

Rephrasing, for any left non-zero-divisor z € R, £(z) = 0 and Ric(1) = 0. Hence, all
left non-zero-divisors (in particular, the units) are uniquely Rickart.

As already mentioned, these may not be left Rickart.

The nontrivial idempotents are Rickart but (in general) not uniquely Rickart. Actually,
for any nontrivial idempotent e, E(e) consists (at least) of the complementary idempotent
1 —e(asr(e) = (1 — e)R for any idempotent). However, if e and f are idempotents and
f € &(e), it does not follow f =1 —e.

Since 1 — e is right semicentral iff e is left semicentral, according to Corollary 2.1, for an
example it suffices to start with an idempotent which is not left semicentral.

Example 2.4. Fore = Ey1, f = Eo1 + Ess wehaveef = 0. If eB = Eyy (cl Z = 0, then
00 00 0 0 . .
B[c d}'ASBfC[l 1}[ }[w—i—z y+t],1tsuff1cestochoose

O QAU
| IS

x

z
r+z=c,y+1t=d. Forexample, C = 8
choices. Clearly, f # 1 — e = Es,.

suits well, but there are also many other
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Actually, it is readily checked that the idempotent E1; is not left semicentral.

3. RICKART MATRICES OVER SOME COMMUTATIVE DOMAINS

We first recall some known results on matrix rings over semi-hereditary rings.

A ring R is right (semi-)hereditary if all (finitely generated) right ideals of R are projec-
tive modules. Semisimple rings are left and right hereditary, von Neumann regular rings
are left and right semihereditary. The right Bézout domains are right semihereditary, PIDs
are right and left hereditary.

Of utmost importance (see [4], 7.63) for our paper is the following result.

Theorem 3.2. A ring R is right semihereditary iff, for every integer n > 1, the matrix ring
S = M,,(R) is right Rickart.

Consequently, matrix rings over Bézout domains are right Rickart.
As for the upper triangular n x n matrices, we recall (see [4], Ex. 7.25)

Proposition 3.8. For a domain D and a fixed integer n > 1, Ty, (D) is a right Rickart ring iff D
is a division ring.

As a nonexample of the above proposition, we mention 2I> € Ty(Z4). It is readily
checked that 7(2[2) = 2M3(Z4) contains (only zero-square matrices and so) no nonzero

idempotent. Therefore 21, is not (right) Rickart.
We also recall two results from [2] (see 4.11 and 5.3).

Theorem 3.3. (i) Let A € M,,(R), for a commutative ring R. Then rank(A) < n iff det(A) isa
zero divisor.

(i) (N. McCoy) Let A € M, xn(R), for a commutative ring R. The homogeneous system of
equations AX = 0 has a nontrivial solution iff rank(A) < n (the number of unknowns),

3.1. Rickart matrices paired with some block diagonal idempotents. The goal of this
subsection is to describe the Rickart pairs in £(diag(ly, E)) for some (n — k) x (n — k)
idempotent submatrix Fand 1 <k <n — 1.

We first deal with the 2 x 2 case.

Theorem 3.4. Over any domain R, the nontrivial Rickart 2 x 2 matrices which are paired with
diag(1,e), for some idempotent e € R, are the nonzero matrices A € May(R) with zero first
column and cola(A)e = 0.

a1 a2
(RZ) Adlag(l, 6) = 02 gives a1 = ag1 = 0 and a19€ = Ag92€ = 0.
R1) If AB = [ 0 a } { b biy } = 0, then, as R is a domain (and a1, ass are
0 a2 ba1 b2
not both zero), we get by = ba2 = 0. Then, for the factorization B = diag(1,e)C, we can
choose C' = B. O

Proof. We just check the inclusions (R2) and (R1) for A = [ @ a2 ]

Remark. If e = 0, these are the Rickart matrices paired with Ey;.

Next, we address the general case, that is, we determine the Rickart matrices which
belong to £(diag(I, E)) for some (n — k) x (n — k) idempotent submatrix E.

Theorem 3.5. Let R be a commutative domain, 1 < k < n—1land Ean (n — k) X (n — k)
idempotent matrix. For a matrix A € M, (R), denote by A,, ,,_i the n x (n — k) submatrix of A
obtained by removing the first k columns. Then the pair (A, diag(Iy, E)) is a nontrivial Rickart
pair iff the following conditions are satisfied:
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(a) the first k columns of A are zero,
(b) An,nka = Onx(n—k) and

, (c) for an n x n matrix B, if AB = 0,, then rank(E) = rank(E,col§k+1)(B)) for each
<jsn

Proof. We start with (R2), that is, Adiag(I,E) = 0,,. An easy computation shows this
holds precisely when the first £ columns of A are zero and A, ,,—E = 0. Notice that if
rank(A, n—r) = n — k then by Theorem 3.3, (ii), £ = 0,,—.

As for (R1), suppose
0 -+ 0 arp41 -+ ain bir - bin

AB = : : : : : : = 0,,, for some B. This
0o --- 0 An k+1 Ann bnl e bnn

is equivalent to some homogeneous linear systems of n equations and n — k£ unknowns.
The first one refers to the lower n — k entries in the first column of B, namely

a1 k+1bp+1,1 + -+ awbyy = 0

an,k+1bk+171 + - + annbnl = 0

and the others, to the lower n — k entries of the second column of B, and so on, ending
with the lower n — k entries in the n-th column of B.
br+1,5

br+2,j

Denote by collg-kJ”l)(B) = ,for 1 < j < n, that is, the lower part of col;(B).

bnj
The above equations can be written A,, ,,— kcolng) (B) =0,x1 forevery 1 < j <n.
We continue with the second part of (R1). The product

01 --- 0 0 0
diag(Is,E)C=|0 0 -~ 1 0 .- 0 C
0o o0 --- 0 €11 s €ln—k
L 00 .- 0 €n—k,1 " En—kn—k |

has the first k rows of C as first k rows. Hence, if a matrix C' exists with B = diag(l, E)C,
the first & rows of C' = [¢;;] must be the first k& rows of B.
Further, the last n — k rows of C' are solutions of some (possibly nonhomogeneous)

linear systems. The linear systems are Ecolgkﬂ)(C) = colgkﬂ)(B) with 1 < j < n, with
the entries of the last n — k rows of C as unknowns. Each system has E as system matrix
and the RHS of the equations are entries of B which satisfy AB = 0,,. Denoting B,,_j , the
submatrix of B which consists of the last n — k rows, this amounts to A,, ,—xBn—k,n = Op.

By Kronecker-Rouché-Capelli theorem, the linear systems above (which give the last
n — k rows of C) are solvable iff rank(E) = rank(E, col§k+1)(B)) foreach1 <j<n. 0O

Remark. If rank(A) = rank(A, n—r) = n — k then E = 0,,_y, the last n — k rows of B
are zero and we can choose C = B.
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3.2. Rickart matrices, up to similarity, over some commutative domains. In this subsec-
tion, up to similarity, we apply the results obtained in the previous subsection.

3.2.1. Over GCD domains. First recall that a commutative domain is a GCD domain if every
pair a, b of nonzero elements has a greatest common divisor, denoted by ged(a,b). GCD
domains include unique factorization domains, Bézout domains and valuation domains.
A basic property of a GCD domain is needed for the next proposition: if ¢ divides bc and
ged(a,b) = 1in a GCD domain, then « divides c.

In the 2 x 2 case, the following result is known. For reader’s convenience, we supply a
proof.

Proposition 3.9. Let R be a GCD domain. Then every nontrivial idempotent 2 x 2 matrix is
similar to E;.

Proof. Over any integral domain it is well-known that every nontrivial idempotent 2 x 2

matrix has the form £ = | ¢ 1 f a } with bc = a(1 — a) (i.e., zero determinant and trace

=1). Let x = ged(a,c) and a = zy, ¢ = zz’ with ged(y,2") = 1. Since bz’ = y(1 — a), by
/

the GCD hypothesis, y divides b, say b = yy'. Now take P = [ _a;, Z; ] . One can check

that det(P) = 1 (ifa = 0thenb =0orc = 0and P = [ _01 ll) } and P = [ i (1) },

respectively; if a # 0, one checks adet(P) = a) and PE = Ey; P. Hence F is similar to

En. O

Essential in the proof of Proposition 3.9, is that we know the precise form of the non-
trivial idempotent 2 x 2 matrices over commutative domains.

As for the 3% 3 case, the situation is harder, since the characterization of the idempotents
is as follows (see [3]): A 3 x 3 matrix £ over a GCD domain R is a nontrivial idempotent iff
1
det(E) =0, rank(E) = Tr(E) =1+ §(Tr2(E) —Tr(E?)) and rank(E) +rank(I3 — E) = 3.
However, we succeeded proving an analogous result in the 3 x 3 case.

Proposition 3.10. Let R be a GCD domain. Then every nontrivial idempotent 3 x 3 matrix is
similar to E11 or E11 + Eos.

Proof. First notice that it suffices to deal with the nontrivial rank one idempotent case, that
is, if E is a rank one (and so trace one) nontrivial idempotent 3 x 3 matrix over a commu-
tative (GCD) domain and there exists an invertible 3 x 3 matrix U such that EU = UE\;,
then it follows that (I3 — E)U = U(Is — E11) = U(E2 + Es3), and Eqq + E9 is conjugate

0 0 1
with Fas + E33 by 01 0
1 00

Secondly, from [3] (the description of cases is somewhat analogous in [6]), any rank one
(and trace one) 3 x 3 (nontrivial) idempotent matrix has the form

[ 1—say —vaz s(1 —say —vas) v(l — say — vas)
Fi = as sas Vas ,
L as sasg vasg
[0 ai saq 0 0 a
Ey=|0 1-—sa3 s(1—sa3) |,E3=]0 0 b
0 as sas 0 0 1

Finally, in each case we provide a suitable unit.
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For Ej it is easy to find a unit U = [u,;] such that E3U = UFEi;. The only conditions
a Uiz U113

are uso = uszz = 0, u;; = auszy and ug; = buz;. Hence, U = | b wuos us3 | where we
1 0 0
a 1 0
just choose the upper right 2 x 2 minor for U to be a unit. For example, U= | b 0 1
100

suits well. It is readily verified that EsU = UE;; =

— o Q
o oo

0
0 |, over any commutative
0

ring.

For E, (we assume s, a1, a3 # 0), by computation we get ugs + suza = 0 = ugz + suss
and u1; = a1 (ug + sus1), ug1 = (1 — saz)(u21 + sus1), uz1 = as(ugy + susy).

This requires a1 | u11, (1 — sas) | ugr and as | ug1. The simplest choice is to take
equalities, i.e., a1 = w11, 1 — sag = ugy and a3 = uz;. Then we also need ug1 + suz; =1,

ay U12 U3
which indeed holds, and so U = | 1 —sa3 —suss —sus3 |. We need a choice of the
as U32 uss

u;;’s, in order to complete the first column to an invertible matrix.

Observe that det(U) = a1 - 0 — (1 — sagz)det [ iz 13 } — sas det [ tiz s } =
U3y  U33 U3z2 U33

—det [ thz s } . Thus a good choice is I for this 2 x 2 minor of U.

Uz  U33
aq 1 0 ai
FinallyU = | 1—-sa3 0 —s |,andindeed onecanverify FoU =UFE;; = | 1— sas3
as 0 1 as
o so  wo
For E,denote 0 := 1—say —vazandso By = | as saz wvas |.Bycomputation (for

as sas vas
E\U = UE11), we get U1 + Sugo + vuge = 0 = w13 + Sua3 + vuszsz and uy; = 0(u11 + su91 +
vugy), ug1 = ag(u11 + sugr + vusi), uz1 = az(uir + sugy + vusy).
We choose uj1 = 0, us; = ag, uz; = as and so indeed w1 + sus; + vus; = 1. So far we

g —SU22 — VU332 —SU23 — VU33
have U = a2 U292 Uu23
asz U32 uss
Now denote § := det { Zzz Z;; ] Then det(U) = o0d+sazd0+vazd = §(o+saz+vaz) =
d, so a good choice is now [ a2 Uss } = I,.
Uzz  U33
o -5 —v
Finally, U = | a2 1 0 (so det(U) = 1) and indeed one can verify E;U =
as 0 1
o 0 0
UEi1 =] a2 0 0 |, which completes the proof. O
as 0 0

Open question. Let R be a GCD (commutative) domain. Is every n x n idempotent
matrix, similar with Zle E;;, forsomel <k<n?

o O O

o O O
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In [3], for n = 3, this was proved using a lemma: Let R be a GCD (commutative)
domain and let C;, C> be two 3 x 1 nonzero columns. If Cy, C5 are linearly dependent
over R, there exists a column C and elements a;,as € R such that C; = a,;,C, i € {1,2}.
A repetitive procedure (we get C for (4, Cy and we repeat the procedure for C, Cj3),
takes care of the case with three columns, every two of which are dependent, that is, of
nontrivial rank one (and so trace one) idempotent 3 x 3 matrices.

We were not able to extend this to rank two, and to prove the above statement for
higher ranks and dimensions of (square) matrices.

Note that, unless being Bézout, a GCD domain need not be (right) semihereditary, and
so the corresponding full matrix ring need not be Rickart. Hence it makes sense to de-
scribe (up to similarity) the Rickart matrices over GCD domains.

For the 2 x 2 case, we first discard from My (R) the zero matrix and the left non-zero-
divisors matrices (these being trivially Rickart).

A (remaining) matrix A € Mjy(R) is Rickart iff there is a nontrivial idempotent E &
M, (R) such that (A, E) is a Rickart pair. According to Proposition 2.4, for any unit U €
My (R), (U~*AU,U~'EU) is also a Rickart pair.

Over a GCD domain, let V € U(My(R)) besuchthat V"'EV = Ey;. Then (V 1AV, Ey;)
is a Rickart pair and so up to similarity, all the nontrivial Rickart matrices in M (R) belong
to £(E11). Using Theorem 3.4 we obtain at once

Theorem 3.6. Over any GCD domain R, up to similarity, the nontrivial Rickart 2 x 2 matrices
are the nonzero matrices A € Ma(R) with zero first column.

For the 3 x 3 case, we use Theorem 3.5, k € {1,2} and E = 0, and obtain

Theorem 3.7. Over any GCD domain R, up to similarity, the nontrivial Rickart 3 x 3 matrices
are the nonzero matrices A € Ma(R) with zero first column or zero first and second column.

3.2.2. n x n Rickart matrices over ID, commutative, connected rings. This class of rings in-
cludes: ID domains (in particular, PIDs) and local rings. From definitions, we have the
following similarity.

Proposition 3.11. Let A be an n x n idempotent matrix over an 1D connected ring. Then A is
similar to diag(I, 0,—y) for some 1 < k < n.

Using this and Theorem 3.5, we can describe, up to similarity, the Rickart » x n matrices.

Theorem 3.8. Let R be an ID, commutative and connected ring, A € M, (R) and let E =
Zle E;; for some 1 < k < n. Then (A, E) is a Rickart pair iff the first k columns of A are
zero and the n x (n — k) remaining submatrix of A has rank n — k. That is, the submatrix of A
formed by the last n — k columns contains a (n — k) x (n — k) submatrix whose determinant is a
non-zero-divisor.

3.2.3. n x n Rickart matrices using Song, Guo diagonalization. In [8] (see Theorem 2), an
important result was proved.

Theorem 3.9. Let R be a ring, a,b € R with a*> = a and b> = b. Then a and b are equivalent iff
a and b are conjugate.

In this subsection we start with a consequence of the above theorem (see [8], Corollary
6).

Proposition 3.12. Let A be an n X n idempotent matrix over a ring R. If A has an invertible
k x k submatrix, 1 < k < n, then A is similar to diag (I}, E) for some (idempotent submatrix) E.
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Indeed, by elementary transformations, the invertible k x k submatrix can be put at
the left-up corner of A, so A is equivalent to diag(lj, E). Then by the theorem above, A is
similar to diag (I, F).

In the 2 x 2 case we have

Corollary 3.4. Let E be an 2 x 2 nontrivial idempotent matrix over any ring R. If E has a unit
entry, then E is similar to diag(1, e) for some idempotent e € R.

Using Theorem 3.4 we now obtain

Theorem 3.10. Over any commutative domain R, the nontrivial Rickart 2 x 2 matrices which
are paired with diag(1, e) are the nonzero matrices A € My(R) with zero first column.

Analogously, in the general n x n case, using Theorem 3.5 we can determine the Rickart
matrices which belong to £(diag(y, E)) for some (n — k) x (n — k) idempotent submatrix
E, that is, are the matrices A such that (A, diag(Iy, E)) is a Rickart pair.

Theorem 3.11. Over any commutative domain R, the nontrivial Rickart n x n matrices which are
paired with diag (I, E), for 1 < k < n— 1 and some idempotent (n — k) x (n — k) matrix, are the
nonzero matrices A € M, (R) which have zero the first k columns and the remaining n x (n — k)
submatrix has rank n — k.
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