Introduction to Computational Fluid Dynamics

FINITE DIFFERENCES METHOD part 111

Elliptic equation

Introduction

Typical examples are the Laplace and Poisson equations.
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Dirichlet type boundary conditions (u(x, y)\ - are known)

ou(x, y)

on

are known where n is the external
oD

Neumann type boundary conditions (

normal to the boundary).
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Finite differences scheme

Consider the mesh with the steps Ax and Ay in Ox and Oy directions, N, and N,

being the number of the nodes in the two directions. We note the approximation of the

solution in a point (i, j) of the mesh with
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We use an approximation with central finite differences and a scheme with 5 nodes:

Uinj—2Uij+Uiy; Uiju—2U;+U; 4
T =0,
AX Ay
pye 1=2,3,..,N, -1 =23, ...,Ny—l (0)
|
or
u...-2u0,.+U... U...-2U..+U..
i+1, I,zj I—l,j+ i, j+1 |,21 I’J_lzf(xi,yj),
AX Ay
i=2,3..,N,-1 j=2,3.,N,-1
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A system in the unknowns U; ; Is obtained and the truncation error is given by
and bounded by

T,.|<T:

Sl Ar) (Mopee + M,

yyy

The system (0) can be written in the form:

AxY’
A&'j Uija-20;;+U54)=0.

i=2,3.,N, -1 j=2,3.,N, -1

U —2Ui,j+Ui1’j+(

1+1, j

or
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Uigi Uiy +,32Ui,j+1+/32Ui,j—1_2(1+,32)Ji,j =0,

i:21 31 -"1NX_1’ J:2’ 3’ ""Ny_l (OO)

The matrix of the system is sparse and can be written in a penta-diagonal form
(Hoffmann and Chiang, 2000):

Example: We the Laplacian
o°u N o°u
OXx* 0y°

along with the following boundary conditions

0, (x,y)e[0,L]x[0,H]

=10 u=uy , y=0 U =1

=L u=1u , y=H u = iy

For a mesh of 6x6 nodes a system of 16 equations with 16 unknowns:
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The system can be written in a matrix form having a band structure (5 diagonals are not

Zeros).

where o

7
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Iterative methods for linear systems of equations

The iterative methods are based on the fixed point theory. Thus, we start from an initial

solution that is iteratively improved. The simplest iterative method is the Jacobi method

and for the system (00) has the form:

2
tb?}l W [u1+1.1 '|"1-Ii 1..f+ﬁ (“:J+1+E1J 1]1

Initial solution: u®

Improved approximations: u*,u?,...,u",u™*,....
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An improvement of the Jacobi method is given by the Gauss-Seidel method in which

an already calculated value is used to obtain the other values (i.e. u,kJ”1 Is used to

calculate the value of uk”) Thus, the Gauss-Seidel method has the form:

uk+1 1
Moo2(1+67)

['u._|_]1j + uf.-l:lilj + 0 {uiJ‘I'] + H-ll)]

The Jacobi and Gauss-Seidel methods are convergent if the systems matrices are
diagonal dominant. A matrix A= (a;; ) is diagonal dominant if:

1}

las| > Y layjl
jeal
J#H

The stop criteria for the both methods is given by
Huk+1 _uk H
or <&

o
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k

k U: -
Ui j+l Ly
k+1 k+1 k
k k+1 k AR I AR A
Uiy |Hij  |[Hivly =Ly [T il
k e+l
Ui ji-1 Ui j-1

In many cases the convergence of the Jacobi and Gauss-Seidel methods can be

accelerated by introducing a relaxation parameter, . The algorithm is given by:

k+1 _ k w
ud’ = (= wuly + g [y + il + Bl + ul )

where 0 <w< 2. For w <1 we have under-relaxation, for o =1 the Gauss-Seidel method
IS obtained and otherwise we have over relaxation. In some particular cases the
optimum parameter « can be calculated, but generally is obtained by numerical

experiments.
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Parallelization

Jacobi

Partitioning of the 2D Poisson Equation

end for

Gauss Seidel

for all red (i, 3)

U(i,j-1,m+1)
end for

U(i,3,m+1) = (U(i-

for all black (i,3j) grid points
U(i,J,m+l) = (U(i-
U(ilj_llm) + U(ilj+1lm) + b(llj))/4

1,j,m) + U(i+1,3,m) +

grid points
1,j,m+1l) + U(i+1,],m+1l) +
+ U(i,j+1,m+1l) + b(i,j))/4

Black points have only Red neighbors

Eed points have only Black neighbors

(https://people.eecs.berkeley.edu/~demmel/cs267/lecture24/lecture24.html)

Lecture 6 —Finite Difference Method. Elliptic equations

11



https://people.eecs.berkeley.edu/~demmel/cs267/lecture24/lecture24.html

Introduction to Computational Fluid Dynamics

Alternating direction implicit (ADI) method for elliptic equations

Consider the parabolic equation
ou o°u o
= 2T A2
ot ox° oy

with the boundary conditions u(X, y,t) ., and the initial condition u(x, y,0) ,.

o

The explicit scheme for a grid with the steps Ax = Ay has the form:

n+l _ ..n ﬂ"t

i i T
Ui = Ut m [u?+lJ Fug gy — dugy +oug, + ”15—1]
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If we choose At/(Ax)* =1/4 it becomes

LS 1 L
“i}l =4 [:ui+1.j T “?—u + u?,j-i—‘l + “?}1)
(*)
For =1 the Jacobi method is obtained:
'm-l_l(& R I )
U, = 4 U4 i-14 i+l i5-1
(**)

We notice that the explicit scheme for the heat equation is equivalent with the Jacobi
iteration for the elliptic equation even if the two equations model different physical

phenomena.

This analogy suggests us that the numerical methods used for parabolic equations can

be used to solve elliptic equations.
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We say that a time depending solution reach the steady state if after a long time interval

there are no differences in time for the solution.

Time Accurate Solution

Time

It is worth mentioning that the solution of the parabolic equation using (*) has a precise
physical signification, the distribution of u at the corresponding time step, while the

-
Steady

State

Uy,

Number of Iterations

intermediary solution obtained using (**) has no physical signification.
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Further, we use the ADI method for the elliptic problem discretized by:

U — 2Ur,s + Ur—l,s n Ur,s+1 - 2Ur,s T Ur,S—l

(Ax)’ (Ay)

An iteration parameter t is introduced:

r+1,s

=0

ur Uy, _1{u;‘:ﬁ’; U Ul - 2U +u:‘,sl}

4 2 (AxY (Ay) @)
Ui -up _1{ 200U, UT -0 +u:‘,:1’1}

4 2 (Ay) (Ax) (b)

If we know the values of the right hand part of the Eq. (a) it is possible to calculate the
intermediary values U™", and then from Eq, (b) we find U™, We can notice that the

iteration parameter t can be variable and the scheme is convergent for every T > 0 (see
Morega, 1998), The iterative process ends when the following condition is fulfilled (see

Mitchell si Griffiths, 1980):
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n+1 n
U r,s -U r,s

<¢&

Example

Heat generation in a rectangular square:

O°T 0T
+ +1=0, (X, D=101|x]01
Ox* 0y* (x.y)e D=[0)x[0]] (111.87)

T(X,y), =0

Discretization:

Uiy j—2Ui+Ui Ui —2U+U5 5,
o2 + Ay +1=0,
=23 .,N,-1 j=23.,N, -1
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We apply further the Jacobi and Gauss-Seidel methods. The Matlab programs are:

$Jacobi

%discretization and initialization$%$%%%%%%%%
tic

N=101; %Snumber of nodes in x- direction
h=1/(N-1);

T=zeros (N,N) ; Tnew=T;

nr 1t=0;stop=0;
while (stop~=1)
nr it=nr it+l; errT=0;
for i=2:N-1
for j=2:N-1
Tnew (i,3)=0.25* (T (i+1,J)+T(i-1,3)+T(i,J+1)+T(i,Jj-1)+h*h);

if abs(T(i,])-Tnew(i,]))>errT
errT=abs (T (i,3) -Tnew(i,3))

end
end
end;

if errT<le-6
stop=1;
end

if mod(nr it,250)==
Lecture 6 —Finite Difference Method. Elliptic equations 17
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fprintf ('nr it=%g err=%g\n', nr it,errT));
end

T=Tnew;
end %$while

x=0:h: (N-1) *h; y=x;
contour (x,vy,T',20)
axis equal
axis([0,1,0,1])

T max=max (max (T))
nr it

toc

%$Gauss—-Seidel

$discretization and initialization$%$%$%%%%%%%%
tic

N=101; %Snumber of nodes in x- direction
h=1/(N-1);

T=zeros (N, N) ;

Tnew=T;

nr 1t=0;

stop=0;

while (stop~=1)
nr it=nr it+l; errT=0;
errT=0;
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for i=2:N-1
for j=2:N-1
Tnew (1,3)=0.25* (T (i+1,3)+T(i-1,3)+T(i,J+1)+T(i,j-1)+h*h);
if abs(T(i,3)-Tnew (i, j))>errT
errT=abs (T (i,J)-Tnew(i,3))
end

T(i,j)=Tnew(i,j);
end
end;
if errT<le-6
stop=1;
end

if mod(nr it,250)==
fprintf ('nr it=%g err=%g\n', errT);
end
T=Tnew;
end

x=0:h: (N-1) *h; y=x;
contour (x,y,T',20)
axis equal
axis([0,1,0,1])

T max=max (max (T))
nr it

toc

We notice that Gauss-Seidel method is faster and needs less iteration.
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Grid Jacobi Gauss-Seidel
Tmax | Number | Computing |  Tax Number | Computing
of time of time
iterations | (seconds) iterations | (seconds)
51 x 51 0.073142| 2577 0.625 0.073396 | 1465 0.422
101 x 101 0.071640| 7502 6.969 |0.0726535| 4454 4.594

Lecture 6 —Finite Difference Method. Elliptic equations
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Hyperbolic equations (one space variable) (Wave equation)

Characteristics
Consider the simplest equation of this kind (see, Morton and Mayers, 2005)

a_u+a(x,t)%:0, xela,bl, t>0 (#)

u(x,0)=u’(x)

It is possible to study this equation by using the method of characteristics. Recall that for
an equation of the form (see Smith, 1985):

ou ou
alx,t)—+b(x,t)— =c(x,t
()7 +b(x )2 =clx.)

The characteristics are the solutions of the equation
ady—bdt=0
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and one can find u(x,t) from
cdt—adu=0.

A general formulation of the method given before an be written in a compact way:

[

t

Tp ¥ g Ey Iy &y

Typical characteristics of the wave equation
dt_dy _du
a b c

For eq. (#) (c=0), along a charcteristic u(x,t) satisfies
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du_@u_@u&x_o
dt ot oxot

and then, from the boundary condition (#), we have u(x,t)= uo(xj) for the characteristic

starting in the point x; (see figure).

If a(x,t) = a=const. then the characteristics are x—at = const., and the solution of
notation

eq. (#) is:
u(x,t)=u’(x—at)

We notice that this solution is the initial solution shifted to the left if a <0 or to the right if
a>0 (vezi, Strikwerda, 2004) ). Thus, the solution of the wave equation (#) is a wave
propagated with the speed a without changing its shape.
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| o

Solution shifting for the 1D wave equation.

Courant, Friedrichs and Lewy condition (CFL)

In order to solve numerically eq. (#) we can use forward finite difference in time and

backward finite difference in space:
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At AX
or
U?+l=U?—iTA;:(Uin—UiE )z(l—V}Jin-l-VUin_l (##)
aAt
where v = —.
AX

One can notice that the value U ?*1 depends on two values calculated at the time step n,
and these two values depend on other two values calculated at the time step n-1.

Thus, it is possible to obtain a domain of dependence for the data involved in the explicit
numerical scheme. It has a triangular shape.
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The dependence domain corresponding to the partial differential equation is exactly the
characteristic passing through the point (xi,t,,).

, . ; A
P P
& —-
* . P Y - } W 1
t—o—@ —o > b . L ' -
Q T Q R T
Dependenta datelor in schema explicita Violation of the CFL condition

The CFL condition mention that a numerical scheme is convergent if the data

dependence domain of the characteristic belong to the dependence domain of the
numerical scheme.
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Richard Courant (1888 —1972)  Kurt Otto Friedrichs (1901 — 1982) Hans Lewy (1904 — 1988)

For the scheme (##) we don’t have convergence for a<0 (the characteristics are similar
with PR). For a >0 in order to achieve the convergence it is necessary that:

aAt/Ax <1.
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If a central difference discretization for the space derivative is used the following
difference scheme is obtained:
1
Ui~ —Uin+ann+1— in—1:O
At 2AX
For suitable steps At and Ax, this scheme satisfy the CFL condition

c= \a\g <1  (Courant number)
AX

For both negative and positive values of a. Data dependence is given bellow.

.

!I.

|'-?+1 .

—+ Data dependence for the central scheme.

& =
_'.; III
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In order to study the scheme stability we use again the normal modes from the Fourier
analysis

Uin PN k(iAX)

And substituting it into the central difference scheme the following amplification factor is
obtained:

Al .
A=Ak)=1-—a—sin(kAx
(k)=1-a" sin(kax)

which can be |1 >1 and then the scheme is unstable. The scheme respect the CFL

condition, but it is not stable. Thus, the CFL condition is only necessary to obtain the
convergence, the condition is not sufficient.

A simple scheme that solve this problem can be (Morton si Meyers 2005):

At
U7 —aZ- AUy ifa <0,
EJTT?+1 _ S
j At
UF —aZ AU ifa >0,
= (###)
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We notice that the scheme can be used for a=a(x,t), also. Schema (###) satisfy the CFL
condition and in addition it is stable. Indeed for a>0 (if a<0 one replaces a with |a|) we
have:

A= Ak)=1— (aAt/Az)(1 — e F37) = 1 — p(1 — e F07),

and
IMNE)? = [(1 —v) + vcoskAzx]? + [vsin kAz]?
= (1—v)?+v24+20(1 —v)coskAzx
=1—-2v(l —v)(1l—coskArx)
or
Al =1—4v(1 — v)sin® SkAz.
Obviously, |4/ <1for 0<v<1.
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Other explicit schemes

Using different kind of discretization many finite difference schemes can be obtained. For
example, by using the average values of U;" in the explicit scheme (##) the Lax’s method
IS obtained:

1 alt |
“?H = E(“?+1 +U?-1} - m{“iu —ug )
(L)

. |f for the both derivatives (in time and in space) the central
4| discretization is used then the so called leapfrog method

(saritura broastei) Is obtained. It is of order O(Atz,sz):

uptt — ! _ _a“?ﬂ —u,
2AL 20z

(LF)
This two methods are stable for a Courant number c <1.

Peter Lax (1926 - ) and Burton Wendroff (1930 - )
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We have to mention that in order to integrate the scheme (LF) two sets of starting data are

necessary, and this diminishes the efficieny of the method even if the method is of order
two.

One of the most efficient explicit scheme is the Lax-Wendorff method and can be
obtained by using Taylor expansions. Consider the expansion:

u(z, t+ At) = u(z,t) + &At + g?: (52?2 + 0(At)?
or
wt =+ Par s ZLEL L oany
Eq (#) can be written as
du du
E
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Deriving with respect to t we have:
u i) (au) a (6‘u) 2 0%

=—a0 s |=—ax |5 | ==

a2 ot ot o2

Using these values in the Taylor expansion one get:

du (At)? [ ,8%u
ntl _ _a ¢
U ug +( aﬂm) At + —— 5 ( 322

Using central finite difference for the space derivatives the Lax-Wendorff scheme is
obtained:

ntl _.n_ i+~ 2 a2(AD)? Uy — 2“?'""?—1]
st e e]

Scheme (LW) is of second order and is stable for ¢ <1.
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Implicit methods

By using in eq. (#) forward finite difference in time and central finite difference in space
an implicit scheme of order O(At,sz) IS obtained. This leads to a tridiagonal system of
algebraic equations:

u?+l-_:_1£:: = — _a_ [u'.”ll - y” +ll]
At 2Az U .
or
| 1
- +1 __ n+l 1
2cui—rl U, = Eﬂu?_:_l = —H? (FI)

By using backward discretization for both temporal and space variable a method of order
O(At, Ax) is obtained, but the system is much easier to solve:

wpt - gt -

At Az
n+l n+l n
Cu"_l S (1 + C)u'- — "‘u"

(BI)

Lecture 6 —Finite Difference Method. Hyperbolic equations 34



Introduction to Computational Fluid Dynamics

One of the most used implicit method is the Crank-Nicolson method

At 2 20z 20z

n+l n n+1l n+1 n o __ N
Uy — Uy 1[".'“ = Ugy Uiy u\'—l]

having the order O(Atz,sz) and leads to the following system:

icu?fll - “?H - i-cu?fll = —u; + ‘}ic(u?ﬂ —ug_ ;)
(CN)
Example
Consider the equation:
8—“+a—“=o, xe[-5,5], t>0
ot 0X

u(x,0)= exp(1—5x2)

with the analytical solution u(x,t)= exp(l— 5(x —t ) )
We solve the problem numerically using the Lax-Wendorff scheme.
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Variation of the solution:

numeric numetric
L i L
< analitic < analitic

numetric
@ analitic

numeric
251 < analitic
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The Matlab program:

a=-5;b=5;dt=0.001,dx=0.01;
X=a:dx:b;xa=a:10*dx:b;
N=length (x) ;
uo=exp (1-5*x.72);% initial condition
tf=3,;t=0;
uex=exp (1-5* (xa-t*ones (1, length(xa))) .”2);% exact solution
nr 1t=0;
plot (x,uo0, 'b',xa,uex, 'or")
pause
k=1;
M (k)=getframe;
while t<tf
t=t+dt;
nr it=nr it+1;
un (1)=uo (1) -dt/dx* (uo (2)-uo (1)) ;
for 1i=2:N-1
un (1)=uo (i) -dt/dx/2* (uo (1+1) -uo (1-1))+0.5*dt*dt/dx/dx* (uo (1+1)
-2*uo (i) +uo (i-1)) ;
end
un (N) =uo (N) -dt/dx* (uo (N) —uo (N-1) ) ;
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1f mod(nr 1it,10)==
k=k+1;
uex=exp (1-5* (xa-t*ones (1, length(xa))) ."2);
plot (x,un, 'b',xa,uex, 'or');
M(k)=getframe;
end
uo=un;
end
movie (M)
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