
Seminarul 9

1. Să se calculeze următoarele integrale duble:

a)

∫ 6

1

∫ 3

2

1

(x+ y)2
dxdy;

b)

∫ 1

0

∫ 1

0

x

(1 + x2 + y2)3/2
dxdy;

c)

∫ π

0

∫ π/2

0

x sinx

(1 + cos2 x)(1 + cos2 y)
dxdy;

d) (Temă)

∫ π/2

0

∫ π/2

0

y sin y

(1 + cos x)(1 + cos y)2
dxdy;

e)

∫ 1

0

∫ 1

0

min{x, y} dxdy;

f)

∫ a

1/a

∫ 1

0

1

x2 + y2
dxdy , unde a > 1.

2. Să se calculeze următoarele integrale triple:

a)

∫ 2

1

∫ 2

1

∫ 2

1

1

(x+ y + z)3
dxdydz;

b) (Temă)

∫ a

0

∫ b

0

∫ c

0

(x+ y + z) dxdydz, unde a, b, c > 0;

c)

∫ 1

0

∫ 1

0

∫ 1

0

min {x, y, z} dxdydz.

3. Să se calculeze

∫∫
A

1

y + 1
dxdy, dacă A este mult, imea plană mărginită

de parabola y = x2 s, i de dreapta y = 2x+ 3.

4. Să se calculeze

∫∫
A

x

y2 + 1
dxdy, dacă A este mult, imea plană mărginită

de dreptele x =
√

3, y = x s, i de hiperbola de ecuat, ie xy = 1.

5. Să se calculeze

∫∫
A

x

1 + y2
dxdy, dacă A este mult, imea definită prin

A := { (x, y) ∈ R2 | x ≥ y ≥ 0, x2 + y2 ≤ 2}.
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6. (Temă) Să se calculeze

∫∫
A

y

1 + x2
dxdy, dacă A este mult, imea defi-

nită prin A := { (x, y) ∈ R2 | y ≥ |x|, x2 + y2 ≤ 2}.

7. Fie a, b > 0 s, i fie A :=

{
(x, y) ∈ R2

∣∣∣∣ x2a2 − y2

b2
≤ 1, −b ≤ y ≤ b

}
. Să

se calculeze

∫∫
A

x2

y2 + b2
dxdy.

8. (Temă) Fiind date numerele reale a, b > 0, să se calculeze∫ a

0

∫ b

0

emax {b2x2,a2y2}dxdy.

Concursul William Lowell Putnam 1989, problema A2

9. Să se calculeze

∫∫∫
A

1

(x+ y + z + 1)2
dxdydz, dacă A este mult, imea

din spat, iu cuprinsă ı̂ntre planele de ecuat, ii x = 0, y = 0, z = 0 s, i
x+ y + z = 1.

10. Să se calculeze

∫∫∫
A

(x2 + y2) dxdydz, dacă

A := { (x, y, z) ∈ R3 | x2 + y2 ≤ z ≤ 4 }.
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Rezolvări

1. a) Aplicând teorema lui Fubini, avem∫ 6

1

∫ 3

2

1

(x+ y)2
dxdy =

∫ x=6

x=1

(∫ y=3

y=2

1

(x+ y)2
dy

)
dx

=

∫ x=6

x=1

(
− 1

x+ y

∣∣∣y=3

y=2

)
dx =

∫ 6

1

(
− 1

x+ 3
+

1

x+ 2

)
dx

= ln
x+ 2

x+ 3

∣∣∣6
1

= ln
32

27
.

b) Aplicând teorema lui Fubini, avem (atent, ie la alegerea ordinii de inte-
grare: una dintre integralele iterate se calculează us,or, cealaltă greu)∫ 1

0

∫ 1

0

x

(1 + x2 + y2)3/2
dxdy =

∫ y=1

y=0

(∫ x=1

x=0

x

(1 + x2 + y2)3/2
dx

)
dy

=

∫ y=1

y=0

(
1

2

∫ x=1

x=0

(1 + x2 + y2)−3/2 · 2x dx

)
dy

=

∫ y=1

y=0

(
1

2
· (1 + x2 + y2)−1/2

−1/2

∣∣∣∣x=1

x=0

)
dy

=

∫ y=1

y=0

− 1√
1 + x2 + y2

∣∣∣∣∣
x=1

x=0

 dy

=

∫ 1

0

(
− 1√

y2 + 2
+

1√
y2 + 1

)
dy

= ln
y +

√
y2 + 1

y +
√
y2 + 2

∣∣∣∣∣
1

0

= ln
2 +
√

2

1 +
√

3
.

c) Notăm I :=

∫ π

0

∫ π/2

0

x sinx

(1 + cos2 x)(1 + cos2 y)
dxdy. Aplicând teorema
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lui Fubini, avem

I =

∫ x=π

x=0

(∫ y=π/2

y=0

x sinx

(1 + cos2 x)(1 + cos2 y)
dy

)
dx

=

∫ x=π

x=0

(
x sinx

1 + cos2 x

∫ y=π/2

y=0

dy

1 + cos2 y︸ ︷︷ ︸
I2

)
dx

= I2

∫ π

0

x sinx

1 + cos2 x
dx︸ ︷︷ ︸

I1

= I1I2.

Pentru calculul integralei I1 =

∫ π

0

x sinx

1 + cos2 x
dx, facem schimbarea de varia-

bilă x = π − t. Obt, inem

I1 =

∫ 0

π

(π − t) sin(π − t)
1 + cos2(π − t)

(−dt) =

∫ π

0

(π − t) sin t

1 + cos2 t
dt

= π

∫ π

0

sin t

1 + cos2 t
dt−

∫ π

0

t sin t

1 + cos2 t
dt,

de unde

2I1 = π

∫ π

0

sin t

1 + cos2 t
dt = −π arctg(cos t)

∣∣∣π
0

=
π2

2
,

deci I1 = π2/4.

Pentru calculul integralei I2 =

∫ π/2

0

dy

1 + cos2 y
, facem schimabarea de

variabilă tg y = t. Obt, inem

I2 =

∫ π
2
−0

0

dy

1 + cos2 y
=

∫ ∞
0

1

1 + 1
1+t2

· 1

1 + t2
dt

=

∫ ∞
0

dt

t2 + 2
=

1√
2

arctg
t√
2

∣∣∣∣∞
0

=
π

2
√

2
.

În final, avem I = I1I2 =
π3

8
√

2
.
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Observat, ie. In rezolvare s-a folosit următorul rezultat: dacă funct, iile
f : [a, b] → R s, i g : [c, d] → R sunt integrabile Riemann, atunci are loc
egalitatea ∫ b

a

∫ d

c

f(x)g(y) dxdy =

(∫ b

a

f(x) dx

)(∫ d

c

g(y) dy

)
.

Acest rezultat este o consecint, ă imediată a teoremei lui Fubini s, i el va fi
folosit s, i ı̂n rezolvarea altor probleme.

d) Răspuns:
π

2
− 1.

e) Aplicând teorema lui Fubini, avem

I :=

∫ 1

0

∫ 1

0

min{x, y}dxdy =

∫ y=1

y=0

(∫ x=1

x=0

min{x, y}dx︸ ︷︷ ︸
G(y)

)
dy =

∫ 1

0

G(y) dy.

Observăm că

G(y) =

∫ x=y

x=0

min{x, y}dx+

∫ x=1

x=y

min{x, y}dx =

∫ y

0

xdx+

∫ 1

y

ydx

=
x2

2

∣∣∣∣x=y
x=0

+ xy
∣∣∣x=1

x=y
=
y2

2
+ y − y2 = y − y2

2
,

deci I =

∫ 1

0

(
y − y2

2

)
dy =

1

3
.

f) Aplicând teorema lui Fubini, avem

I :=

∫ a

1/a

∫ 1

0

1

x2 + y2
dxdy =

∫ x=a

x=1/a

(∫ y=1

y=0

1

x2 + y2
dy

)
dx

=

∫ x=a

x=1/a

1

x
arctg

y

x

∣∣∣∣y=1

y=0

dx =

∫ a

1/a

1

x
arctg

1

x
dx.

Făcând schimbarea de variabilă x = 1/t, obt, inem

I =

∫ 1/a

a

t arctg t

(
− 1

t2

)
dt =

∫ a

1/a

1

t
arctg t dt

=

∫ a

1/a

1

t

(
π

2
− arctg

1

t

)
dt =

π

2

∫ a

1/a

1

t
dt− I,
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de unde I =
π

4

∫ a

1/a

1

t
dt =

π

2
ln a.

2. a) Aplicând teorema lui Fubini, avem∫ 2

1

∫ 2

1

∫ 2

1

1

(x+ y + z)3
dxdydz =

∫ 2

1

(∫ 2

1

(∫ 2

1

(x+ y + z)−3 dz

)
dy

)
dx

=

∫ 2

1

(∫ 2

1

(
(x+ y + z)−2

−2

∣∣∣∣z=2

z=1

)
dy

)
dx

=
1

2

∫ 2

1

(∫ 2

1

(
− 1

(x+ y + 2)2
+

1

(x+ y + 1)2

)
dy

)
dx

=
1

2

∫ 2

1

(
1

x+ y + 2
− 1

x+ y + 1

)∣∣∣∣y=2

y=1

dx

=
1

2

∫ 2

1

(
1

x+ 4
− 2

x+ 3
+

1

x+ 2

)
dx =

1

2
ln

(x+ 2)(x+ 4)

(x+ 3)2

∣∣∣∣2
1

=
1

2
ln

128

125
.

b) Răspuns:
abc(a+ b+ c)

2
.

c) Fie I :=

∫ 1

0

∫ 1

0

∫ 1

0

min {x, y, z} dxdydz. Aplicând teorema lui Fubini,

avem

I =

∫ 1

0

∫ 1

0

F1(x, y) dxdy,

unde F1 : [0, 1]× [0, 1]→ R este funct, ia definită prin

F1(x, y) =

∫ 1

0

min {x, y, z} dz

=

∫ min {x,y}

0

min {x, y, z} dz +

∫ 1

min {x,y}
min {x, y, z} dz

=

∫ min {x,y}

0

z dz +

∫ 1

min {x,y}
min {x, y} dz

= min {x, y} − min {x, y}2

2
.
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Aplicând ı̂ncă o dată teorema lui Fubini, obt, inem

I =

∫ 1

0

(∫ 1

0

(
min {x, y} − min {x, y}2

2

)
dy

)
dx.

Dar ∫ 1

0

(
min {x, y} − min {x, y}2

2

)
dy

=

∫ x

0

(
y − y2

2

)
dy +

∫ 1

x

(
x− x2

2

)
dy = x− x2 +

x3

3
,

deci

I =

∫ 1

0

(
x− x2 +

x3

3

)
dx =

1

4
.

3. Parabola y = x2 s, i dreapta y = 2x + 3 se intersectează ı̂n punctele
M(−1, 1) s, i N(3, 9) (a se vedea figura 1).

Figura 1:
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Aplicând teorema lui Fubini, avem∫∫
A

1

y + 1
dxdy =

∫ x=3

x=−1

(∫ y=2x+3

y=x2

1

y + 1
dy

)
dx

=

∫ x=3

x=−1
ln(y + 1)

∣∣∣y=2x+3

y=x2
dx

=

∫ 3

−1

(
ln(2x+ 4)− ln(x2 + 1)

)
dx

= 4 + 2 ln 5− π

2
− 2 arctg 3.

4. Hiperbola xy = 1 s, i dreapta y = x se intersectează ı̂n primul cadran ı̂n
punctul de coordonate (1, 1) (a se vedea figura 2).

Figura 2:

Trecând la integrale iterate, avem∫∫
A

x

y2 + 1
dxdy =

∫ x=
√
3

x=1

(∫ y=x

y= 1
x

x

y2 + 1
dy

)
dx

=

∫ √3
1

x arctg y
∣∣∣y=x
y=1/x

dx =

∫ √3
1

x

(
arctg x− arctg

1

x

)
dx.
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T, inând seama că arctg
1

x
=
π

2
− arctg x, obt, inem

∫∫
A

x

y2 + 1
dxdy =

∫ √3
1

x
(

2 arctg x− π

2

)
dx = 1−

√
3 +

π

3
.

5. Trecând la integrale iterate, avem (a se vedea figura 3):

Figura 3:

∫∫
A

x

y2 + 1
dxdy =

∫ y=1

y=0

(∫ x=
√

2−y2

x=y

x

y2 + 1
dx

)
dy

=

∫ y=1

y=0

1

y2 + 1
· x

2

2

∣∣∣∣∣
x=
√

2−y2

x=y

dy

=

∫ 1

0

1− y2

y2 + 1
dy =

π

2
− 1.

6. Răspuns: π − 2.

7. Trecând la integrale iterate, avem (a se vedea figura 4):
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Figura 4:

∫∫
A

x2

y2 + b2
dxdy =

∫ y=b

y=−b

(∫ x=a
b

√
y2+b2

x=−a
b

√
y2+b2

x2

y2 + b2
dx

)
dy

=

∫ y=b

y=−b

1

y2 + b2
· x

3

3

∣∣∣∣∣
x=a

b

√
y2+b2

x=−a
b

√
y2+b2

dy

=

∫ b

−b

1

y2 + b2
· 2a3(y2 + b2)3/2

3b3
dy

=
2a3

3b3

∫ b

−b

√
y2 + b2 dy =

2a3

3b

(√
2 + ln(1 +

√
2)
)
.

8. Fie I valoarea integralei din enunt, . Avem [0, a]× [0, b] = A1 ∪ A2, unde

A1 =

{
(x, y) ∈ R2

∣∣∣∣ 0 ≤ x ≤ a, 0 ≤ y ≤ b

a
x

}
,

A2 =
{

(x, y) ∈ R2
∣∣∣ 0 ≤ y ≤ b, 0 ≤ x ≤ a

b
y
}
.
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T, inând seama de aceasta, deducem că

I =

∫ a

0

(∫ b
a
x

0

eb
2x2dy

)
dx+

∫ b

0

(∫ a
b
y

0

ea
2y2dx

)
dy

=

∫ a

0

b

a
xeb

2x2dx+

∫ b

0

a

b
yea

2y2dy =
ea

2b2 − 1

ab
.

9. A este mult, imea punctelor situate ı̂n interiorul s, i pe fet,ele tetraedru-
lui OMNP , unde O este originea, M(1, 0, 0), N(0, 1, 0), P (0, 0, 1) (a se
vedea figura 5). Proiect, ia lui A pe planul Oxy este triunghiul OMN , adică
mult, imea A0 := {(x, y) ∈ R2 | x, y ≥ 0, x+ y ≤ 1}.

Figura 5:

Trecând la integrale iterate, avem∫∫∫
A

1

(x+ y + z + 1)2
dxdydz =

∫∫
A0

(∫ z=1−x−y

z=0

dz

(x+ y + z + 1)2

)
dxdy

=

∫∫
A0

− 1

x+ y + z + 1

∣∣∣z=1−x−y

z=0
dxdy =

∫∫
A0

(
−1

2
+

1

x+ y + 1

)
dxdy

= −1

4
+

∫∫
A0

1

x+ y + 1
dxdy,
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deoarece

∫∫
A0

dxdy = m(A0) =
1

2
. Pentru calculul integralei duble, trecem

din nou la integrale iterate. Avem∫∫
A0

1

x+ y + 1
dxdy =

∫ x=1

x=0

(∫ y=1−x

y=0

1

x+ y + 1
dy

)
dx

=

∫ x=1

x=0

ln(x+ y + 1)
∣∣∣y=1−x

y=0
dx =

∫ 1

0

(
ln 2− ln(x+ 1)

)
dx = 1− ln 2.

În final, avem

∫∫∫
A

1

(x+ y + z + 1)2
dxdydz =

3

4
− ln 2.

10. A este mult, imea punctelor situate ı̂n interiorul pânzei paraboloidului
de ecuat, ie z = x2 + y2, sub planul z = 4 (a se vedea figura 6).

Figura 6:

Proiect, ia lui A pe planul Oxy este discul A0, cu centrul ı̂n origine s, i de
rază 2. Trecând la integrale iterate, avem

I :=

∫∫∫
A

(x2 + y2) dxdydz =

∫∫
A0

(∫ z=4

z=x2+y2
(x2 + y2) dz

)
dxdy

=

∫∫
A0

(x2 + y2)(4− x2 − y2) dxdy.
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Încercând să calculăm integrala dublă cu ajutorul teoremei lui Fubini (adică
trecând la integrale iterate), obt, inem

I =

∫ x=2

x=−2

(∫ y=
√
4−x2

y=−
√
4−x2

(x2 + y2)(4− x2 − y2) dy

)
dx.

GROAZNIC ! (cine nu crede, se poate convinge ı̂ncercând calculele)

De aceea, vom calcula integrala dublă nu cu teorema lui Fubini, ci cu ajutorul
coordonatelor polare (trecerea la coordonate polare este, de fapt, o schimbare
de variabile ı̂n integrala dublă). Avem (a se vedea figura 7)

Figura 7:

x = ρ cos θ, ρ ∈ [0, 2],

y = ρ sin θ, θ ∈ [0, 2π].

Determinantul Jacobi al transformării este

D(x, y)

D(ρ, θ)
=

∣∣∣∣∣ ∂x
∂ρ

∂x
∂θ

∂y
∂ρ

∂y
∂θ

∣∣∣∣∣ =

∣∣∣∣ cos θ −ρ sin θ
sin θ ρ cos θ

∣∣∣∣ = ρ.

Fc̆ând schimbarea de variabilă, obt, inem

I =

∫ 2

0

∫ 2π

0

(
ρ2 cos2 θ + ρ2 sin2 θ

) (
4− ρ2 cos2 θ − ρ2 sin2 θ

)
· ρ dρdθ

=

∫ 2

0

∫ 2π

0

ρ3(4− ρ2) dρdθ

=

(∫ 2

0

(4ρ3 − ρ5) dρ

)(∫ 2π

0

dθ

)
.
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Pentru ultima egalitate s-a folosit observat, ia de după rezolvarea problemei

1c). Răspunsul final este I =
32π

3
.
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