Calculus on R"
Seminar 5 2020

Partial derivatives

We start by considering partial derivatives of real functions, of vector
variable. The general context is the following:

ACR"
a € intA
f:A—=R

Let j € {1,...,n}. The function f is said to be partially differentiable
with respect to the variable x; at the point a, if the following limit exists:

S lm flar,...,a;-1,%X5, 041, ..., an) — fai, ..., an)
Tj—ay Tj— aj

cR.

If this limit exists, it is usually denoted by:

of
8_%<a)7

and is called the first-order partial derivative of f, with respect to
the variable z;, at a.

When solving simple examples, we consider at most n = 3, case in which
we have to analyze three different partial derivatives, usually denoted by

of of of
%(a), 6_y(a>’ a(a)-

(And in most cases instead of a we have (z,y, 2).)

When there is no obvious problem with the interior of the set A, we
compute very simply the partial derivative with respect (let’s say ) = by
considering the other variable as constants. Thus, we may sometimes even
use the notation

of

(@) = (Pt0)

The same happens for y and z, respectively.

The procedure may continue inductively, so the second order partial
derivatives, mean actually computing the partial derivatives of the first-
order partial derivatives (of course, if these functions are differentiable).
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Starting for example with the first order partial derivative with respect to
y, we obtain three new functions, namely

82f Y 62](' B . B 82f
8$ay (CL) - ((f)y))z(CL)’ ayay (a) - ((f)y)y(a) — a—y2(a)

wd o) = ()@
020y yrER
There are cases when the first order partial derivatives may be computed
directly, but also, there are cases when we have to go back to the limit in
order ot get a correct conclusion, (so, for let’s say z), we have to see that
of flar, as, 2) — fla1, a2, a3)

—(CLl, as, CL3) = lim .
0z z—vag Z— a3

When we have a real function of vector variable f : A — R, and all of
the first order partial derivatives exist on the entire int A, one may consider
the Gradient of the function,

Vi = (.50 5 w).

Excercise 1:
Let f:R*xR? — R be a function defined by

22eY

f(ﬂ?,y,Z) -

X

Determine:
a) all first-order partial derivatives of f;

b) all second-order partial derivatives of f;

c) Consider the vectors v = Vf(1,0,2) and v = Vf(2,1,1). Deter-
mine < u,v >.

Solution:

a) Let (z,y,2) € R* x R? be arbitrarily chosen. Then



of 2%V Of 2PV of  2zeY
%(CE’,Q,Z) - _?7 a_y(xnyu Z) - 7 and E(.I,y,Z) - 7

b) Let (z,y,2) € R* x R? be arbitrarily chosen. Then

o0 f 22eY O f 22eY o0 f 2eY
o (1:Y:2) = 25, o, (2,y,2) and =5 (2, y,2) = —

X

The mixed second-order partial derivatives are

o0 f 22eY o0 f
M('xayaz) = - .T2 = 8:(;6y(x’y’z)’

o0 f 2zeY  O*f
8y82(x’y’z) T 820y<x’y’z)’
0 f 2zeY 0 f
%(%%2) -T2 T 8x8z<x’y’z)'

¢) Determine the vectors u := Vf(1,0,2), v := Vf(2,1,1) and their
scalar product (u,v). Let us first recall the formulation of the Gradient of
a vector function. Let (z,y, z) € R* x R? be arbitrarily chosen. Then

0 0 0
vf = (o) G ).

For the given vectors we obtain

of of af 22e0 220 220
U/ZVf(l,O,Q) = (%(17072)7@(17072)7%(17072)> - <_ 12 ) 1 ) 1
= (—4,4,4)
and
of of of 1261 1261 2¢!
U’:vf(27171) - (%(27171)7a_y<27171)7$(27171)> — <_ 22 ) 9 ) 9
= (—ie, 1e,e)

The required scalar product is

1 1
(u,v) = —4- (—Ze> +4-§e—|—4-e:7e.
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Exercise 2: For the function f:R?> — R, defined by

4

s (wy) #(0,0)
f(x,y>{g< e - 00)

—~

study

a) the partial derivatives of f with respect to both variables z
and y at 0, = (0,0).

b) the continuity at 0,.

Solution:
a) First we analyze the partial derivative of f with respect to x at 0s:

z*—0
_ 0 |
lim f(ZL', 0) f(07 O) — lim 2(z*)+0 T
x—0 z—0 z—0 T —0 21
1 0) — £(0,0
Since lim — = —oo and lim — = 400, we conclude that lim f(z,0) = £(0,0)
220 2z 220 2z z—0 x—0

does not exist. Hence f is not partially differentiable with respect to = at
05.
Then we analyze the partial derivative of f with respect to y at 0s:

—y
lim f(07 y) f(07 0) — lim 2(0+y*) — lim——
y—0 y—20 y—0 Y y—0 2y
1 _
Since lim —— = +o00 and lim —— = —oo0 we conclude that lim 1(0.y) — £(0,0)
y—0 2y y—0 2y y—0 r—0

y<0 y>0
does not exist. Hence f is not partially differentiable with respect to y at

05.

b) We will prove that f is not continuous at 0y. Assume by contradiction

that f is continuous at 0. for every sequence (2*)en in R?, with lim 2% =

k—o00
09, one should have that klim f(@®) = £(0y).
— 00

If we consider the sequence with the general term a* = (3,0), then
1\4
) —0 1 1
lim a” = 0y and lim f(a*) = lim (k) 7 = lim=- == #0 =
k—00 k—00 k—00 2 ((%) + 0> k—o0 2 2
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f(02). Hence we have obtained a contradiction. Thus f is not continuous
at 02.

Exercise 3: Let f: R> — R be defined by

e (5y) £ 0,
flz,y) =
07 (-T,y) :OQ

a) Show that f has partial derivatives (with respect to both
variables) on R?, and determine both first-order partial de-
rivatives of f.

b) Show that f is not continuous at 0, (although f is partially
differentiable at 0,).

Solution:

a) We first study the partial derivative f at Oy with respect to x:

z-0
lim f(2,0) = (0.,0) — lim 2% — Jim = = lim 0 = 0.

z—0 x—0 z—0 I x—0 x—0

Therefore
8x< ’ ) )

thus f has a partial derivative 0o with respect to x.
Then we analyze the partial derivative of f with respect to y at 0Os:

0-y
lim JOW = SO0 BE g,
y—0 y—20 y—0 y—0
Therefore of
—(0,0) =0
ay( ) ) )

thus f has a partial derivative with respect to y at 0,.
If (z,y) € R*\{0,} then the partial derivatives of f at (z,y)with respect
to x and y, respectively, are

of y (22 +97) —22%  y(y? —2?)

%(gj’y) - (22 + 12)?2 - (22 + 12)2
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and

8f( ) v (2 +y?) —22y®  x(2? —yP)

) = _ |

oy (a? + y?)? (a? 1 2)2

Therefore

O = i i@y #0 0f [ R i) £ 0,
Ox 0 if (z,y) = 09 Jy 0 if (2,y) = 0

b)The existence of both partial derivatives (sometimes called Partial
differentiability at a point) does not imply continuity at that point
(this fact being in contrast to what we know from real functions of one
variable). In this particular example the function f has partial derivatives
with respect to both x and y ( is partially differentiable) at 0, but is not
continuous at 0s. To serve our purpose we use the characterization of the
continuity with sequences.

Consider the sequence (zx, yx)rent With the general term defined by

11
=(—-, -], keN".
(xkayk) (k’ ]C) S
Then
141
]}Lfgo(ﬂfk,yk) = (02 while ]}LI{)lO f(xr,yr) = ]}1_{20 T =3 # f(02).

So, f is not continuous at 0s.

Exercise 4: Determine all first-order and all second-order partial
derivatives of the function

f: R* =R, f(z,y,2) = 2°cos(z — y).

Solution: Let (z,y, z) € R be arbitrarily chosen. Then

of

of
ogr _ 2 2
(%(w,y,Z) z

sin(x—y), a—y(:ﬂ,y,z) = —z sin(x—y)(x_y); _ 2 sin(z—y) and

of B
g(x, y,z) = 2z cos(x — y).



Moreover, we have

0? 0?
S (w.0.2) =~ eos(a — ), 5 (0,) =~ cos(z
and
0 f
W(x7 Y, Z) = 2COS($‘ - y)
z
The mixed second-order partial derivatives are
0% f 2 0% f
ayax(‘r Y, 2 ) Cos(x_y)_gxay(xﬂyﬂz%
0 f o0 f
pr— 2 1 _ p—
9907 (z,y,2) = 2zsin(x —y) 9205 (2,9, 2),
0*f . 0*f
9201 (ZE’ Y, < ) —ZZSIH(I’ - y) - axaz(x7y7z)

Exercise 5: Determine the gradient of the function f at the point
a in the following cases:

a) f:R* = R, f(z,y) = e “sin(x +2y) and a = (0,2);
b) f:R* =R, f(z,y,2) = (z —y)cos(mz) and a = (1,0,3).

Solution:

a) Let (z,y) € R? be arbitrarily chosen. Then %(x, y) = —e Tsin(x +
2y) 4+ e~ " cos(z + 2y) and ‘3—5(:6, y) = 2e~ " cos(x + 2y). Thus

vi(05) = (503 5 03)
= (—e sin (O—i— 2) + e % cos (0—|— g) ,26_0 CoS (0—1— g)) = (—1,0).

b) Let (x,y,2) € R be arbitrarily chosen. Then %(az,y,z) = CcosTZ,

of

7 (7,y,2) = —cosmz and 2L (:L' y,z) = —(x —y)msinmz. Thus

T T oo
Vf (1,0,5) = (cos o cos 5’_(1 — 0)7sin 5) = (0,0, —m).

For further details, take a look at the solved exercises on

Seminard-ttrif

From there, without df (which is the differential will be dealt with
in our Seminar 6 ), please try to solve individually all the exercises
from 1 to 10.


http://math.ubbcluj.ro/~ttrif/sem5.pdf

