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1 Introduction

It is well-known that idempotents (and units) can be lifted modulo every nil
ideal of an arbitrary ring (see [4] 21.28).

As idempotents and units are regular elements in any ring, a natural question
(and possible generalization) is: can regular elements be lifted modulo every nil
ideal of an arbitrary ring ? The answer is affirmative, but I dare say this result
is not widely known.

In what follows, we present two proofs selected from the existing literature.
Thanks are due to T. Y. Lam and P. P. Nielsen for pointing out these references.

2 Via strongly lifting

From [3]
An one-sided ideal I of a ring R is said to be strongly lifting if whenever

x2 − x ∈ I for some x ∈ R, there is an idempotent e ∈ xR such that e− x ∈ I.
Theorem 4.9. If a one-sided ideal I of a ring R is strongly lifting, then

regular elements lift modulo I.
From [6]
An one-sided ideal is called π-regular if some power of each element is regular

(i.e., for each a ∈ I there exist a positive integer n and an x ∈ R such that
an = anxan). The following result is due to Menal [[5], Lemma 3] in the case
of two-sided ideals.

Proposition 7. Every π-regular right ideal (and hence every nil right ideal)
is strongly lifting.

3 Via lifting ideal

From [2]
We define the notion of x ∈ R being regular modulo a left ideal I (meaning

x− xyx ∈ I for some y ∈ R), and being liftable to a regular element modulo I
(meaning z − x ∈ I for some z ∈ reg(R)).
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An ideal J ⊆ R is a lifting ideal if idempotents lift modulo every left ideal
I contained in J . For instance, nil ideals J are always lifting, as we can easily
check by a slight modification of the standard argument given in [[4] (21.28)].

9.1 An ideal J is a lifting ideal in a ring R iff x ∈ R is such that x2 −x ∈ J ,
then there exists an idempotent e ∈ Rx such that 1− e ∈ R(1− x).

(See Lemma 2.3 and Proposition 4.3 in [1]).

and using 9.1 the following result is proved.
Theorem 9.3. Let J be any lifting ideal in a ring R. Then regular elements

lift modulo every left ideal I ⊆ J .

4 Remark

In [3], lifting ideals are called fully lifting and it is proved that
Proposition 5.6. Any fully lifting left ideal is strongly lifting.
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