Seminar 10

. Evaluate // xy/1 — 22 — y?2dady, if
A

A:={(z,y) eR? | V3z -3y >0, 1 <4(z?+¢?) <4}

2
. Evaluate / / x—dxdy, if
A 2%+ 3y?

A={(ry) eR* 1<’ +¢° <3, x+y >0, y>0}.

. (Homework) Evaluate / / dzdy, if

Y
AT +y+ /2?4 y?

A={(ry) eR* 1<’ +¢* <4, 2 +y >0, y>0}.

. Let a>0andlet A:={(z,y) € R? | 22 + 3> < 2az }. Calculate
// V2 + y? dady.
A

. Let a>0and let A:={(z,y) € R? | 2* + ¢y* < 2ax, 2* + y* < 2ay }.

Calculate
// (z° + y*) dady.
A

2 V2r—12
. Compute / Va2 +y?dy | dz.
0 0

12 [ /192
. (Homework) Compute / (/ vVt +y? dx) dy.
0

V3y

1
. Calculate /// dxdydz, if
Az +y2+ (2 —2)2

A={(z,y,2) eER* | * + ¢+ 22 <1}
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10.

11.

12.

13.

14.

1
. Calculate / / / dxdydz, if
A2 +y?+22+3

A= A{(z,y,2) eR* | 2 + 7 +2° <1, 2> 0},

z :
Calculate ///A mdxdydz, if

A={(z,y2) R |2 +y"+2° <1, 2 >0}

1
Calculate / / / dxdydz, if
AVZ2+y?+(3—2)?

A={(z,y,2) eR* | ®+¢y* <1, 0< 2 <2}

Determine the area of the plane set A which is bounded by the parabo-
las y? = ax and y* = bx (0 < a < b) and by the hyperbolas xp = p and

ry=q (0<p<q).

(Homework) Determine the area of the plane set A which is bounded
by the parabolas of equations z? = ay, z* = by, y* = pz, y* = gz,
where 0 < a <b,0<p<q.

(Homework) Calculate / / arcsin y/x + ydady, if A is the plane set

A
bounded by the lines x +y = 0, x+y =1, y = —1 and y = 1,
respectively.



Solutions

Pass to polar coordinates: = = pcosf, y = psinf, where (see figure 1)

1 T 7T 5t
peli,l] and HE[O,E]U{F,%T} or Hel—g,g]

Figure 1:

We obtain
// xy/1 — 2?2 — y?2dady
A

p=1 0=m/6
:/ pCOS@\/l—pQCOSQH—pQSiDQQ-pdde
p=1/2 JO=—57/6

p=1 0=m/6
:/ p*cosf/1 — p2dpdf
p:

1/2 Jo=—5r/6

1 /6
= (/ p2\/1—p2dp) (/ cos@d@)
1/2 —57/6

3
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x2~|-y2:3

Figure 2:

Pass to polar coordinates: 2 = pcosf, y = psin, where p € [1,1/3] and
0 € [0,28] (see figure 2).
We obtain

2 p=V3 0=37/4 p2 cos2 6
]:_//dedy_/ / T o020+ 32smzg PP
A Y p=1 0=0 p* cos” 6 4+ 3p°sin
p=V3 p0=3r/4 29
_ / / p— 0
=1 Jo=0 cos? 0 + 3sin” 0
3

V3 3r/4 2
= / pdp / o8 9_ 5—do | .
1 0 cos? 0 + 3sin” 0

The integral with respect to # can be calculated by means of the substitution
ctgd =t. We have

12/3”/4 cos? 6 dgz/_l % 1 "
o010 cos26 + 3sin®f o e 3 2+1

t24+1 241

o 12 1 [ 3 1
o (2+1D)(#2+3) 2), \#*+3 £+1

t oo
(\/g arctan 7 arctan t) = ;—4 (8V3-9).

-1

1
2



31
A D — + - In(2 — Vv2).
nswer 16+4 n(2 —/?2)

Method 1. We pass to polar coordinates taking into account that A is
the disk about (a,0), whose radius is a (see figure 3):

y
M
P(x, y)
P p
0 0 x
(0] 2 N
Figure 3:
x=a-+ pcosh, p € [0,al,
y = psinb, 6 € [0, 27].

The Jacobian determinant of the coordinate conversion is p. We obtain

p=a
// Va2 +y?dady = /
A p=0 6=0

p=a prO=2m
_ / / @+ P2 + 2apcos B dpdd.
p=0 JO=0

0=2m

\/(a + pcosf)? + p?sin®6 - pdpdd

This double integral does not look promising at all. Neither of the two
iterated integrals is easy to calculate.

ABANDON DU TRAVAIL.



Method 2. We apply the usual conversion to polar coordinates:

Tom
= 97 0 € [__7 _:| )
xr = pcos 55
y = psinb, p € 10,2acosb).

Now p represents the distance OP and not the distance between P and the
center of the disk. The maximum value that p can take for a given angle 6
is OM. The length of [OM] can be determined from the right-angle triangle
OMN: OM = ON cosf = 2acosf. Hence 0 € [—%, g] and p € [0, 2a cosb)].
We have

0=% p=2a cos 6
// \/xz—l—demdy:/ (/ \/p200820+p2sin20-pdp) dé
A 0=— o

3 =0
= 3 |p=2acosf 3 us 3
8 32
_/ g de_i/QcosgedQ— “
g——m 3 3 J_ 9
2
Pass to polar coordinates: x = pcosf, y = psinf. We have 6 € [O, %}
(see figure 4).

p=0 2

Figure 4:

If 0 € [0, %], then the maximum value that p can take is OM. The length
of the segment [OM] can be easily determined from the right-angle triangle
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OMN: OM = ONsinf) = 2asinf. If 0 € [% , %}, then the maximum value
that p can take is OP. The length of [OP] can be determined from the
right-angle triangle OPQ: OP = OQ cos = 2a cos §. Therefore, we have

p € 10,2asinf], dacaf e [0, %] ,

p €10,2acos6], dacafe E, g] :

Passing to polar coordinates, we get

// (2% + y?) dzdy
A
0=7 p=2asin 6 0=5 p=2a cos O
:/ / p2-pdp>d0+/ (/ p2-pdp>d9
0=0 p=0 0== p=0

4

= 4a4/4 sin40d«9+4a4/2 cos*6dh = 8a4/ sin* 6 d6
0 ™ 0
= (3—7T — 2) at.
4
2 V2zx—x2
Let [ i= /
0

from the calculation of the double integral / / V2?4 y? dedy, where
A

INE]

3

4

Va2 4 y? dy) dx. The iterated integral I comes
0

A={@y eR | 0<2<20<y<vir—2}.

The image of the curve of equation y = v/2x — 22 is the semi-circle located
above the Ox axis of the circle y? = 2r — 2% & (x—1)?+y* = 1. Therefore,
A is the plane set bounded by Ox and by the above mentioned semi-circle.
Proceeding as in the solution of problem , we find I = 16/9.

Answer: % )

1
Let I := /// dxdydz. The set A is the closed unit
ANz + Y2+ (2 —2)?

ball in R3. The projection of A onto the plane Oxy is the disk

Ao :={(z,y) eR?* | 22 +¢y* <1}
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Trying to calculate I by using Fubini’s theorem, we obtain

1— :Eny dz
I = // / dxdy
Ao m\/x2+y+z—2)

=4/1—22—y2
// In z—2+\/z—2 +x2+y>
Ao

dxdy
——\/1-22—y?
:// ln(\/l—x2— 2—24—\/5—4 1—x2—y2)dxdy
Ao
—// 1n<—\/1—x2—y2—2+\/5+4\/1—$2—y2)d$dy.
Ao

HORRIBLY'! (convince yourself by trying to continue the calculations)

Therefore, we will evaluate the triple integral I by passing to spherical coor-
dinates instead of using Fubini’s theorem (see figure 5).

Figure 5:



The spherical coordinates of an arbitrary point P(z,y,z) are the distance
p from P to origin, the polar angle 6 of the projection of P onto the plane
Ozy, and the angle ¢, formed by OP with the positive direction of Oz axis.
The connection between Cartesian and spherical coordinates is the following
(see figure 5):

x=0Qcos = PRcosf = psin pcosb,
y=0@sinf = PRsinf = psinpsiné,
z=0Pcosp = pcos .

The Jacobian determinant of the coordinate conversion is
or Ox Oz

op o 00
D,y |0y 9y oy

D(p,p,0) | 9p 0p 06

sinpcosf pcospcosf —psinesind
= | singsiné pcospsinf psinpcosh

9> 0> Oz cos —psin e 0
ap 0p 06
= p?sin .

The ranges for the new variables (corresponding to all points P in the unit
ball in R?) are
pel0,1], ¢el0n], 6€l0,2n]

We obtain

p=1 =T 0=2m 2 ol
I— / / VY pdids
p=0 Jo=0 Jo=0 \/p —4pcosp +4

0
p=1 o= 2 3 2
- / / pemy dpdyp </ d@)
p=0 Jo=0 /p* —4pcosp +4 0

0
p=1 p=m 2 o
= 27T/ / pFemy dy | dp.
p=0 =0 \/p2 —4pcosp+4

We use the change of variable /p? — 4pcosp + 4 = t. Then

1
0> —dpcosp+4=1> = psinpdp= itdt.
We have

p=1 t=24p , 1 1 9
I:27T/ </ £~—tdt)dp:7r/ 2p2d,0:—7T.
p=0 t=2—p t 0 3

[\



1
Let I := dzdydz.
’ ///A\/x?+y2+z2+3 reves

Method 1. The projection of A onto the plane Oxy is the disk
Ag = {(z,y) €R* | 2” +y* <1},

Applying Fubini’s theorem, we have

1— $2 y2 d

1_// / : dady

Ao \/2=0 Vi +y?+22+3

2=/1-22—2
// In z+\/x2+y +22—|—3) dzdy
Ao =0
1

:// 1n 2+\/1—x2—y2>d:pdy—// §ln(:p2—|—y2+3) dxdy.

AO AO

The above double integrals can be easily calculated by passing to polar co-
ordinates (Homework).

Method 2. By passing to spherical coordinates, we obtain
x =psinpcosf, y=psinpsinfd, 2z = pcosy,

where p € [0,1], ¢ € [0, g], 0 € [0,2n]. We have

10 Let] —/// 5 dxdydz
(x +y

Method 1. The projection of A onto the plane Ozy is the disk

Ag = {(z,y) eR* | 22 +y* <1}
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Applying Fubini’s theorem, we have

1—a2—y2 .
= / /A (/Z:o @+ 2+ 1P dz) rdy
1 2? =y/1-0 =
eyl

dxdy
1—a?—y?
dzdy.
//Ao (22 4+y2+1)2 vy

The above double integral can be easily calculated by passing to polar coor-
dinates (Homework).

Method 2. By passing to spherical coordinates, we obtain
=3 0=27
[:/ / / 0 smgocosgo dpdipdf
o 0 (p?sin? o +1)2
_ /P 1/<P 2 p slnngOS(,D dpdy (/2nd6>
p=0 Jo—o (p?sin®p+1)2 0
:zw/pzl /“" 2p 2p? smgpcoscp do | dp.
p=0 =0 2 (/0 SlIl ¥ + 1)
Substituting p?sin® ¢ + 1 = ¢, we have 2p? sin ¢ cos ¢ dp = dt, hence
p=1 t=p%+1 dt p=1 t=p®+1
I—27T/ (/ )dp—?‘(‘/ P
2 t
0 t=1 p=0 -
T
dp==(1-1n2).
(p o 1) p=5(1-1n2)

1
11.| Let [ := /// dzdydz.
A2+ y?+ (3—2)? Y

Method 1. The projection of A onto the plane Oxy is the closed unit

dp

l\DIb

<~¢~
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disk Ay in R2. Applying Fubini’s theorem, we have

z=2 d
[:// / : dxdy
Ao \Je=0 /(B—2)2 422+
dxdy

// —ln 3—2++/(B-2) +x2+y)

Ao =0

:// (1n ( \/m2+y2+9—|—3)—ln(\/a:2—|—y2+1+1>>d:cdy.
Ao

To evaluate the double integral, we pass to polar coordinates. We obtain

0=27
1_/ / ln \/p 19 +3>—ln<\/p2+1+1>>-pdpd0
p=0 0=
1
:(/ de) (/ pln (V/p? +9+3) dp - /plﬂ(\/p2+1+1)dp).
0 0
Substituting \/p? + 9 =t and \/p? + 1 = ¢, respectively, we get
VIO vz
I =2r7 (/ tln(t+3)dt—/ tln(t+1)dt>
3 1

o, (3VI0-V2-8 1 3+VI0)
- 2 2 112

Method 2. We pass to cylindrical coordinates. The cylindrical coordi-
nates of an arbitrary point P(x,y,z) are the distance p from P to the Oz
axis, the polar angle 6 of the projection () of P onto the plane Ozy and
the z-coordinate of P (z is a coordinate in both Cartesian and cylindrical
system). The connection between Cartesian and cylindrical coordinates is

the following (see figure 6):
x=pcosl, y=psind, z=z.

The Jacobian determinant of the coordinate conversion is

dp 00 0z @ —psinf 0
D(x,y,2) | 9y 9y 0Oy | _ ‘;i‘f@ pizlsne 0| =p
D(p,0, = dp 00 0z '
(p,0,2) a_g o2 o 0 0 1

Op 00 0z
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Figure 6:

The ranges for the new variables (corresponding to all points P in the cylinder
A) are p € 0,1], 6 € [0,27], z € [0,2]. We obtain

pdpdfdz

L L

</ d@) (/p /Z:depdz>
LAL

T )

p_

7r/ P2+ (3—2)? dz
z=0 p=0

zgw/:( (3—2)2+1—(3—z))dz

2
2

The change of variable 3 — z =t leads to

I:27r/3<\/m-t>dt:27r(3\/1__\/__8+_ 3+\/_>

2 14+v2
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Denote by A(A) the area of A. We have A(A) = // dzdy. To evaluate
A
the double integral, we use the change of variables defined by (see figure 7)

Xy=4q
xXy=v
Xy=p

Figure 7:
y? = ux = u" Y33, u € [a, b,
_ A _.1/3,1/3
Ty = v y = u'/Pol/3, v € [p,ql.

The Jacobian determinant of the coordinate conversion is

_1 uA/32/3 2u*1/3v*1/3

D(z,y) 3 3 1

D(u,v) 1 w2313 1 ut3y=2/3 .

We have

u=b pv=q _ b
.A(A):/ / idudv:q P,
u=a v=p Su 3 a
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