Calculus on R"
Seminar 3 2020

Sets: compact, bounded, closed

To begin with, let us recall some main concepts.

According to the definition a set M C R" is said to be
e Oopen, if

dr>0 s.t. Bx,r) C B« VeelM, MeV(z).

e closed, if
R"\M is open.

If (z;;) C R" is a sequence, then zy € R" is its limit if
VWV eV(xyg) FkoeN st. Vk>ky, zp€V <—

<~ Ve>0 dkyeN s.t. Vk > ko, Ha:A — l’QH < E.

According to a characterization theorem

A set M C R" is closed if and only if for all sequences (x;) C M,
which are convergent (so dxy € R" such that limj_,..x; = x0), the
limit must be in M (thus zj, € M.)

Let I CN, let A; C R",Vi € I be a collection of sets. Then the
set of all those sets {4, :i € I} forms a covering of M if
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According to the definition



A set M C R" is said to be compact, if from every covering, we
may emphasize a finite covering, thus if {A4; : i € [} is a covering,
exists J C I, J with a finite number of elements, such that

Mc A4,

jed

In practice, for certain exercises, we use the following characterization for compact
sets:

The set M C R" is compact, if each sequence (z;) C M, has
a convergent subsequence in M (which actually means that the-
re exits also zg € M, which is the limit of that subsequence).
Mathematically, this is expressed as:

V(zg) €M, Iap)j>1, Froe M st lim zp, = 2.

j—00
Exercise 1:Let (z;) C R" be a sequence, and let

r = lim z, € R"

be its limit. Prove that the set

A= {a}| Jar: keN}
is compact.

Solution: We prove that the set A is compact, by showing that from an open cover,
we can determine a finite subcover.
Let (A;);er be an open cover of A. This actually means that each set A; is open, and

AQU&.
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Let ig € I be such that x € A;,. Since A;, is open, it follows that
A, € V(x).
Recall now that x = limy_,. 1, thus,
Jko € N s.d. Vk>ky, x€ Ay
For each i € 1,..., kg — 1, denote by

A; a set which contains the element z;.
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which is finite.
Therefore, A is compact.

Exercise 2: Given A, B C R"
A+B={zxeR":Jdac A, Fbe B s.t. z=a+0b}.
a) Prove that if A is closed and B is compact then

A+ B is closed.

b) Give examples of two closed sets C' and D, for which C + D
is not closed.

Solution:
a) We will prove that A + B is closed by showing that

V(ay) C A+ B with kliman:a —ac A+ B, (1)
—00

namely, each convergent sequence of elements from A+ B, has the limit in A+ B as well.
Let now (z;) € A+ B be a randomly chosen convergent sequence, thus 3z € R". We
will prove that
o (= A + B

For a random k € N, we have x;, € A + B which implies that
Jap € A, db,€ B st. x,=ag+ by. (2)
This further implies the existence of two sequences (a;y) C A and (by) C B such that
klggo(ak + b) = xo. (3)
Due to the fact that the set B is compact, there exists a subsequence

(bkj )jGN

and dby € B such that
lim by, = bo. (4)
j—oo
From and @ we get
hm (:L’kj - bkj) =Ty — bo
Jj—00
Using now we obtain

= hm Q; = To — bo.
j—o0



Since A is a closed set and (ag,) is a subsequence of A which is convergent, it implies that
the limit belongs to A, namely
xo — by € A,

which, by simply adding by € B, we get the desired conclusion that
Zo €A+b0 C A+ B.
Recall that the sequence (xy) was chosen randomly, so the proof is complete.

b) It is quite clear, according to what we proved at a), that, in order to be able to
provide a good example, the two sets C' and D cannot be one closed and the other one
compact. This is why, we look for two closed sets which are both not compact (and we
know that closed +bounded implies compact), so neither of them can be bounded.

Consider C' := Z and

1 1 1 1
Di=<n+—meNy=q1+-24+_- .14+ —..
n 1 2 i

For each n € N ) )
—=-n+n+-€C+D,
n n

Thus (%) C C + D. Take into account that

1
lim —=0¢&C+ D,
n—oo N

it follows that C + D is not closed.

Exercise 3: Given A, B C R", the distance between the two sets
is the nonnegative real number

d(A, B) = inf{d(a,b): a€ Aand b€ B}.
a) If A= {a} and B is closed, then
dbeB st. dA B)=d(a,b).
More precisely, the infimum becomes a minimum.
b) If A is compact and B is closed, then
dJaoe A and Ibe B s.t.  d(A,B) =d(a,b).

More precisely, the infimum becomes a minimum.

c) Give an example of two sets for which the minimum is not
attained.



Solution:

a) Since the distance is an infimum, this means that

Aby) € B st. lim d(a,by) = d(a, B.)

k—o0

By using the characterization of the limit, for e = 1
Jky e N st. Vk>ky |d(a,by)—d(a,B)|| <1< (5)
<—VkoeN —1<d(a,by)—d(a,B)<1=
Vk > ko d(a,by) <d(A,B)+ a.
Denote r := d(a, B) +1 > 0. Then we obtain
Vk > ko, bp € B(a,r).
Recall that (by) C B, so we have that
Vk >k by € BN B(a,r).
Both B and B(a,r) are close sets, which implies that
BN B(a,r) is closed.
Moreover, since B(a,r) is bounded, it is clear that
BN B(a,r) is bounded.
In conclusion, the set being both closed and bounded, is compact. Hence
BN B(a,r) iscompact,and Vk>ky b, € BN B(a,r).

Thus, there exists a convergent subsequence (b,)jen € B N B(a,r), and there exists
bo € BN B(a,r) such that

lim by, = b.
Jj—o0

Hence
lim d(a, by;) = d(a, bp).

Jj—o0

Recall that, being a subsequence, we have (from the beginning)

lim d(a, by;) = d(a, B)

Jj—00
Thus
d(a,by) = d(a, B).

b) With an argument similar to the one in the proof of @), from the definition of the
infimum, we know that

1
VkeN, da,€e A, b€ B sit. d(A7 B) < d(ak,bk) < d(A, B) + E



(a) is a sequence of the compact set A, this means that there exists a subsequence
(ak;)jen and a € A such that

lim ap. = a,
j—oo 7

and, due to this, there exists R > 0 such that d(ax;,a) < R for all j € N. By using the
transitivity of the distance, we have for all j € N

1
d(bkjaa) < d(a'kj7bkj) - d(akj’a') < d(Av B) + E +R< d(Aa B) +1+R.
Denote now r := d(A, B) + 1+ R > 0. Then
(bx;) € BN B(a,r).

Exactly like in the proof of a), B N B(a,r) is a compact set (being both closed and
bounded). Hence, we can find (exists )a convergent sub sequence (by; )ien C, and exists

b € BN B(a,r) such that
lim b, =b.
[—so0

Therefore
lliglo d(ay;, , br;, =d(a,b)=d(A,B)-

Hence, the infimum is attained.

c¢) Consider
A={(z,€e"):x € R}

and
B = {(z,0) : z € R}.

Both sets are closed, however
Aaec A, BeB st. d(a,b)=0.

Please draw the graph and notice that d(A, B) = 0, even though AN B = ().

Exercise 4: Let f : R" — R™ be a continuous function, and let
M C R™ be a n open set. Prove that the set

fHUM)={x € R": f(x) e M}
is an open set (in R").

Solution:
We prove that f~1(M) is open, by using the definition, thus we prove that

Ve e (M) Ir>0,st. Bx,r)CfH{(M). (6)

Let 29 € f~1(M) be a randomly chosen point. Be will determine a ball around it, which
is in f~Y(M).



zo € fHM) <= f(xy) € M = M € V(zy) from M an open set <=

<= e > 0 s.t. B(xg,e) C M. (7)

Now we have an £ > 0 whose existence is assured. For this given (fixed) number, we
apply the characterization of the continuity of f at xq. Thus,

f continuous at o = fore >0 30 >0 st. VeeR" with |z — x| <,

to hold || f(z) — f(zo)|| < e.

This meas that Vo € B(z,d), it holds that f(z) € B(f(z¢),¢). By considering (7)),
this furhterm imples that f(x) € M. Hence

Vz € B(zo,9), f(z) € M <= B(x,) C f1(M).

Recall that this last inclusion satisfies @ for the randomly considered xy. Thus the
conclusion is proved.

Exercise 5: Prove that the assertions of Exercise 4 remain true,
when we replace the word open, by closed.

Solution: We actually have to prove that for each H C R™ closed, the set
fH(H)={x e R": f(x) € H}

is closed.
According to the definitions:

f’l(H) closed <+«— R" \f’l(H) open <

Va € R"\f'(H), 3§>0s.t. B(a,d) CR*\f'(H).
Let a € R"\ f~'(H) be randomly chosen. This mean that

fla) e R™\H.
Since R™\ H is open, it follows that
Jde > 0 s.t. B(f(a),e) C R™\H. (8)
For that given ¢ > 0, we apply the continuity of a. This means that
36 > 0 s.t. Vo € B(a,0), f(z)€ B(f(a),e).
This actually means, by considering that
f(B(a,0)) € R™\H <= B(a,8) € R"\f'(H).
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Since a was randomly chosen, the proof is complete.

Exercise 6: Let [ : [a,b] — R be a random function, and let

Gr={(z f(z)): 2 € la, 0]}

be its graph. Prove that f is continuous if and only if G si a
compact subset of R?,

Solution:

= The necessity. We know that f is continuous on [a,b] and we want to prove
that Gy is a compact set.

In order to do that, we use the characterization that a set is compact, if and only if
each sequence of points in G'¢, posses a convergent subsequence, whose limit point belongs
to G f-

Let (xg, f(2k));>; € Gy be a random sequence. Notice that (z5) C [a, b], and take into
account that [a, b] is a compact set. This means that (z;) posses a convergent subsequence
(xkj>j21, for which

dzg € [a,b] such that  lim 23, = .
j—)OO
Recall the definition of continuity which states that if f is continuous at p, then for each
given sequence (p) C [a,b] with limy_copr = p, it holds that limg_, f(pr) = f(p).
Coming back to our problem we have that

To € [a,b], lim xy, =x9 and f is continuous at xo.
J—o0

This implies automatically that

lim f(2,) = f(zo).

Hence
]li)rgo (xkja f(xkj)) = ([Ifo, f(l'o)) € Gf

Thus, we have determined a convergent subsequence of (xy, f(zx)), which is convergent,
and the limit is in Gy. Due to the fact that (zy, f(z;)) was randomly chosen, the proof
is complete.

<= The Sufficiency

Now we know that G is compact, and we want to prove that f is continuous on [a, b].

We prove that f is continuous at a random point in zg € [a,b] by showing that
(according to the definition)

V(zy) C [a,b]  with klirn xp =, it holds  lm f(x) = f(zo).
—00

k—o0

Thus, let us consider xq € [a, b] randomly chosen. Assume by contradiction that there
exists a sequence (zy) C [a, b, with limy_,., x;x = x¢ for which

lim f(ox) # (o). )
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This implies that 3e >0 s.t. VkeN kg >k st | f(xr) — f(zo)]] > e
In particular, this implies that there exists a sequence of natural numbers

dk, < kg <.l < k‘j < ...

with the property that
1f (zr,) = flzo)l Z 6, Vj=1. (10)
Since (xkj, f (xkj))j>1 C Gy, and since G is a compact set, there exists a convergent

subsequence (xy, , f(xk,,)),., € Gy, so there exists (, f(t)) € Gy such that

1>1
lim (24, (@1,,) = (. (1) € Gy (1)

Since (g, ) is a subsequence of (x), whose limit is @ it follows that

t =0 and f(t) = f(x0)

Hence limy o f(21;,) = f(x0). For the ¢ > 0 considered at the beginning, by applying
the characterization of the limit, we get that

dlp € N such that VI >, Hf(a:kjlo) — f(xo) <e. (12)
From and it follows that
€< Hf(mkjlo) — flwo) <e,

which is a contradiction.
The proof is complete.



