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CORRESPONDENCES OF COCLOSED SUBMODULES

SEPTIMIU CRIVEI, HATICE INANKIL, M. TAMER KOŞAN, AND GABRIELA OLTEANU

Abstract. We establish an order-preserving bijective correspondence between the sets of co-
closed elements of some bounded lattices related by suitable Galois connections. As an ap-
plication, we deduce that if M is a finitely generated quasi-projective left R-module with
S = EndR(M) and N is an M -generated left R-module, then there exists an order-preserving
bijective correspondence between the sets of coclosed left R-submodules of N and coclosed left
S-submodules of HomR(M,N).

1. Introduction

An important general problem in module theory is to relate properties of a module with prop-
erties of its endomorphism ring; or more generally, for a left R-module M with S = EndR(M),
to relate properties of a left R-module N with properties of the left S-module HomR(M,N).
Within the vast literature dealing with this problem, we point out the work of J. Zelmanowitz
[12], which is closely related to our topic and motivates our study. He showed that if M is a
left R-module with S = EndR(M) and N is an M -faithful left R-module, then there exists an
order-preserving bijective correspondence between the sets of closed left R-submodules of N and
closed left S-submodules of HomR(M,N) [12, Theorem 1.2].

The aim of the present paper is to establish a result dual to that of J. Zelmanowitz, in terms
of coclosed submodules. While closed submodules coincide with complement submodules and
every module has a complement, in general coclosed submodules are different of supplement
submodules and not every submodule has a supplement (see [2]). These are some of the main
obstacles in dualizing results on topics related to coclosed submodules; for instance compare the
theories of lifting modules [2] and extending modules [5]. In order to overcome these problems,
we need to find a suitable setting for our results and to use a more general approach. We shall
first consider the context of bounded lattices and we shall make use of Galois connections between
them. The reason for doing that is twofold: first, the notions involved are lattice-theoretic, and
secondly, our approach clarifies the exposition and gives a more natural explanation for certain
conditions we have to impose on our modules. Our main theorem shows that if (A,∧,∨, 0, 1)
and (B,∧,∨, 0, 1) are two bounded lattices, and (α, β) is a special Galois connection (whose
properties will be detailed later on), then α and β induce mutually inverse bijections between
the set of coclosed elements a ∈ A such that α(a) is coclosed in B and the set of coclosed elements
b ∈ B such that β(b) has a unique coclosure in A. In particular, under certain conditions, we
obtain order-preserving mutually inverse bijections between the sets of coclosed elements in A
and coclosed elements in B, which dualize and generalize the main theorem of J. Zelmanowitz
[12, Theorem 1.2]. We apply our result to a particular Galois connection for modules, previously
pointed out by T. Albu and C. Năstăsescu [1], in order to deduce the following consequence: if
M is a finitely generated quasi-projective left R-module with S = EndR(M) and N is an M -
generated left R-module, then there exists an order-preserving bijective correspondence between
the sets of coclosed left R-submodules of N and coclosed left S-submodules of HomR(M,N).
We also relate the dual Goldie dimensions as well as the supplemented and the lifting properties
of the left R-module N and the left S-module HomR(M,N).
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2. Cosmall Galois connections

We shall make use of the concept of (monotone) Galois connection (e.g., see [6]). This is
defined on arbitrary partially ordered sets, but we recall its definition on lattices, this being the
setting in which we shall employ it.

Definition 2.1. Let (A,≤) and (B,≤) be lattices. A Galois connection between them consists
of a pair (α, β) of two order-preserving functions α : A → B and β : B → A such that for all
a ∈ A and b ∈ B, we have α(a) ≤ b if and only if a ≤ β(b). Equivalently, (α, β) is a Galois
connection if and only if for all a ∈ A, a ≤ βα(a) and for all b ∈ B, αβ(b) ≤ b.

An element a ∈ A (respectively b ∈ B) is called a Galois element if βα(a) = a (respectively
αβ(b) = b).

As usual, one may view any lattice (A,≤) as a triple (A,∧,∨), where ∧ and ∨ denote the
infimum and the supremum of elements in A. Recall that the lattice A is bounded if it has a
least element, denoted by 0, and a greatest element, denoted by 1. If A is bounded, then we
tacitly assume that 0 6= 1, and we denote it as (A,∧,∨, 0, 1). For a, a′ ∈ A, we also denote
[a, a′] = {x ∈ A | a ≤ x ≤ a′}.

We gather in the following lemma some well-known results (e.g., see [1, Proposition 3.3], [6]),
which shall be used throughout the paper without further reference.

Lemma 2.2. Let (A,≤) and (B,≤) be lattices, and (α, β) a Galois connection, where α : A→ B

and β : B → A. Then:
(i) αβα = α and βαβ = β.
(ii) α preserves all suprema in A and β preserves all infima in B.
(iii) If A and B are bounded, then α(0) = 0 and β(1) = 1.
(iv) The restrictions of α and β to the corresponding sets of Galois elements are mutually

inverse bijections.

The module-theoretic concepts of direct summand, cosmall inclusion, coclosed submodule and
coclosure of a submodule (e.g., see [2]) have natural lattice counterparts.

Definition 2.3. Let (A,∧,∨, 0, 1) be a bounded lattice.
(1) An element a ∈ A is called a complement in A if there exists a′ ∈ A such that a ∧ a′ = 0

and a ∨ a′ = 1.
(2) Let a, a′ ∈ A be such that a ≤ a′. Then a′ is called cosmall in [a, 1] if for any x ∈ A,

1 = a′ ∨ x implies 1 = a ∨ x.
(3) An element a′ ∈ A is called coclosed in A if for any a ∈ A, a′ cosmall in [a, 1] implies

a = a′.
(4) An element a′ ∈ A is called a coclosure of a ∈ A in A if a is cosmall in [a′, 1] and a′ is

coclosed in A.

The following lemma is well-known for submodule lattices, and its proof is straightforward.

Lemma 2.4. Let (A,∧,∨, 0, 1) be a bounded lattice.
(i) Let a, b, c ∈ A such that a ≤ b ≤ c. Then c is cosmall in [a, 1] if and only if b is cosmall

in [a, 1] and c is cosmall in [b, 1].
(ii) If A is modular, then every complement in A is coclosed.

Note that a coclosure of a given element might not exist. For instance, the subgroup 2Z of
the abelian group Z has no coclosure in the subgroup lattice of Z ([2, 3.10]).

We continue with an easy, but useful lemma.

Lemma 2.5. Let (A,∧,∨, 0, 1) and (B,∧,∨, 0, 1) be bounded lattices, and (α, β) a Galois con-
nection, where α : A→ B, α(1) = 1 and β : B → A preserves finite suprema. Then:

(i) For all b ∈ B, b is cosmall in [αβ(b), 1].
(ii) Every coclosed element of B is Galois.

Proof. (i) Let b ∈ B and let 1 = b ∨ b′ for some b′ ∈ B. Then 1 = αβ(1) = αβ(b) ∨ αβ(b′) ≤
αβ(b) ∨ b′, and so 1 = αβ(b) ∨ b′. Hence b is cosmall in [αβ(b), 1].

(ii) Clear by (i). �
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Note that if (α, β) is a Galois connection between two bounded lattices and α, β are lattice
homomorphisms, then α(1) = 1 and β preserves finite suprema.

We introduce two special types of Galois connection, which will be useful to us.

Definition 2.6. Let (A,∧,∨, 0, 1) and (B,∧,∨, 0, 1) be bounded lattices, and (α, β) a Galois
connection, where α : A → B and β : B → A. We say that (α, β) is cosmall if for all a ∈ A,
βα(a) is cosmall in [a, 1]. We say that a cosmall Galois connection (α, β) is UCC if for every
coclosed element a ∈ A, a is the unique coclosure of βα(a) in A.

We present some examples to illustrate the above theory.

Example 2.7. Consider the abelian groups G = Zp × Zq2 for some primes p and q with p 6= q,
and G′ = Z2 × Z4, where Zn denotes the cyclic group of order n ∈ N. Their subgroup lattices
S(G) and S(G′) have the following forms respectively:

G

⑥⑥
⑥⑥
⑥⑥
⑥⑥

✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵

H4

✺
✺
✺
✺
✺
✺
✺
✺
✺
✺
✺
✺
✺
✺
✺
✺
✺
✺
✺
✺
✺
✺
✺
✺
✺
✺

G′

⑥⑥
⑥⑥
⑥⑥
⑥⑥

❆❆
❆❆

❆❆
❆❆

H3 H ′

4

⑥⑥
⑥⑥
⑥⑥
⑥⑥

❆❆
❆❆

❆❆
❆❆

H ′

5
H ′

6

⑥⑥
⑥⑥
⑥⑥
⑥⑥

H2

✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵

H ′

1

❆❆
❆❆

❆❆
❆❆

H ′

2
H ′

3

⑥⑥
⑥⑥
⑥⑥
⑥⑥

H1

⑥⑥
⑥⑥
⑥⑥
⑥⑥

0′

0

It is easy to check that H1 is cosmall in [0, G], H4 is cosmall in [H2, G], H1 and H4 are the
only subgroups of G which are not coclosed, 0 is a coclosure of H1 in G, and H2 is a coclosure
of H4 in G. Also, H ′

3 is cosmall in [0′, G′], H ′

4 is cosmall in [H ′

1, G
′] and [H ′

2, G
′], H ′

3 and H ′

4

are the only subgroups of G′ which are not coclosed, 0′ is a coclosure of H ′

3 in G′, and H ′

1,H
′

2

are coclosures of H ′

4 in G′. For properties of subgroups with unique (co)closure and cosmall
subgroups of abelian groups the reader is referred to [3] and [4].

(1) Consider the functions α : S(G) → S(G) defined by α(0) = α(H1) = 0, α(H2) =
α(H4) = H3, α(H3) = H2 and α(G) = G, β : S(G) → S(G) defined by β(0) = β(H1) = H1,
β(H2) = β(H4) = H3, β(H3) = H4, β(G) = G. Then (α, β) is a Galois connection from the
lattice (S(G),⊆) to itself. For every H ∈ S(G) \ {H1,H4} we have αβ(H) = H. Hence 0,
H2, H3 and G are Galois elements in the codomain B = S(G) of α. Also, H1 is cosmall in
[αβ(H1), G] = [0, G] and H4 is cosmall in [αβ(H4), G] = [H2, G]. On the other hand, for every
H ∈ S(G) \ {0,H2} we have βα(H) = H. Hence H1, H3, H4 and G are Galois elements in the
domain A = S(G) of α. Also, βα(0) = H1 is cosmall in [0, G] and βα(H2) = H4 is cosmall in
[H2, G]. Moreover, for every coclosed H ∈ S(G), H is the unique coclosure of βα(H) in S(G).
Hence (α, β) is a UCC cosmall Galois connection. Note that H2 is a coclosed element, but not
a Galois element in the domain A = S(G) of α. Hence not every coclosed element of A is Galois
under the hypotheses of Lemma 2.5.

(2) Consider the functions α : S(G) → S(G) defined by α(H2) = H4, α(H3) = G, and
α(H) = H for every H ∈ S(G) \ {H2,H3}, and β : S(G) → S(G) defined by β(H2) = 0,
β(H3) = H1 and β(H) = H for every H ∈ S(G) \ {H2,H3}. Then (α, β) is a Galois connection
from the lattice (S(G),⊆) to itself. But (α, β) is not a cosmall Galois connection, because for
instance βα(H3) = G is not cosmall in [H3, G]. Using the same setting, let us also show that
the hypothesis on β to preserve finite suprema in Lemma 2.5 cannot be removed. Note that we
have β(H3 +H4) = G 6= H4 = β(H3) + β(H4). Then H2 is not cosmall in [αβ(H2), G] = [0, G].
Also, H4 is a Galois element in the codomain B = S(G) of α, but not a coclosed element.
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(3) Consider the functions α′ : S(G′) → S(G′) defined by α′(H ′

3) = 0, α(H ′

4) = H ′

1 and
α(H ′) = H ′ for every H ′ ∈ S(G′) \ {H ′

3,H
′

4}, and β
′ : S(G′) → S(G′) defined by β′(0′) = H ′

3,
β′(H ′

1) = H ′

4 and β(H
′) = H ′ for every H ′ ∈ S(G′)\{0′,H ′

1}. Then (α′, β′) is a Galois connection
from the lattice (S(G′),⊆) to itself. For every H ′ ∈ S(G′) \ {H ′

3,H
′

4} we have αβ(H ′) = H ′.
Also, H ′

3 is cosmall in [α′β′(H ′

3), G
′] = [0′, G′] and H ′

4 is cosmall in [α′β′(H ′

4), G
′] = [H ′

1, G
′]. On

the other hand, for every H ′ ∈ S(G′) \ {0′,H ′

1} we have β′α′(H ′) = H ′. Also, β′α′(0′) = H ′

3

is cosmall in [0′, G′] and β′α′(H ′

1) = H ′

4 is cosmall in [H ′

1, G
′]. Hence (α′, β′) is a cosmall

Galois connection. But it is not UCC, because for the coclosed subgroup H ′

1, β
′α′(H ′

1) has two
coclosures in G′, namely H ′

1 and H ′

2.

We end this section with some results which show that the cosmall property and the dual
Goldie dimension may be transferred through cosmall Galois connections.

Lemma 2.8. Let (A,∧,∨, 0, 1) and (B,∧,∨, 0, 1) be bounded lattices, and (α, β) a cosmall Galois
connection, where α : A→ B, α(1) = 1 and β : B → A preserves finite suprema.

(i) Let a, a′ ∈ A. Then a′ is cosmall in [a, 1] if and only if α(a′) is cosmall in [α(a), 1].
(ii) Let b, b′ ∈ B. Then b′ is cosmall in [b, 1] if and only if β(b′) is cosmall in [β(b), 1].

Proof. (i) Assume that a′ is cosmall in [a, 1]. Let 1 = α(a′) ∨ b′ for some b′ ∈ B. Then
1 = β(1) = βα(a′)∨β(b′). Since (α, β) is a cosmall Galois connection, it follows that 1 = a′∨β(b′).
Now by hypothesis, we must have 1 = a∨ β(b′). Then 1 = α(1) = α(a)∨αβ(b′) ≤ α(a)∨ b′, and
so 1 = α(a) ∨ b′. Hence α(a′) is cosmall in [α(a), 1].

Conversely, assume that α(a′) is cosmall in [α(a), 1]. Let 1 = a′ ∨ a′′ for some a′′ ∈ A.
Then 1 = α(1) = α(a′) ∨ α(a′′), whence 1 = α(a) ∨ α(a′′) by hypothesis. Then 1 = β(1) =
βα(a)∨ βα(a′′). Since (α, β) is a cosmall Galois connection, it follows that 1 = a∨ a′′. Hence a′

is cosmall in [a, 1].
(ii) Assume that b′ is cosmall in [b, 1]. Let 1 = β(b′) ∨ a′ for some a′ ∈ A. Then 1 =

α(1) = αβ(b′) ∨ α(a′) ≤ b′ ∨ α(a′), hence 1 = b′ ∨ α(a′), and by hypothesis 1 = b ∨ α(a′). Then
1 = β(1) = β(b)∨βα(a′). Since (α, β) is a cosmall Galois connection, it follows that 1 = β(b)∨a′.
Hence β(b′) is cosmall in [β(b), 1].

Conversely, assume that β(b′) is cosmall in [β(b), 1]. Let 1 = b′ ∨ b′′ for some b′′ ∈ B.
Then 1 = β(1) = β(b′) ∨ β(b′′), whence 1 = β(b) ∨ β(b′′) by hypothesis. Then 1 = α(1) =
αβ(b) ∨ αβ(b′′) ≤ b ∨ b′′, and so 1 = b ∨ b′′. Hence b′ is cosmall in [b, 1]. �

Let (X,∧,∨, 0, 1) be a bounded modular lattice. Recall that a subset Y of X \ {1} is called
meet-independent if (y1 ∧ . . . ∧ yn) ∨ x = 1 for every finite subset {y1, . . . , yn} of Y and every
x ∈ Y \ {y1, . . . , yn}. If there is a finite supremum d of all numbers k such that X has a meet-
independent subset with k elements, then X has dual Goldie dimension (or hollow dimension)
d; otherwise X has infinite dual Goldie dimension (see [9, Theorem 9]). We denote the dual
Goldie dimension of X by hdim(X).

Corollary 2.9. Let (A,∧,∨, 0, 1) and (B,∧,∨, 0, 1) be bounded modular lattices, and (α, β) a
cosmall Galois connection, where α : A→ B, α(1) = 1 and β : B → A preserves finite suprema.
Then:

(i) hdim(A) ≤ hdim(B).
(ii) If every element of A is Galois, then hdim(A) = hdim(B).

Proof. (i) We prove that if A has a finite meet-independent subset with m elements, then so has
B. This will imply that hdim(A) ≤ hdim(B) in both finite and infinite cases for hdim(A). To this
end, let {a1, . . . , am} be a meet-independent subset of A. We claim that Y = {α(a1), . . . , α(am)}
is a meet-independent subset of B with m elements.

First, we point out that α(ai) 6= 1 for every i ∈ {1, . . . ,m}. Indeed, if there is i ∈ {1, . . . ,m}
such that α(ai) = 1, then βα(ai) = 1. Since βα(ai) is cosmall in [ai, 1], we must have ai = 1,
contradiction.

Secondly, suppose that α(ai) = α(aj) for some i, j ∈ {1, . . . ,m} with i 6= j. Since ai ∨ aj = 1,
we have α(ai) ∨ α(aj) = α(ai ∨ aj) = α(1) = 1. We conclude that α(ai) = α(aj) = 1, which
contradicts the previous point. Hence Y has m elements.
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Finally, the meet-independence of {a1, . . . , am} is known to be equivalent to the condition (a1∧
. . .∧ak−1)∨ak = 1 for every k ∈ {2, . . . ,m}. Let k ∈ {2, . . . ,m}. Then α(a1∧. . .∧ak−1)∨α(ak) =
1. Since α(a1∧. . .∧ak−1) ≤ α(a1)∧. . .∧α(ak−1), it follows that (α(a1)∧. . .∧α(ak−1))∨α(ak) = 1.
This shows that Y is meet-independent.

(ii) Suppose that every element of A is Galois. When A has infinite dual Goldie dimension,
the conclusion is clear by (i). Assume that hdim(A) = m. By [9, Theorem 9], A has a meet-
independent subset {a1, . . . , am} such that a1 ∧ . . . ∧ am is cosmall in [0, 1]. Now assume that
there is a meet-independent subset Y of B with more than m elements, possibly infinite. Then
there is a meet-independent subset {b1, . . . , bm+1} ⊆ Y of B. By dualizing an argument from
the proof of [9, Theorem 5], {α(a1), . . . , α(am), bm+1} is also a meet-independent subset of B.
Then we have (α(a1) ∧ . . . ∧ α(am)) ∨ bm+1 = 1. Since every element of A is Galois, it follows
that (a1 ∧ . . . ∧ am)∨ β(bm+1) = (βα(a1)∧ . . .∧ βα(am))∨ β(bm+1) = β((α(a1)∧ . . . ∧α(am))∨
bm+1) = β(1) = 1. Since a1 ∧ . . . ∧ am is cosmall in [0, 1], we deduce that β(bm+1) = 1. Then
1 = αβ(bm+1) ≤ bm+1, and so bm+1 = 1, which is a contradiction. Therefore, by (i) and the
above, hdim(B) = m = hdim(A). �

3. Correspondences

Let (A,≤) and (B,≤) be two lattices, and let (α, β) be a Galois connection, where α : A→ B

and β : B → A. We have seen in Lemma 2.5 and Example 2.7 (2) that the set of coclosed
elements in B is in general strictly included in the set of Galois elements in B. Also, we
have already seen that the restrictions of α and β to the corresponding sets of Galois elements
are mutually inverse bijections. We shall show that, under certain conditions, these bijections
restrict to ones between the corresponding sets of complement Galois elements, or between the
corresponding sets of coclosed Galois elements.

Lemma 3.1. Let (A,∧,∨, 0, 1) and (B,∧,∨, 0, 1) be bounded lattices, and (α, β) a Galois con-
nection, where α : A → B, α(1) = 1 and β : B → A preserves finite suprema. Assume that all
complements in A are Galois elements. Then:

(i) If β is injective, then α preserves complement Galois elements.
(ii) β preserves complement Galois elements.
(iii) If β is injective, then α and β restrict to order-preserving mutually inverse bijections

between the sets of complement Galois elements in A and B.

Proof. First note that, since 0 ∈ A is a Galois element, we have βα(0) = 0, and so β(0) = 0.
(i) Assume that β is injective. Let a be a complement (Galois) element in A. Then there is

a′ ∈ A such that a ∧ a′ = 0 and a ∨ a′ = 1. Hence α(a) ∨ α(a′) = α(1) = 1. Also, we have
0 = a ∧ a′ = βα(a) ∧ βα(a′) = β(α(a) ∧ α(a′)), whence α(a) ∧ α(a′) = 0 by the injectivity of β.
Thus α(a) is a complement in B. By Lemma 2.2, α(a) is a Galois element in B.

(ii) Let b be a complement Galois element in B. Then there is b′ ∈ B such that b∧ b′ = 0 and
b∨ b′ = 1. Then β(b)∧β(b′) = β(0) = 0 and β(b)∨β(b′) = β(1) = 1. Thus β(b) is a complement
in A. By Lemma 2.2, β(b) is a Galois element in A.

(iii) Clear by (i), (ii) and Lemma 2.2. �

Next we need to recall the following notions, which are the lattice-theoretic versions of the
corresponding ones for modules (e.g., see [2]).

Definition 3.2. Let (A,∧,∨, 0, 1) be a bounded lattice.
(1) An element a ∈ A is called a supplement if it is a supplement of some a′ ∈ A, that is, a is

minimal in A with the property that 1 = a ∨ a′.
(2) A is called supplemented if every a ∈ A has a supplement in A.
(3) A is called amply supplemented if for every a ∈ A there exists a supplement x ∈ A such

that a is cosmall in [x, 1].
(4) A is called UCC if every a ∈ A has a unique coclosure in A, which will be denoted by ā.
(5) A is called lifting if for every a ∈ A there exists a complement x ∈ A such that a is cosmall

in [x, 1].
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The following lemma has a similar proof as for modules (see [7, Corollary 3.8], [10, Lemma 1.1
and Proposition 1.5] and [11, Chapter 41]).

Lemma 3.3. Let (A,∧,∨, 0, 1) be a bounded modular lattice.
(i) If a ∈ A is a supplement, then a is coclosed.
(ii) If A is supplemented and a ∈ A is coclosed, then a is a supplement.
(iii) If A is amply supplemented, then every element a ∈ A has a coclosure in A.
(iv) If A is amply supplemented UCC and a1, a2 ∈ A are such that a1 ≤ a2, then their

coclosures satisfy a1 ≤ a2.

Now we may relate supplemented and lifting type properties of some bounded modular lattices.

Theorem 3.4. Let (A,∧,∨, 0, 1) and (B,∧,∨, 0, 1) be bounded modular lattices and (α, β) a
Galois connection, where α : A → B, α(1) = 1 and β : B → A preserves finite suprema.
Assume that every element of A is Galois. Then:

(i) A is supplemented if and only if B is supplemented.
(ii) If B is lifting, then A is lifting. Conversely, if β is injective and A is lifting, then B is

lifting.

Proof. (i) First assume that A is supplemented. Let b ∈ B. Then β(b) has a supplement x in A.
Hence 1 = β(b)∨x, which implies that 1 = α(1) = αβ(b)∨α(x) ≤ b∨α(x), and so 1 = b∨α(x).
Now let 1 = b ∨ y′ for some y′ ∈ B with y′ ≤ α(x). Then 1 = β(1) = β(b) ∨ β(y′). Since x is
Galois, we have β(y′) ≤ βα(x) = x, whence β(y′) = x by the minimality of x. It follows that
α(x) = αβ(y′) ≤ y′, and so y′ = α(x). This shows the minimality of the supplement α(x) of b
in B. Thus B is supplemented.

Conversely, assume that B is supplemented, and let a ∈ A. Then α(a) has a supplement y in
B, and so 1 = α(a)∨y. By hypothesis it follows that 1 = β(1) = βα(a)∨β(y) = a∨β(y). Now let
1 = a∨x′ for some x′ ∈ A with x′ ≤ β(y). Then 1 = α(1) = α(a)∨α(x′) and α(x′) ≤ αβ(y) ≤ y.
By the minimality of y, α(x′) = y. Since x′ is Galois, we have x′ = βα(x′) = β(y). This shows
the minimality of the supplement β(y) of a in A. Thus A is supplemented.

(ii) Assume that B is lifting. Let a ∈ A. Then there exists a complement b′ ∈ B such that
α(a) is cosmall in [b′, 1]. Since a is Galois, a = βα(a) is cosmall in [β(b′), 1] by Lemma 2.8. By
Lemmas 2.4 and 2.5, b′ is a Galois element in B. Then by Lemma 3.1, β(b′) is a complement in
A. It follows that A is lifting.

Now assume that β is injective and A is lifting. Let b ∈ B. Then there exists a complement
a′ ∈ A such that β(b) is cosmall in [a′, 1]. By Lemma 2.8, αβ(b) is cosmall in [α(a′), 1]. By
Lemma 2.5, b is cosmall in [αβ(b), 1]. Hence by Lemma 2.4, b is cosmall in [α(a′), 1]. By Lemma
3.1, α(a′) is a complement in B. It follows that B is lifting. �

Next we establish our general theorem on a bijective correspondence between sets of coclosed
elements induced by some special Galois connections. In order to obtain it, it is natural to try to
define some maps by means of unique coclosures of elements, when they do exist. We see in the
following theorem that the Galois connection and the condition that these maps are well-defined
create a slightly asymmetric situation.

Theorem 3.5. Let (A,∧,∨, 0, 1) and (B,∧,∨, 0, 1) be bounded lattices and (α, β) a UCC cosmall
Galois connection, where α : A → B, α(1) = 1 and β : B → A preserves finite suprema. For
x ∈ A ∪B denote by x̄ the unique coclosure of x, when it does exist.

(i) Denote

A = {a ∈ A | a is coclosed in A and α(a) has a unique coclosure in B},

B = {b ∈ B | b is coclosed in B and β(b) has a unique coclosure in A}.

Consider ϕ : A → B defined by ϕ(a) = α(a) for every a ∈ A, and ψ : B → A defined by

ψ(b) = β(b) for every b ∈ B. Then ϕ is a well-defined map if and only if A coincides with the
set of coclosed elements a ∈ A such that α(a) is coclosed in B. Also, ψ is a well-defined map.
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(ii) Denote

A = {a ∈ A | a is coclosed in A and α(a) is coclosed in B},

B = {b ∈ B | b is coclosed in B and β(b) has a unique coclosure in A}.

Then the maps ϕ : A → B defined by ϕ(a) = α(a) for every a ∈ A, and ψ : B → A defined by

ψ(b) = β(b) for every b ∈ B, are mutually inverse bijections.

Proof. (i) First assume that ϕ is well-defined. Let a ∈ A. Then ϕ(a) = α(a) ∈ B, and so

β(α(a)) has a unique coclosure, say a0. Then β(α(a)) is cosmall in [a0, 1]. Since α(a) is cosmall

in [α(a), 1], βα(a) is cosmall in [β(α(a)), 1] by Lemma 2.8. Then by Lemma 2.4 βα(a) is cosmall
in [a0, 1]. Since (α, β) is UCC cosmall, a is the unique coclosure of βα(a), hence a0 = a. Then

β(α(a)) is cosmall in [a, 1]. By Lemmas 2.5 and 2.8, α(a) = αβ(α(a)) is cosmall in [α(a), 1].

Hence α(a) = α(a), and so α(a) is coclosed in B.
Now assume that A coincides with the set of coclosed elements a ∈ A such that α(a) is

coclosed in B. Then ϕ(a) = α(a) = α(a) for every a ∈ A. Let a ∈ A. Then α(a) is coclosed
in B by hypothesis. Since (α, β) is UCC cosmall, βα(a) has a unique coclosure in A. Hence
ϕ(a) = α(a) ∈ B, and so ϕ is well-defined.

In order to show that ψ is well-defined, let b ∈ B. Then β(b) is coclosed in A. Since β(b) is

cosmall in [β(b), 1], αβ(b) is cosmall in [α(β(b)), 1] by Lemma 2.8. Since b ∈ B is coclosed, we

have αβ(b) = b by Lemma 2.5. Then b is cosmall in [α(β(b)), 1]. It follows that α(β(b)) = b,

because b ∈ B is coclosed. Hence α(β(b)) is coclosed in B. Thus ψ(b) = β(b) ∈ A. Note that
ψ is also well-defined if the codomain is the set of coclosed elements a ∈ A such that α(a) is
coclosed in B.

(ii) The maps ϕ and ψ are well-defined by (i). If a ∈ A, then a is the unique coclosure of

βα(a) in A because (α, β) is UCC cosmall, and we have ψϕ(a) = βα(a) = a. If b ∈ B, then we

have ϕψ(b) = α(β(b)) = b as above. Therefore, ϕ and ψ are mutually inverse bijections. �

We apply Theorem 3.5 in two relevant situations as follows. The first one, when every element
in A is Galois, will be particularly considered in the last section of this paper. The second one,
when A is amply supplemented modular and (α, β) is UCC cosmall, may be applied to any
cosmall Galois connection (α, β) between finite UCC abelian groups (e.g., see [3], [4]).

Theorem 3.6. Let (A,∧,∨, 0, 1) and (B,∧,∨, 0, 1) be bounded lattices and (α, β) a Galois con-
nection, where α : A → B, α(1) = 1 and β : B → A preserves finite suprema. Then there are
mutually inverse bijections between the sets CA of coclosed elements in A and CB of coclosed
elements in B provided one of the following conditions holds:

(i) Every element in A is Galois.
(ii) A is amply supplemented modular and (α, β) is UCC cosmall.
If either every element in A is Galois, or A is amply supplemented modular UCC and (α, β)

is cosmall, then the above bijections are order-preserving.

Proof. In both cases we use the notation from Theorem 3.5, and prove that A = CA and B = CB.
Then by Theorem 3.5 the required mutually inverse bijections will be given by ϕ and ψ. Clearly,
A ⊆ CA and B ⊆ CB .

(i) Assume that every element in A is Galois. Then (α, β) is clearly UCC cosmall.
Let a ∈ CA. By hypothesis, we have a = βα(a). We claim that α(a) is coclosed in B. To this

end, let b′ ∈ B be such that α(a) is cosmall in [b′, 1]. By Lemma 2.8, a = βα(a) is cosmall in
[β(b′), 1]. Since a is coclosed in A, we must have β(b′) = a. It follows that α(a) = αβ(b′) ≤ b′,
whence b′ = α(a). Thus α(a) is coclosed in B, and so a ∈ A.

Now let b ∈ CB. We claim that β(b) is coclosed in A. To this end, let a′ ∈ A be such that β(b)
is cosmall in [a′, 1]. By Lemma 2.8, αβ(b) is cosmall in [α(a′), 1]. By Lemma 2.5, every coclosed
element in B is a Galois element, hence b = αβ(b), and so b is cosmall in [α(a′), 1]. Since b is
coclosed in B, it follows that α(a′) = b. Then by hypothesis we have a′ = βα(a′) = β(b). Thus
β(b) is coclosed in A, and so b ∈ B.

It follows that A = CA and B = CB . By Theorem 3.5, the maps ϕ = α and ψ = β are mutually
inverse bijections between CA and CB .
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(ii) Assume that A is amply supplemented modular and (α, β) is UCC cosmall.
Let a ∈ CA. We claim that α(a) is coclosed in B. To this end, let b′ ∈ B be such that α(a) is

cosmall in [b′, 1]. By Lemma 2.8, βα(a) is cosmall in [β(b′), 1]. Since A is amply supplemented
modular, Lemma 3.3 yields a coclosure of β(b′) in A, say a0. Then β(b′) is cosmall in [a0, 1],
whence βα(a) is cosmall in [a0, 1] by Lemma 2.4. Hence a0 is a coclosure of βα(a) in A. Since
(α, β) is UCC cosmall, a is the unique coclosure of βα(a) in A, hence a0 = a. Then a ≤ β(b′),
which implies α(a) ≤ b′ because (α, β) is a Galois connection. Hence α(a) = b′, and so α(a) is
coclosed in B. Thus a ∈ A.

Now let b ∈ CB . We claim that β(b) has a unique coclosure in A. The existence of a coclosure
of β(b) in A follows by Lemma 3.3, because A is amply supplemented modular. Now assume
that a1 and a2 are two coclosures of β(b) in A. Then β(b) is coclosed both in [a1, 1] and in
[a2, 1]. By Lemma 2.8, αβ(b) is cosmall both in [α(a1), 1] and in [α(a2), 1]. Since b is coclosed,
we have αβ(b) = b by Lemma 2.5. Hence b is cosmall both in [α(a1), 1] and in [α(a2), 1]. But
b is coclosed in B, hence we must have α(a1) = α(a2) = b. Since (α, β) is a cosmall Galois
connection, βα(a1) = βα(a2) is cosmall in [a1, 1]. Then a1 is a coclosure of βα(a2) in A. Since
(α, β) is UCC cosmall, a2 is the unique coclosure of βα(a2) in A, hence a1 = a2. Then β(b) has
a unique coclosure in A. Thus b ∈ B.

It follows that A = CA and B = CB. By Theorem 3.5, the maps ϕ and ψ are mutually inverse
bijections between CA and CB .

Finally, if every element in A is Galois, then ϕ and ψ are order-preserving, because so are α
and β. Also, if A is amply supplemented modular UCC and (α, β) is cosmall, then ϕ and ψ are
order-preserving by hypothesis and Lemma 3.3. �

Corollary 3.7. Let (A,∧,∨, 0, 1) and (B,∧,∨, 0, 1) be bounded lattices and (α, β) a UCC cosmall
Galois connection, where α : A → B, α(1) = 1, β : B → A preserves finite suprema, and A is
amply supplemented modular. Then the following are equivalent:

(i) The mutually inverse bijections from Theorem 3.6 are the restrictions of α and β to the
sets CA of coclosed elements in A and CB of coclosed elements in B respectively.

(ii) Every coclosed element in A is Galois.

Proof. Note that (i) is equivalent to the condition: β(b) = β(b) for every coclosed element b ∈ B.
First assume (i). Let a ∈ A be a coclosed element. By Theorems 3.5 and 3.6 (ii) we have

a = βα(a). By hypothesis we have βα(a) = βα(a). Hence a = βα(a), and so a is Galois.
Conversely, assume (ii). Let b ∈ B be a coclosed element. By hypothesis the coclosed element

β(b) ∈ A is Galois, hence β(b) = βα(β(b)). By Theorems 3.5 and 3.6 (ii) we have α(β(b)) = b.

Hence β(b) = β(b). �

Remark 3.8. (1) Under the hypotheses of Theorem 3.6, every coclosed element in B is Galois
by Lemma 2.5. In case every element in A is Galois, Theorem 3.6 establishes in fact a bijection
between the sets of coclosed Galois elements in A and B. We point out that this is not true
in general. Indeed, let (α, β) be the UCC cosmall Galois connection from Example 2.7 (1).
Then α(G) = G and β preserves finite suprema. The coclosed Galois elements in the domain
A = S(G) of α are H3 and G, whereas the coclosed Galois elements in the codomain B = S(G)
of α are 0, H2, H3 and G. Hence there is no bijection between the two sets of coclosed Galois
elements. Note that there are elements in A = S(G) which are not Galois, for instance H2.

(2) Consider again the UCC cosmall Galois connection from Example 2.7 (1). Then α(G) = G

and β preserves finite suprema. Also, A = S(G) is amply supplemented modular, as any
subgroup lattice of a finite group. But condition (i) in Corollary 3.7 does not hold, because for
instance H3 is coclosed in S(G), but β(H3) = H4 is not coclosed in S(G). Obviously, neither
condition (ii) in Corollary 3.7 holds, because for instance H2 is a coclosed element in A = S(G)
which is not Galois.

4. Applications

In this section we apply the above results to submodule lattices of suitable modules, which
are clearly bounded modular lattices. Let us first identify some Galois connection between
submodule lattices.



CORRESPONDENCES OF COCLOSED SUBMODULES 9

For modules M and X, we denote by Gen(M) the set of M -generated modules, and by
TrM (X) =MHomR(M,X) the greatest submodule of X which is M -generated.

Let M and N be left R-modules, and let S = EndR(M). Consider the following functions
between the complete modular lattices SR(N) and SS(HomR(M,N)) of left R-submodules of N
and left S-submodules of HomR(M,N) respectively:

α : SS(HomR(M,N)) → SR(N), α(Y ) =MY,

β : SR(N) → SS(HomR(M,N)), β(X) = HomR(M,X).

Then (α, β) is a Galois connection [1, Proposition 3.4]. The coclosed elements in SR(N) are
exactly the coclosed submodules of N . A submodule X of N is a Galois element in SR(N)
if and only if X ∈ Gen(M) [1, Proposition 3.5]. Now assume that M is finitely generated
quasi-projective and N ∈ Gen(M). Then α(HomR(M,N)) = N , β preserves finite suprema and
Y = HomR(M,MY ) = βα(Y ) for every submodule Y of HomR(M,N) by [1, Proposition 4.9]
or [11, 18.4]. Hence every submodule of HomR(M,N) is Galois.

Let σ[M ] be the full subcategory of the category of left R-modules consisting of all submodules
of M -generated modules. Recall that N ∈ σ[M ] is called M -faithful if for every 0 6= g ∈
HomR(X,N) with X ∈ σ[M ], HomR(M,X)g 6= 0. Note that if N is M -faithful, then the above
function β is clearly injective. When applied to the bounded modular submodule lattice of a
module, Definition 3.2 yields the notions of supplemented and lifting modules. Now Corollary
2.9 and Theorem 3.4 give the following corollary, whose first two properties are given in [8,
Theorem 4.2] and [11, 43.7] respectively.

Corollary 4.1. Let M be a finitely generated quasi-projective left R-module with S = EndR(M)
and N ∈ Gen(M). Then:

(i) The left R-module N and the left S-module HomR(M,N) have the same dual Goldie
dimension.

(ii) N is supplemented if and only if HomR(M,N) is supplemented.
(iii) If N is lifting, then HomR(M,N) is lifting. If N is M -faithful and HomR(M,N) is

lifting, then N is lifting.

Finally, Theorem 3.6 yields the following consequence.

Corollary 4.2. Let M be a finitely generated quasi-projective left R-module with S = EndR(M),
N ∈ Gen(M), and let α, β be the above functions. Then α and β restrict to order-preserving
mutually inverse bijections between the sets of coclosed left S-submodules of HomR(M,N) and
coclosed left R-submodules of N .

Remark 4.3. Our theory of cosmall Galois connections is clearly dualizable to one of some
naturally defined essential Galois connections. As a consequence, one may obtain a lattice-
theoretic version of Zelmanowitz’s results from [12].
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