MATRIX INVERTIBLE EXTENSIONS OVER COMMUTATIVE
RINGS. PART II: DETERMINANT LIFTABILITY

GRIGORE CALUGAREANU, HORIA F. POP, ADRIAN VASIU

ABSTRACT. A unimodular 2 X 2 matrix A with entries in a commutative ring
R is called weakly determinant liftable if there exists a matrix B congruent
to A modulo Rdet(A) and det(B) = 0; if we can choose B to be unimodular,
then A is called determinant liftable. If A is extendable to an invertible 3 x 3
matrix AT, then A is weakly determinant liftable. If A is simple extendable
(i.e., we can choose AT such that its (3,3) entry is 0), then A is determinant
liftable. We present necessary and/or sufficient criteria for A to be (weakly)
determinant liftable and we use them to show that if R is a Il ring in the sense
of Part I (resp. is a pre-Schreier domain), then A is simply extendable (resp.
extendable) iff it is determinant liftable (resp. weakly determinant liftable).
As an application we show that each J21 domain (as defined by Lorenzini) is
an elementary divisor domain.

1. INTRODUCTION

Let R be a commutative ring with identity. For n € N = {1,2,...}, let M,(R)
be the R-algebra of n x n matrices with entries in R. We say that B,C € M, (R)
are congruent modulo an ideal I of R if all entries of B — C belong to I, i.e.,
B —C eM,(I). Let SL,(R) := {M € M, (R)|det(M) = 1}. For a free R-module
F, let Um(F) be the set of unimodular elements of F, i.e., of elements v € F for
which there exists an R-linear map L : F' — R such that L(v) = 1.

In this paper we study a unimodular matrix A = { i Z } € Um(Mg(R)).
a b f

Recall that A is called extendable if there exists AT = | ¢ d —e | € SL3(R)
-t s v

(see [2], Def. 1.1); we call AT an extension of A. If we can choose AT such that
v =0, then A is called simply extendable and A™ is called a simple extension of A.
Several characterizations of simply extendable matrices were proved in [2], Thm.
4.3. For instance, A is simply extendable iff there exists (z,y, z,w) € R* such that

axr+by+cz+dw = 1 and the matrix N = { i g] } is non-full, i.e., it is a product

[ sz } [ o q ] with (I,m,0,q) € R*; thus det(N) = 0. In practice, it is not easy

to check if a unimodular matrix of zero determinant is non-full and hence one is led
to weaken the non-full assumption and implicitly to identify classes of rings when
the weakening is not an actual weakening. The natural weakening is to replace
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the non-full assumption by the weaker det(N) = 0 assumption. Modulo equivalent
characterizations, we are led to introduce the following new notions.

Definition 1.1. We say that A € Um(Mz(R)) is weakly determinant liftable if
there exists B € Ma(R) congruent to A modulo Rdet(A) and det(B) = 0. If there
exists such a matriz B which is unimodular, then we remove the word ‘weakly’, i.e.,
we say that A is determinant liftable.

If either A is invertible or det(A) = 0, then A is determinant liftable. The
(weakly) determinant liftability of A depends only on the equivalence class of A.
The following characterizations of determinant liftability are proved in Section .

a b

Theorem 1.2. For A = [ e d ] € Um(M2(R)) the following statements are

equivalent.

(1) The matriz A is determinant liftable.

(2) There exists C € Um(Mz(R)) such that A+ det(A)C € Um(Mz(R)) and
det(C) = det(A + det(A4)C) = 0.

(8) There exists (x,y, z,w) € R* such that ax+by+cz+dw = 1 and rw—yz = 0.

(4) There exists C € Ma(R) such that det(C') = det(A + det(A)C) = 0.

Definition EI is motivated by the following implications proved in Section H
Theorem 1.3. For A € Um(Mg(R)) the following properties hold.

(1) If A is simply extendable, then A is determinant liftable.
(2) If A is extendable, then A is weakly determinant liftable.

Recall from [2], Def. 1.2(1) that R is called a II, ring if each matrix in Um (Ms(R))
of zero determinant is extendable, equivalently it is simply extendable by [2], Lem.
4.1(1). If R is a Dedekind domain but not a PID, then it is not a II5 ring (see [2],
Thm. 1.7(4)), so there exist matrices A € Um(Ma(R)) of zero determinant that are
not (simply) extendable, thus the converses of Theorem do not hold in general.

We will use stable ranges and pre-Schreier domains as recalled in [2], Def. 1.5
and Sect. 2. Each pre-Schreier domain is a Il ring (see [2], paragraph after Thm.
1.4). Recall from [2], Def. 1.2(3) that R is called an SFE; ring if each matrix in
Um(Mz(R)) is simply extendable. The next two theorems are proved in Section §.

Theorem 1.4. The ring R is a 1y ring iff the simply extendable and determinant
liftable properties on a matriz in Um (MQ(R)) are equivalent.

From Theorem @ and [2], Thm. 1.6 we get directly the following result.

Corollary 1.5. If R is a Iy ring with sr(R) < 2, then the simply extendable,
extendable and determinant liftable properties on a matriz in Um(Mg(R)) are
equivalent.

As SFE5 rings are 115 rings, from Theorem @ we get directly the following result.

Corollary 1.6. The ring R is an SFEs ring iff it is an s ring with the property
that each matriz in Um (M2 (R)) with nonzero determinant is determinant liftable.

Theorem 1.7. Assume R is such that each zero determinant matriz in Ma(R) is
non-full (e.g., R is a product of pre-Schreier domains). Then a unimodular matrix
A € Um(Ma(R)) is extendable iff it is weakly determinant liftable.
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From Theorems B and B we get directly the following result.

Corollary 1.8. Assume R is such that sr(R) < 2 and each zero determinant matriz
in My(R) is non-full (e.g., R is a product of pre-Schreier domains of stable range at
most 2). Then the simply extendable, extendable, determinant liftable and weakly
determinant liftable properties on a matriz in Um (MQ(R)) are equivalent.

Example 1.9. Let R be a pre-Schreier domain such that sr(R) = 3 and there exists
A € Um(M2(R)) which is extendable but not simply extendable (e.g., R = K[X, Y]
with K a subfield of R, see [2], Ex. 6.1). Then A is weakly determinant liftable
by Theorem E(?) but it is not determinant liftable by Theorem m So the
inequalities in Corollaries and are optimal.

Recall that R is a Hermite ring in the sense of Kaplansky if R? = RUm(R?).
Lorenzini introduced 3 classes of rings that are ‘between’ elementary divisor rings
and Hermite rings (see [8], Prop. 4.11). We define the first class, Jo 1, as follows.

Definition 1.10. We say that R is:

(1) a WJa 1 ring if for each (a,b,c,d) € Um(R*) and every (¥,A) € R2, there
exists (z,y, z,w) € R* such that ax + by + cx + dw = ¥ and 2w — yz = A;

(2) a Jaq ring if it is a Hermite ring and a WJa1 ring.

The above_definition of a J, 1 ring is equivalent to the one in [§], Def. 4.6 (see
Proposition EI) In Section [] we use Theorem to solve a problem posed by
Lorenzini (see [§], p. 618) and Fresnel (see [B], Subsect. 3.1) for the case of integral
domains as follows.

Theorem 1.11. Let R be a WJg 1 ring. Then the following properties hold.

(1) Each matriz A € Um(M2(R)) is determinant liftable.

(2) Assume R is also a Hermite ring (i.e., R is a Ja1 ring). Then R is an
elementary divisor ring iff it is a Iy ring (thus the ring R is an elementary divisor
domain iff it is an integral domain).

Therefore the constructions for an arbitrary commutative ring performed in [g],
Ex. 4.10 for n = 2 or Ex. 3.5 always produce rings which are either elementary
divisor rings or are not Ils rings (in particular, the integral domains produced are
elementary divisor domains).

For J, s rings with (n,s) € N? see [§], Def. 4.6. By combining Theorem (2)
with [8], Prop. 4.8 we get directly the following implication between these classes
of rings.

Corollary 1.12. Let R be a Jo1 ring. If R is a Ily ring, then R is a Jy, 1 ring for
each integer n > 1.

The R-algebras required in the proofs of above theorems are introduced _in Sec-
tion P and their main properties are presented in Theorem R.1. Sections f and
prove criteria for weakly determinant liftability and determinant liftability via com-
pletions (respectively). Section E studies rings R for which all A € Um(My(R)) are
(weakly) determinant liftable. Part III will contain applications to Hermite rings.



4 GRIGORE CALUGAREANU, HORIA F. POP, ADRIAN VASIU

2. FIVE ALGEBRAS

Let N(R) and Z(R) be the nilradical and the set of zero divisors of R (respec-
tively). Let Spec R be the spectrum of R. Let Max R be the set of maximal
prime ideals of R. For an element r of an R-algebra, (r) will be the principal ideal
generated by it and 7 will be its reductions via surjective ring homomorphisms.

For E € My (R) let Tr(E) be its trace, let adj(F) € Ma(R) be its adjugate, and let
Kerg be the kernel and Img be the image of the R-linear map Ly : R2 — R? defined
by E. Let Iy be the identity of My(R). Let X,Y,Z, W, V,U be indeterminates.
Given A and elements z,y, z, w of an R-algebra, we define matrices

—w z
C= C(w,y,z,w) = |: y —x :| )
1—by —dw bx + dz ]

D =Da (2y,2w) =Tz +adj(4)C = [ ay + cw 1—ax—cz

B o B | a—det(A)w b+ det(A)z
B =By (0y,5w) = AD = A+ det(4)C = [ c+det(A)y d—det(A)z |-
To A = [ CCL Z } € Um(Mz(R)) we attach five R-algebras. The R-algebra

U=Us:=RIX,)Y,Z,W]|/(1—aX —bY —cZ —dW)
represents unimodular relations ax +by+cz+dw = 1 in R-algebras. The R-algebra
E=Ex=RX,Y,ZW,V]/(1—aXW —bXZ — YW —dY Z — (ad — bc)V),

a by
represents extensions ¢ d —z | of (images of) A in rings of 2 x 2 matrices
-z w v

with entries in R-algebras. Similarly, the R-algebra
S=84:=R[X,)Y,Z,W]|/(1 —aXW —bXZ —cYW —dY Z)=E/(V),

represents simple extensions of (images of) A in rings of 2 x 2 matrices with entries
in R-algebras. The polynomial

O =Du(X,Y, Z,W) := 1—aX —bY —cZ—dW+(ad—bc)(XW—Y Z) € R[X,Y, Z, W]

is a determinant with many decompositions of the form e; ez — e12e21, e.g.,
®=(1-aX—-cZ)(1-bY —dW) — (aY + cW)(bX + dZ). Thus the R-algebra

W=Wyu :=R[X,Y,Z,W]|/(D)

represents 2 x 2 matrices C' = C(; . .4) With entries in R-algebras for which
det(D) = 0 and the R-algebra

Z =24 = RIX,Y,Z,W]/(1—aX -bY —cZ—dW,XW-Y Z) = W/(XW—-Y Z) =U/(XW-Y Z)
represents such matrices C' for which det(C) = det(D) = 0; note that
) det(D) = ®(z,y,z,w) and det(B)=det(A)P(x,y, z,w).
If ¢ =0, then
W =R[X,Y,Z,W]/((1-aX)(1 —dW)-Y(b+ adZ))
(D — R[X,Y, Z,W]/((1 - aX)(1 = bY — dW) — aY (bX + dZ)).

The matrix A is extendable (resp. simply extendable) iff the R-algebra homo-
morphism R — £ (resp. R — §) has a retraction.
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If b = ¢, then the R-algebras U, Z and W have an involution defined by fixing
X and W and by interchanging Y and Z, and we have

W/(Y = Z) = RIX,Y,W]/((1—aX —bY)(1—bY —dW) — (bX +dY)(aY +bW)),

S/(Y - Z) = R[X.Y, W]/((l —aXW) =Y (b(X + W) + dY)).

We define an arrow diagram of R-algebra homomorphisms

(IH) W—Z<—U
e
E——=S8

as follows. The horizontal homomorphisms are epimorphisms defined by identifi-
cations W/(XW —YZ) = Z=U/(XW —YZ) and S = £/(V), and p is defined
by mapping X, Y, Z, W to XW, XZ, YW, Y Z (respectively). Equation (@) and
Diagram (E) encode many applications in this Part IT and the sequel Part III.

As A e Um(Mg(R)), the R-linear map My : R* — R that maps [z,y, z, w] to
ax + by + cz + dw is surjective. Thus

P = Py :=Ker(Ma) = {(z,y,2z,w) € R*|ax + by + cz + dw = 0}

and its dual P* are projective R-modules of rank 3 such that P®@R = P* @R = R*.
From [7], Ch. III, Sect. 6, Thm. 6.7 (1) it follows that P = P*.

Theorem 2.1. The following properties hold.

(1) For f € {a,b,c,d}, the Ry-algebra (U)s is a polynomial R;-algebra in 3
indeterminates. Also, the R-algebra U is isomorphic to the symmetric R-algebra of
P (thus the homomorphism R — U is smooth of relative dimension 3).

e R-algebra Z is smooth of relative dimension 2.
2) The R-algebra Z h of rel d 2
(3) The R-algebra £ is smooth of relative dimension 4.

(4) The R-algebra V)1 —(ad—be)(xw—Y z) is smooth of relative dimension 3 (thus,
if ad — bc € N(R), then the R-algebra W is smooth of relative dimension 3).

(5) The morphism of schemes Spec S — Spec Z defined by p is a Gy, z-torsor
and hence it is smooth of relative dimension 1 (thus the R-algebra S is smooth of
relative dimension 3).

(6) Assume det(A) = 0. Then W = U and for f € {a,b,c,d} the Ry-algebra
(2)f is a polynomial Rs-algebra in 2 indeterminates. Moreover, there exists a
self-dual projective R-module Q of rank 2 such that the R-algebra Z is isomorphic
to the symmetric R-algebra of Q and Q & R = P (thus Q ® R* = R*).

Proof. (1) As A € Um(Mz(R)), we have Spec R = Uge{a,p,c,aySpec Ry. To show
that the R;-algebra (U) is a polynomial Ry-algebra we can assume that f = a and
by replacing (R, X) with (Ry,a"'X) we can assume that a = 1, in which case we
have U = R[Y, Z,W]. If (¢/,V,c/,d') € R* is such that M4(a’,t',c/,d') = 1, then
under the substitution (X', Y", Z', W') := (a/, ¥, ¢, d')+(X,Y, Z,W), the R-algebra
U=R[X"Y',Z W|/(aX"+bY'+cZ' +dW') is isomorphic to the symmetric R-
algebra of the R-module (X', Y, Z/, W’)/(aX’+bY’+cZ’+dW’+(X’, Y', 7', W’)Q)
of quotient of ideals; as this R-module is isomorphic P* and so to P, part (1) holds.
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(2) Tt suffices to show that if n € Max (R[X,Y, Z, W]) contains XW — Y Z and
1—aX —bY — ¢Z — dW, then, denoting k := R[X,Y, Z, W]/n, the k-vector space

K6X @ KOY @ K6z @ kow/(Kkd(aX +bY + cZ +dW) + k§(XW — Y Z))

has dimension 2 (see [10], Exp. II, Thm. 4.10); here ¢ is the differential operator
denoted in an unusual way in order to avoid confusion with the element d € R. As
0(XW —YZ)=WiX — Z6Y —Y6Z + X5W, to show this it suffices to show that
the assumption that the reduction of the matrix

a b c d

Na=|w _z _y x

modulo n has rank < 1, leads to a contradiction; as N4 modulo n has unimodular
rows, there exists o € R[X,Y, Z, W]\n such that (a,b,c,d)+a(W,—Z,-Y, X) € n*.
From this, as XW —-Y Z,1—aX —bY —cZ —dW € n, it follows that 2a(XW —Y Z)
is congruent to both 0 and —1 modulo n, a contradiction. Thus part (2) holds.

(3) Based on [[10], Exp. IT, Thm. 4.10, it suffices to show that for

O(X,Y,Z,W,V) = 1—aXW —bXZ—cYW —dY Z—(ad—bc)V € R[X,Y, Z,W, V],

© and its partial derivatives Ox, Oy, Oz, Oy and Oy generate R[X,Y, Z, W, V],
but this follows directly from the identity 1 =0 — VO, — XOx — YOy.

(4) Similar to (3), part (4) follows from the fact that 1 — (ad — be)(XW — Y Z)
is ® — XCI)X — Y‘I)y — Z(PZ — W(I)W

(5) The G,,, z-action

Spec (S[U,U"]) = Spec (Z[U,U™")) Xspee (2) Spec (S) — Spec (S)

is given by the R-algebra homomorphism & — S[U,U~1] that maps X, Y, Z,
and W to UX, UY, U7'Z, and U~'W (respectively). The fact that it makes
the morphism Spec § — Spec Z a Gy, z-torsor is a standard exercise as the mor-

phism p represents decompositions of [ V{[(/ 52/ } € Um(Mg(Z)) as a product
[ i(—/s [ Ws Zs ]7 the lower right index & emphasizing indeterminates for S
s

(triviality over the open cover {Spec Z¢, Spec Zy, Spec Zz, Spec Zyy } of Spec Z);
more precisely, say over Spec Zg, as X is a unit of Zg, given a product de-

composition [ )}—SS ] [ Ws Zs ], any other product decomposition is of the form
s
UXS —111 —17 . . .
Uy [ U-""Ws U™ Zs ] for a uniquely determined unit U of Zx.
S

(6) Clearly, W = U . For the polynomial R-algebra part we can assume that
f = a. By eliminating X = a~!(1 — bY — ¢Z — dW), we obtain an isomorphism

(2)a 2 RV, Z,W]/(YZ —a 'W(1 = bY — cZ — dW)),

which via the change of indeterminates (Y1, Z1, W1) := (aY + cW,aZ + bW, aW)
is isomorphic, as ad = be, to R,[Y1, Z1, Wh]/a 2(Y1Z1 — W1) & R,[Y1, Z1]. From
[], Thm. 4.4 it follows that Z is isomorphic to the symmetric R-algebra of a
projective R-module @ of rank 2. As Z is a symmetric R-algebra, there exists
an R-algebra epimorphism (retraction) Z — R and hence there exists a quadruple
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¢:=(d',b,c,d") € R* such that 1 — M4(¢) = 0 = a’d' —b'c’. With the substitution
(X', Y, 2"\ W) = (', ¢, d) + (X, Y, Z,W), we identify

Z =R[X",Y',Z W) (aX'+bY +cZ'+dW'  d' X' —Y' =V Z'+a W = X' W'+Y' Z").

Endowing R* with the inner product (21, Ta, 23, 24), (Y1, Y2, Y3, Ys)) := 221:1 T,
we have (¢, (d', —c’, =V',a’)) = 0and (¢, (a,b, c,d)) = 1. Therefore the R-submodule
W := R(a,b,c,d)+R(d',—c',—b,a’) of R* is a direct sum (so W = R?) and a direct
summand (i.e., and R*/W is a projective R-module of rank 2). Let

2= RIXY',Z' \W/(aX' +bY +cZ +dW' ,dX — Y —VZ +dW').

Note that Spec R = Uge(a,p,c,aySpec Ryp and for f € {a,d} (vesp. f € {b,c}),
the Rys-algebra (Z')¢s is isomorphic to Rys/[Y', Z'] (resp. Rgp [X',W']). Let J
and J' be the ideals of Z and Z’ (respectively) generated by the images of X', Y,
Z', W'. We view Z and Z’ as augmented R-algebras (in the terminology of [1])
with the augmentations given by the natural identifications Z/J = Z'/J’ = R of
R-algebras. The R-modules Q := J/J? and Q' = J'/(J')? are identified via the
third isomorphism theorem with the following R-module quotient of ideals

(X", Y, 2" W) ((aX'+bY ' +cZ'+dW' ,d X'~ Y =¥ Z'+d W) +(X', Y, Z',W')?)

of R[X'",Y', Z' , W'], thus are isomorphic to R*/W. From [l], Cor. 4.3 and the above
part on isomorphisms of localizations (Z)¢ and (Z2’) s that involve indeterminates
that are linear (not necessary homogeneous) polynomials in X', Y’, Z’. W’ it follows
that the augmented R-algebras Z and Z’ are isomorphic to the symmetric R-
algebras of Q and @’ (respectively) endowed with their natural augmentations, and
so they are isomorphic. As W is a direct summand of R*, there exists a short
exact sequence 0 -+ R — P* — Q' — 0 of R-modules, so Q & R = P. Thus
Q@ R?>=>~P® R3= R* As the R-module @ is stable free of rank 2, it is self-dual
by [7], Ch. III, Sect. 6, Thm. 6.8. O

Corollary 2.2. Assume there exist two ideals i1 and iy of R such that iy Nis =0
and det(A) € iy. Then for € € {Z,W}, each R-algebra homomorphism & — R/i;
lifts to an R-algebra homomorphism &€ — R.

Proof. Let hi o : € — R/(i1 +i2) be induced by an R-algebra homomorphism h; :
€ — R/i;. As A modulo iy has zero determinant, £/i2€ is the symmetric algebra of
a projective R/iz-module Q2 of rank 2 if £ = Z and of rank 3 if £ = W (see Theorem
ﬂ(l) and (6)). The R-algebra homomorphism h; 2 is uniquely determined by an
R-linear map l1 2 : Q2 — R/(i1 +1i2). If s : Q2 — R/iy is an R-linear map that
lifts 11 2 and if hy : € — R/is is the R-algebra homomorphism uniquely determined
by la, then hy lifts k1 2. Asi; Niy = 0, we have a pullback diagram

R—— >R/

v

R/lg — R/(11 + 12),
so there exists a unique R-algebra homomorphism & — R that lifts hy and hy. O
Remark 2.3. (1) The fact that if the Picard group Pic(R) is trivial then R is a

II, ring (see [2], paragraph after Thm. 1.4) also follows easily from Theorem @(5)
and (6) via the equivalence between G,,-torsors and line bundles.
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(2) For each m € Maz R, the image of A in Um(Ms(Ry)) is simply extendable
(for instance, see [2], Cor. 4.6(2)). Thus, if ab = bc and_Z is a polynomial R-algebra
in 2 indeterminates, Quillen Patching Theorem (see [J], Thm. 1) implies that the
Gy, z-torsor of Theorem @(5) is the pullback of a G, r-torsor.

Example 2.4. Assume R is a Hermite ring. As P is stable free, it is free (see
[11], Cor. 3.2); so P = R3 and the R-algebra U is a polynomial R-algebra in 3
indeterminates. If det(A) = 0, then similarly we argue that Q = R? and the R-
algebra Z is a polynomial R-algebra in 2 indeterminates. We prove that the G, z-
torsor of Theorem R.1(5) is the pullback of a G,, g-torsor. Due to the equivalence
between G,,-torsors and line bundles, it suffices to show that for a polynomial R-
algebra Ry, the functorial homomorphism Pic(R) — Pic(R;) is an isomorphism.
To show this we can assume that R is reduced, i.e., N(R) = 0. For each p € Spec R,
the reduced local Hermite ring R, is a reduced valuation ring (see [b], Thms. 1 and
2), hence a valuation domain (this was already stated in [6], Sect. 10).F Thus R is
a normal ring (i.e., all its localizations R, are integral domains that are integrally
closed in their fields of fractions); hence it is a seminormal ring in the sense of [4].
From this and [4], Thm. 1.5 it follows that Pic(R) — Pic(R;) is an isomorphism.

Example 2.5. Assume A is symmetric and det(A) = 0. As (a,b,c,d) € Um(RY),
b = ¢, ad = be, we have (a,d) € Um(R?). Thus Spec S = Spec S, U Spec S;. We
have canonical R-algebra identifications (S), = Rq[X1,Y, Z, W1]/(1 — X;W;) and
(8)a = Ra[X,Y1,Z1,W]/(1 — Y1Z1), where X; := aX +bY, Wy := W + ba"'Z,
Y, =Y +bd7'X, and Z; :=dZ + bW.

3. PROOF OF THEOREM

For v = (z,y,2,w) € R* let C = C,,B = Ba,,D = Da,, € My(R) be as in
Section E As Tr(D) = 2 — ax — by — ¢z — dw, from Equation Eﬂ) it follows that

(Iv) 1 — det(A) det(C) = Tr(D) — det(D).
We first prove the following general lemma.

Lemma 3.1. Let G, H,E € My(R). Then the following properties hold.

(1) There exists a matriz O € My(R) such that H = G(I; +adj(G)0) iff G and
H are congruent modulo R det(G).

(2) If GE is unimodular, then G and E are unimodular.

(3) If G is unimodular and G and GE are congruent modulo Rdet(G), then GE
is unimodular iff E is unimodular.

Proof. As Gadj(G) = det(G)Is, for O € My(R) we have H = G + det(G)O iff
H = G(Iz + adj(G)O). So part (1) holds. The only nontrivial impication of parts
(2) and (3) is the ‘if’” of part (3). It suffices to show that the ideal h of R generated
by the entries of GE is not contained in any m € Max R. This holds if det(G) € m
as G and GF are congruent modulo Rdet(G). If det(G) ¢ m, then G modulo m is
invertible, thus GE modulo m is nonzero as this is so for ¥ modulom,soh € m. 0O

1Recall from [f], Sect. 10, Def. that a ring R is called a valuation ring if for each (a,b) € R2,
either a divides b or b divides a, equivalently, if the ideals of R are totally ordered by set inclusion.
Reduced valuation rings are integral domains. This is so as for a reduced local ring S which is
not an integral domain there exists nonzero elements a,b € S such that ab = 0, thus the nilpotent
ideal SanNSh is 0, and it follows that the finitely generated ideal Sa+.Sb 22 Sa@® Sb is not principal.
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To prove Theorem @, we first remark that clearly (2) = (1) A (4).

If v = (2,y,2,w) € R* is such that ax + by + cz + dw = 1 and 2w — yz = 0,
then ®(z,y,z,w) =0, det(C) =0, C € Um(Mz(R)) and for B = A + det(4)C we
have det(B) = 0 (see Equation (m)), as Tr(D) — det(D) = 1 by Equation ([V]), D is
unimodular, so B = AD is unimodular by Lemma @)(2), hence (3) = (2) holds.

To show that (4) = (3), let v = (z,y, z,w) € R* be such that C' = C,, and assume
that det(B) = det(C') = 0. Thus zw —zy = 0 and det(A)®(x,y, z,w) = det(B) =0
(by Equation (ﬂ)) If det(A) ¢ Z(R), then 1 —ax—by—cz—dw = 0, hence (4) = (3).

In general, we have to show that the R-algebra homomorphism R — Z has a
retraction Z — R. By replacing R with a finitely generated Z-subalgebra S of R
such that A, B € Um(M(S)) and C' € M;(S), we can assume that R is noetherian.
Thus the set of minimal prime ideals {p1,...,p;} of R has a finite number of
elements j € N. As the homomorphism R — Z is smooth (see Theorem @(2)),
each R-algebra homomorphism Z — R/N(R) lifts to an R-algebra epimorphism
Z — R. So, by replacing R with R/N(R), we can assume that N(R) = ﬂgzlpi =0.
Let det(A); be the image of det(A) in R/p;. Based on Theorem P.1|(6) we can assume
that det(A) # 0, and hence there exists an ¢ € {1,...,j} such that det(A) & p;, i.e.,
det(A); # 0. We can assume that the minimal prime ideals are indexed such that
there exists j/ € {1,...,j} for which det(A4); #0ifi e {1,...,5'} and det(4); =0
if ¢ € {_]/ +1,... ,]} Ifi, .= ﬁg/:lpi and ip 1= mgzj'-i-lpi? we have i; Niz = 0 and
det(A) € iy. As det(A) + i3 ¢ Z(R/i1), from the prior paragraph it follows that
there exists an R-algebra homomorphism hy : £ — R/i;. From Corollary @ we
get that there exists a retraction Z — R that lifts hy. So (4) = (3) holds.

We conclude that statements (2), (3) and (4) are equivalent and imply (1).

We prove that (1) = (2). As (2) & (3), as above we argue that it suffices to
prove that (1) = (2) when R is noetherian and N(R) = 0. Let the ideals i; and
iz of R be as above. Let B € Um(Mz(R)) be congruent to A modulo Rdet(A)
and det(B) = 0. Let v = (z,y,2,w) € R* be such that B = B, (see Lemma
B.(1)). With ¢ = C, and D = D4, as B = AD € Um(Ma(R)) we have
D € Um(M3(R)) (see Lemma @(2)) As det(A) 41y ¢ Z(R/i1), from the identity
det(B) = det(A)det(D) = 0 and Equation ([l) it follows that ®(z,y, z,w) € i,
hence there exists an R-algebra epimorphism g, : W — R/i; that maps the elements
XY, Z, W of W to x +1i1,y + i1,z +i1,w + i (respectively). Let g : W — R be
an R-algebra homomorphism that lifts g1 (see Corollary R.2).

Let o' = (2/,y/,2",w') == ¢*(X,Y.Z,7Z) € R*. For the matrices C' := C,, and
D' := D4 we have (see Equation (E)) det(D’) = (2,9, 2',w") = 0 and C’ and
C are congruent modulo i;. Hence D’ and D are congruent modulo i;. As D is
unimodular, it follows that the ideal 9’ of R generated by the entries of D’ satisfies
0’ 4+ i; = R and thus 9’ is not contained in any m € Maxz R with det(4) ¢ m. As
Tr(D') — det(D’) = 1 — det(A) det(C’) € ' by Equation (@), 0’ is not contained
in any maximal ideal which does not contain 1 — det(A) det(C”). Hence d’ is not
contained in any m € Maxz R, thus o' = R, i.e., D' is unimodular. From Lemma

(2) it follows that B’ := AD’ is unimodular.

By replacing the triple (C, B, D) with (C’, B, D), we can assume that det(D) =
0. As D = I, + adj(A)C has zero determinant, it follows that C' € Um(Ma(R)).

To complete the proof that (1) = (2), it suffices to show that we can replace C by
a matrix C; € Um(Ma(R)) with det(C1) = 0 and such that for Dy := Ir+adj(A)C,
we have det(D;) = 0 and D; € Um(Mg(R)): so By := AD; is congruent to A
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modulo Rdet(A) and unimodular by Lemma @(1) and (3) with det(B;) = 0. As
Kerp and Imp are projective R-modules of rank 1 (see [2], Lem. 3.1), the short
exact sequence 0 — Kerp — R? — Imp — 0 splits, i.e., it has a section o :
Imp — R% Let C; € My(R) be the unique matrix such that Kerp C Kerg, ¢ and
o(Imp) C Kerg,. As Kerp is a direct summand of R? of rank 1 and for ¢ € Kerp
we have adj(A)Cy (t) = adj(A)C(t) = —t, it follows first that Kerp C Kerp,, second
that Im¢e, = C1(Kerp) = C(Kerp) is a direct summand of R? of rank 1 isomorphic
to Kerp, and third that Kerc, = o(Imp) is also a direct summand of R? of rank
1. Moreover, we compute

Imp, = D1(c(Imp)) = {z + adj(A)Cy(z)|z € o(Imp)} = o(Imp).

We conclude that Cy,D;_€ Um(M(R)) and det(Cy) = det(D;) = 0. Hence
(1) = (2), thus Theorem holds.

4. PROOF OF THEOREM B

Part (1) holds as clearly statement (4) of [2], Thm. 4.3 implies statement (3)
of Theorem @ To prove part (2) we first note that A modulo Rdet(A) is sim-
ply extendable (see [2], Lem. 4.1(1)) and hence from [2], Prop. 5.1(1) it follows

that it is non-full, i.e., there exist [,m,0,q € R/Rdet(A) such that A modulo
Rdet(A) is { 7% ] [ o q ] If I,m,0,q € R lift ,7m,06,7 (respectively), then

B:= 751 [ 0 q ] iscongruent to A modulo Rdet(A) and det(B) = 0, hence A

is weakly determinant liftable. Thus Theorem @ holds.

5. A CRITERION FOR WEAKLY DETERMINANT LIFTABILITY

a b

Theorem 5.1. For A = d

] € Um(Mz(R)) the following properties hold.

(1) If A is determinant liftable, then there exists (z,y,z,w) € R* such that
O(x,y,z,w) =0.

(2) If there exists (z,y,z,w) € R* such that ®(z,y, z,w) = 0, then A is weakly
determinant liftable.

(3) If either N(R) =0 or det(A) ¢ Z(R), then the converse of part (2) holds.

(4) If det(A) € Z(R) and A is weakly determinant liftable, then there exists
(z,y,2,w) € R* such that ®(x,y,z,w) € N(R).

Proof. If A is determinant liftable, then there exists (z,y,2z,w) € R* such that
ax +by+cz+dw =1 and zw — yz = 0 by Theorem [L.2, so ®(z,y, z,w) = 0. Thus
part (1) holds. If v = (z,y, 2z, w) € R* is as in part (2), then for B = B4, we have
det(B) = 0 by Equation (ﬁ) Thus, as A and B are congruent modulo Rdet(A), A is
weakly determinant liftable. The proof that part (3) holds if N(R) = 0 is the same
as for the existence of a retraction YW — R in the proof of Theorem (see the
implication (1) = (2) of Section E) If det(A) ¢ Z(R) and B € M (R) is congruent
to A modulo Rdet(A) with det(B) = 0, then for a v = (z,y, z,w) € R* such that
B = By, = A(I,+adj(A)C,) (see Lemma @(1)), we have det (I +adj(4)C,) = 0
and part (3) holds by Equation (). Part (4) follows from part (3). O
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Example 5.2. If R is such that N(R) = 0 and there exists A € Um(Mz(R))

which is not determinant liftable but is weakly determinant liftable (see Example
), then there exists (z,y,z,w) € R* such that ®(x,y,z,w) = 0 by Theorem
(3). Hence the converse of Theorem El(l) does not hold in general.

Remark 5.3. If v = (z,y, z,w) € R* is such that ®(z,y, z,w) # 0 = ®(z,y, z, w)?
and the matrix B4, is not unimodular, i.e., the ideal b generated by its entries
is not R, then there exists v/ = (2/,y,2',w') € v + R®(x,y,2,w)* such that
O,y 2 w') =0 iff O(x,y,z,w) € P(x,y, z,w)b.

6. PROOFS OF THEOREMS AND

The ‘if” part of Theorem @ follows from the fact that all unimodular matrices
in My(R) of zero determinant are determinant liftable. Based on Theorem [1.3(1),
for the ‘only if’ part it suffices to show that if R is a Il and if for A € Um (Mg (R))
a1 b1
C1 d1
det(B) = 0, then A is simply extendable. As R is a Il ring, B is simply extendable.
From this and [2], Thm. 4.3 it follows that there exists (e, f) € Um(R?) such that
(are +cif,bie +dif) € Um(R?) and so (are + c1 f,bie + di f, ad — be) € Um(R?).
As B — A € My(Rdet(A)), it follows that (ae + cf,be + df,ad — be) € Um(R?).
Thus A is simply extendable by [2], Cor. 4.7(2). So Theorem @ holds.

To prove Theorem [1.7, we note that R is a Il ring by [2], Thm. 1.4. Hence,
based on Theorems [L.3(1) and @(1) and (2), it suffices to show that if A is weakly
determinant liftable, then it is extendable. Let B € Mjy(R) be congruent to A
modulo Rdet(A) and det(B) = 0. As B is non-full by hypothesis, A modulo
Rdet(A) is non-full. Thus A modulo Rdet(A) is simply extendable (see [2], Prop.
5.1(1)) and hence A is extendable (see [2], Lem. 4.1(1)). Thus Theorem [1.7 holds.

there exists B = ] € Um(Mz(R)) congruent to A modulo Rdet(A) and

7. ON WJ31 AND Jy 1 RINGS

We first prove Theorem . Let R be a WJs; ring. Let A = [ Z Z ] S

Um(Mz(R)). By taking (¥, A) = (1,0) in Definition (1)7 it follows that there
exists (z,y,2,w) € R* such that ax + by + cz + dw = 1 and 2w — yz = 0, and
hence A is determinant liftable by Theorem [1.2. Thus part (1) holds. We assume
now that R is also a Hermite ring. The ‘only if’ of part (2) follows from the fact
that each elementary divisor ring is an SFE5 ring (see [2], Prop. 1.3) and hence a
II, ring. For the ‘if’ of part (2), if R is also a IIz ring, then from part (1) and
Theorem we get that R is an SFs ring and hence an elementary divisor ring
by [2], Cor. 1.8. Note that each Hermite domain is a Bézout domain and hence
a pre-Schreier domain (see [2], Sect. 2) and a IIy domain (see [2], paragraph after
Thm. 1.4). Hence part (2) holds. Thus Theorem holds.

Proposition 7.1. A ring R is a Jo1 ring in the sense of Definition (2) iff it
is a Ja1 ring in the sense of [§], Def. 4.6.

Proof. For the ‘only if’ part, let (a,3,7,0) € R*. As R is a Hermite ring, there
exist e € Rand (a, b, c,d) € Um(R*) such that (o, 3,7,6) = e(a,b, c,d). For ¥ € R,
the equation aX + BY +~Z + §W = ¥ has a solution (z,y, z,w) € R* iff U € Re.
Assume now (¥, A) € Re x R. Let f € R be such that ¥ = ef. From Definition
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applied to (U, A) = (f,0) it follows that there exists (z,y, z,w) € R* such
that ax + by + cz + dw = f and xw —yz = A. Hence ax + By +vz+ow=ef =V
and zw — yz = A, thus the ‘only if’ of part (2) holds.

For the ‘if’ of part (2), if R is a Ja,1 ring in the sense of [§], Def. 4.6, then clearly
it is a WJs 1 ring and it is a Hermite ring by [§], Prop. 4.11. |

8. RINGS WITH UNIVERSAL (WEAKLY) DETERMINANT LIFTABILITY

Let GL3(R) be the group of units of Mz (R). For a matrix E € My(R), let [E] €
GLy(R)\M2(R)/GLo(R) be its equivalence class (double coset). For a projective
R-module P of rank 1, let [P] € Pic(R) be its class.

Proposition 8.1. We consider the following statements on R.
(1) For each a € R, the map of sets
{B € Um(Ma(R))|det(B) = 0} — {B € Um(Mz(R/Ra))| det(B) = 0},

defined by the reduction modulo Ra, is surjective.

(2) For each a € R, the map of sets of equivalence classes
{[B]|B € Um(Mg(R)), det(B) = 0} — {[B]|B € Um(MQ(R/Ra)), det(B) = 0},
defined by the reduction modulo Ra, is surjective.

(3) For each a € R, every projective R/Ra-module of rank 1 generated by 2
elements is isomorphic to the reduction modulo Ra of a projective R-module of rank
1 generated by 2 elements.

(4) Each matriz in Um(Mz(R)) is determinant liftable.
Then (1) = (2) © (3) and (1) = (4). If sr(R) <4, then (1) & (4).

Proof. For a pair m := (P,Q) of projective R-submodules of R? of rank 1 and
generated by 2 elements such that we have a direct sum decomposition R? = P& Q,
let B, € Um(Mg(R)) be the projection on P along Q; so det(E;) =0, P and Q
are dual to each other (i.e., [Q] = —[P], with Pic(R) viewed additively), and
Uip) := [Ex] depends only on [P]. Each projective R-module of rank 1 generated
by 2 elements is isomorphic to such a P. For F € Um(Mz(R)) with det(F) = 0,
Kerp and Imp are projective R-module of rank 1 generated by 2 elements and the
short exact 0 — Kerp — R? — Imp — 0 has a section ¢ : Imp — R? (see [2], Lem.
2.1); if 7p := (Im(y),Kerp), then [F] = [E;,] = Utm,]. Thus

{[B]|B € Um(Ma(R)), det(B) = 0} = {Up||P & Q = R*, P has rank 1}.

From this and its analogue over R/ Ra, it follows that (2) < (3). Clearly, (1) = (2).

For (1) = (4), let A € Um(M3(R)). By applying (1) to a = det(A) and the
reduction B of A modulo Ra, it follows that there exists B € Um/(Mz(R)) congruent
to A modulo Rdet(A) and det(B) = 0, so A is determinant liftable.

Assume sr(R) < 4. To prove (4) = (1), let a € R. Let B € Um(Mz(R/Ra))
with det(B) = 0. Let C € Um(Ma(R)) be such that its reduction modulo Ra is B
by [2], Prop. 2.4(1); we have det(C) € Ra. As C is determinant liftable, there exists
B € Um(Mz(R)) with det(B) = 0 and congruent to C' modulo R det(C) and hence

also modulo Ra; so the map of statement (1) is surjective, hence (4) = (1). O



MATRIX INVERTIBLE EXTENSIONS 13

Example 8.2. If R is an integral domain of dimension 1, then each matrix A €
Um(Mz(R)) is determinant liftable. To check this we can assume that det(A) # 0
and this case follows from [2], Thm. 1.7(1) and Theorem @(1)

Proposition 8.3. We consider the following two statements on R.

(1) For each a € R, Um(Ma(R/Ra)) is contained in the image of the modulo
Ra reduction map {B € My(R)|det(B) = 0} — {B € My(R/Ra)|det(B) = 0}.
(2) Each matriz in Um(Mz(R)) is weakly determinant liftable.

Then (1) = (2), and the converse holds if sr(R) < 4.

Proof. 1t is the same as the last two paragraphs of the proof of Proposition EI, with
determinant and B € Um(Mz(R)) replaced by weakly determinant and B € Mz(R)
(respectively). O

9. A CRITERION FOR DETERMINANT LIFTABILITY VIA COMPLETIONS
The following proposition is likely to be well-known.

Proposition 9.1. Let A € Um(Mz(R)), let t € R be such that det(A) € Rt and
let R be the t-adic completion of R. Then there exists B € Um(Mg(f%)) whose
reduction modulo Ker(R — R/Rt) is the reduction of A modulo Rt and det(B) = 0.

Proof. Let By := A. By induction on n € N, we show that there exists B,, € Ma(R)
congruent to B,,_1 modulo Rt2"" and det(B,) € Rt*". For n = 1, let s € R be

such that det(A4) = st. With A = [ Ccl Z ], for By == A+t [ QZC i } € Ma(R),

det(By) is congruent modulo Rt? to st+ (dz +cy+bz+aw)t. As A € Um(Ma(R)),
the linear equation dx + cy + bz + aw = —s has a solution (z,y, z,w) € R*; for
such a solution we have det(B;) € Rt?. The passage from n to n + 1 follows from
the case n = 1 applied to (Bn,Rt2"+1) instead of (A, Rt?). This completes the
induction. As t belongs to the Jacobson radical J(R) of R, the limit B € My(R)
of the sequence (B,),> exists. Clearly, det(B) = 0. As Ker(R — R/Rt) C J(R),
we have B € Um(Ma(R)). O

Proposition @ also follows from the smoothness part of Theorem @(2) via a
standard lifting argument. Proposition gives directly the following result.

Corollary 9.2. Let A€ Um (MQ(R)). If R is complete in the det(A)-adic topology,
then A is determinant liftable.
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