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1. INTRODUCTION

In recent years, fractional differential equations have been of great interest to
researchers due to their wide applications to problems in physics, electroanalytical
chemistry, biology, control theory, signal processing, aerodynamics; see monographs
[23, 21, 11] and the references therein. One significant branch of the study is the the-
ory of fractional evolution equations, which, motivated by practical problems arising
in viscoelasticity, electrodynamics and heat conduction in materials with memory, has
been attracting increasing attention. The purpose of this paper is to deal with the
solvability and optimal control of semilinear fractional evolution equations in vector-
valued function spaces.

There is considerable literature on the existence of mild solutions for semilin-
ear fractional evolution equations with the Caputo and Riemann-Liouville fractional
derivatives; see, e.g. [32, 2, 34, 27, 13]. Let 0 < @« < 1 and J = [0,T] with T" > 0
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being terminal time. In this work, we first study the existence and uniqueness of the
mild solution to the initial-value problem of a semilinear fractional evolution equation

{ LD?y—Ay = f(t,y) ae teJ (1.1)

Ilfay(0+) — yO,

where LD? denotes the Riemann-Liouville fractional derivative with respect to time,
A : D(A) — X is the infinitesimal generator of a Cy-semigroup T'(t) (¢t > 0) on a
Banach space X, and f : J x X — X is a nonlinear term to be specified later.
Moreover, y° € X and I'~%(0%) = lim;_o+ I'~%y(t) where I'~% stands for the
fractional integration of order 1 — c. Note that, unlike fractional evolution equations
with Caputo derivatives, the mild solution of (1.1) involves a singular term with
respect to the initial value. For the existence results of (1.1), the conditions of the
nonlinear term f(¢,y) in existing literature are restrictive, see, e.g. [34, 13, 18, 9]. In
this work, we show that (1.1) has a unique mild solution where the growth condition
of f(t,y) has been improved. Meanwhile, a uniform boundedness of mild solutions to
the data is given.

Then, following the existence result of (1.1), we deal with an optimal control prob-
lem of semilinear fractional diffusion equations with constraints. As is known, optimal
control of differential equations of integer order have been studied extensively by nu-
merous authors. We refer readers to Lions [12] and Troltzsch [26] for optimal control
problems governed by partial differential equations, and to Barbu [4], Peng-Kunisch
[20], Peng [19] and Xiao-Sofonea [29] for optimal control problems governed by varia-
tional inequalities. Optimal control problems governed by linear fractional differential
equations can be found in [17, 7, 6, 25]. Optimal control of semilinear fractional dif-
ferential equations have been considered in [27, 18] which focused on the existence of
optimal solutions. In addition, optimal feedback control, the exact and approximate
controllability of fractional evolution equations can be found in [13, 28, 14, 22, 30, 1],
etc. To the best of our knowledge, however, no literature has yet studied the opti-
mality system governed by the semilinear fractional evolution equation (1.1).

The novelty of this paper is two-fold. On the one hand, the work generalizes the
existence theorems established in [13, 18] since one restrictive growth condition of
f(t,y) used in [13, 18] has been dropped (Theorem 3.3, Remark 3.7, Remark 3.8).
Also, the hypothesis of f(t,y) here is more direct and simpler than that considered in
[34, 9]. This makes our result entail wider applications in practical problems. On the
other hand, an optimal control problem governed by semilinear diffusion equations has
been considered. In addition to the existence of optimal solutions and the compactness
of the states, the first-order necessary optimality conditions are derived (Theorem 4.3,
4.4).

The paper is organized as follows. In section 2, we recall some vector-valued
function spaces and the preliminaries concerning fractional calculus. Section 3 is
devoted to the solvability and uniform boundedness of the mild solutions to problem
(1.1). On the basis of Section 3, an optimal control problem governed by semilinear
fractional diffusion equations is considered in Section 4. We first show the existence
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of optimal pairs and the compactness of the states, and then derive the necessary
optimality condition of first order by the Lagrange multiplier method.

2. PRELIMINARIES

We begin with some definitions and preliminaries concerning function spaces and
fractional calculus which are used throughout the paper. Let X be a real Banach
space with norm || - ||. We denote by LP(J; X) the Banach space of all measurable
vector-valued functions v : J — X such that ||v(-)| belongs to LP(J) with the norm

1

T v
[ollzr(rx) = (/ ||v(t)|1’dt> , 1<p<oeo
0

The space C(J; X) comprises all continuous functions v : J — X with the norm
[vlleer:x) = sup lu(®)].
teJ

Furthermore, AC(J; X) consists of all functions v : J — X that are absolutely con-
tinuous, and AC™(J; X) :={v e C(J; X): v""V € AC(J;X)} for n € Z*.
According to monographs [23, 21, 11, 33], we present the definitions of fractional
derivatives and integrals for vector-valued functions.

Definition 2.1. If Re(z) > 0, the Gamma function is defined by

o0
I'(z) = / e 2 ldt. (2.1)
0
If —m < Re(z) < —m + 1 where m is a positive integer, then
T
I(z) = (z+m) .
2z+ 1) (z+m—1)

Definition 2.2. Let f € L'(J;X) and @ > 0. The Riemann-Liouville fractional
integral I f of order « is defined by

I¢f(t) = F(la)/o/(t —8)* L f(s)ds, t > 0.

Definition 2.3. Let n —1 < a <n,n € ZT and f € L'(J;X) with I'=%f €
AC™(J; X). The Riemann-Liouville fractional derivative “D$ f of order « is defined
by

(2.2)

D0 = e () [ =9 s >0

Definition 2.4. Let n —1 < a <n,n € Z" and f € AC"(J;X). The Caputo
fractional derivative CDtO‘ f of order « is defined by

! )/t(t —s)nm oL (5)ds, t > 0.
0

“Dyf(t) = Tn—a)

From now on, we set
1

T
O m/t (s—1)"“f (s)ds, 0 < t <T, (2.3)
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where 0 < o < 1, f € AC(J;X). Note that the notation —® f is the so-called right
fractional Caputo derivative of f.

What follows is a Banach space used frequently in fractional evolution equations
with Riemann-Liouville fractional derivative; see, [34, 13] for examples.
Definition 2.5. The Banach space Ci_,(J; X) is defined by

Croo;X)={y:J = X; t'" %y e C(J; X)},
with the norm
lyllcy_orix) = sup{t" [y ()|},
teJ

where J' = (0,7]. Note that t'=%y € C(J;X) is understood that the limit n =
limy_,o t' ~y exists, and the function ¢!~y is continuous on J by taking the value at
t = 0 with the limit 7.
Lemma 2.6. ([11]) Let 0 <a<1,g€ LP(J),1 <p<oo and ¢ :J — R be the
function defined by:
t*OL

t) = —/——.
Then for almost every ¢t € J, the function s — (¢t — s)g(s) is integrable on J.
Moreover, the convolution ¥ * g, given by

t
* = — d
vrglt) = [ vt = 9(s)ds

belongs to LP(J) and

1 * gllze(ry < 9l llgllLe -

Note that if, in addition, p > ﬁ, then v x g is continuous on [0, 7.
lemma 2.7. ([24, Theorem 1]) Let ¥ C L?(J; X ). Then ¥ is relatively compact in
LP(J; X) for 1 < p < o0, if and only if
(i) {fttlz n(t)dt : n € B} is relatively compact in X, V 0 < ¢1 < ta <T.
(i) 7" (¢ + h) = n(t)|[%dt — 0 as b — 0T, uniformly for 7 € 3.
Here conditions (i) and (ii) are called the space and time criterions, respectively. Note
that if ¥ = {n} with n € LP(J;X). Then ¥ is compact, and thus (i) and (ii) are
satisfied.

3. EXISTENCE OF MILD SOLUTION

This section is devoted to the solvability of problem (1.1). We begin with the
hypotheses on the data of the problem.
(H1) The operator A is the infinitesimal generator of a Cy-semigroup 7T'(¢) with
|IT(t)|| < M for some constant M > 0 and all ¢ > 0.
(H2) The operator f(t,y) is measurable with respect to ¢ for each fixed y € X with
#(-) :==||f(-,0)|| € L*(J), and there exists a constant L > 0 such that

lf(ty) — f(ty) < Lljyr — y2l|, ae. t € J, Vyi,y2 € X.

According to [13, lemma2.4], we give the definition of mild solutions to (1.1).
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Definition 3.1. A function y € L?(J; X) is called a mild solution to problem (1.1)
if it satisfies the following fractional integration equation

y(t) =t Ta(t)y’ + /Ot(t = 8)" T Ta(t = 5)f (s, y(s))ds, (3.1)
where
T (t) = a/oo 0D, (6)T(t*0)d6. (3.2)
Recall that @,,(0) the is the so-called %Vright function given by
S (=0)"

o, 0)=S — 1.
(©) —T(-an+1-a) O<as<
It’s well known that ([16, A.39])
e 1
0®,(0)d) = ———. .
| owao0 - s (33

Lemma 3.2. Let % < a < 1 and the hypothesis (H1) hold. Define a vector-valued
function £ : J — X by £(t) = fg(t—s)a’lTa(t—s)ﬁ(s)ds fort € J, whered € L?(J; X)
is given. Then & € C(J; X).
Proof. In fact, using (3.3) and assumption (H1), we have
M

To@)|| £ = 3.4

I ()llfr(a) (3-4)
Take t € [0,T) and h > 0 with 0 < ¢+ h <T. Since

t+h
E(t+h) :/0 (t+h—8) 2" T, (t+h—s)(s)ds
= /t (t —7)* T (t — 7)9(r + h)dr
—h

- /t(t — $) L (t — $)9(s + h)ds
0

+ /0 (t—8)* T, (t — s)0(s + h)ds,

—h
we calculate

1€Ct +h) = £(@)]]

M ¢ a—1 _ s P —Sa71 s 5
<ot (=9t 1 = ol + [ = oG-+ mlas).

(3.5)

On the one hand, using the Holder inequality, we have

[ = 0ot )~ o)l < (;_1) ([ 1o+~ ms)”%f .
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From Lemma 2.7(i%), it follows that the right-hand side of the last inequality tends
zero as h — 07. On the other hand,

0 h
lim [ (t— ) |d(s +h)||ds = lim / (t + h — 7)Y d(r) |dr = 0.
h h—0%t Jo

h—0t J_
Consequently,
lim ||E(t+h)—&@)||=0, te€]0,T). (3.6)
h—0t
Next, take h > 0 with 0 <t — h < T. we see that
1€t —h) =@l
M t—h L
<— t—h =38t — (=), (W) ||9(s)||ds
St (C=hm = T ) ) .

M ! a—1
+ (o) /t_h(t —5)* 7 |9(s)]|ds.

On the one hand,

t—h
li _ _ a—1 _ _ a—lT
Jim [ (== ) (= )T (00) 9(e) s
h ) (3.8)
< i 5 B =1 _ a1 .
< lim e [ (= k=9t = (=07 s

We set

wn(s) = ((t=h =" = (t—)*7")",
Obviously, |wp(s)| < wi(s) € L(J), as h < 1, and limy_,owp(s) = 0ae. s € J.
According to the Lebesgue dominated convergence theorem, we have

T

hlggh ; wp(s)ds = 0. (3.9)

On the other hand, since (t — s)*7 1, ||9(s)|| € L?(J), we get
¢

hli)Ing tih(t — )7 |9(s)||ds = 0. (3.10)

Using (3.7)-(3.10), we have
T (- 0) €0 =0, 1< (0.7 1)
Thus, from (3.6) and (3.11) we get £ € C(J; X). The proof is complete. O

We are now in position to present the main result of this section.
Theorem 3.3. Let (H1), (H2) hold and 3 < o < 1. Then problem (1.1) has a unique
mild solution y € C(J’; X) N L?(J; X) given by (3.1). Moreover,

1l32x) < i (1+ kae) (@202 + (20 = DTI0lBa ), (312)

where

3M2T%1 b B(MLT*)?
2a—1D)T(a+1)2 7 2a-1)T()?

ky =
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Proof. Consider an operator F defined by
Fy(t) =t 1T, (t)y° + /Ot(t — 8)* T, (t — 5) f(s,y(s))ds, t > 0. (3.13)
The proof is divided into four steps.

Step 1. We show that F maps L?(J; X) into itself. In fact, according to (3.4) and
the assumption (H2), we have

Mot M7
[Fy®)] < 19°1 + == | (=) [ f(s,9(s))ds
T T J 10
< a8+ g | (=97 (60) + Llus) s
which implies that
3M2t2a—2 3M2 t 2
IFyON? < =g IIW°I° + 5 (t —s)*"1o(s)ds
(T(a) e ) ) 5.15)

# o ([ = o aiutsas)

Since ¢(-), ||ly(-)|| belong to L?(.J), by using Lemma 2.6, we have

T
/ | Fye)]2dt

< BT 0l + 2T oy + ST e

< 2 Y 2(

20— 1)(T(a))? T+ 12 e ¥ T+ )2 W1z
Therefore, Fy belongs to L%(J; X) for each y € L?(J; X), i.e., F maps L%(J; X) into

itself.
From now on, for each g € L?*(J) and n € Z T, we set

_/t/tl.,'/tnl ((t_tl)(tl—tQ)(tn_l_tn))a—lg(tn)dtndthtl
0 Jo 0

Step 2. We claim that for any 31, yo € L?(J; X), the following inequality holds:

1 F (1) — Fra(t)]| < (Fﬂfj))”z"uyl(t) @)l nezt >0 (3.16)

This inequality will be proved by mathematical induction. Using (H2), we have

/0 (t— )2 VTt — 8)(F (5,31(5)) — F(5,52(5)))ds

M t o
@/0 (t— )M f(s,01(5)) = f(s,92(s))lds

ML [t ot -
m/o(t—s) lly1(s) — y2(s)llds.

1Fus(6) — Fya(t)] = \
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This implies that the inequality (3.16) holds for n = 1. Assume that (3.16) holds for
n==k, (k>1)ie,
L

k
-ﬂm@—f%ﬂm<<£é)IWw@—m@W

Then we see that forn =k + 1,
[FF iy () = FFHya (1)

/0 (t — 1) To(t — t0) (f (b1, Fryr(t1)) — f(tr, Frya(tr)))dts

< %/0(t—tl)“‘lllfkyl(tl)—fkyQ(tl)ndtl
ML [t a1
= m/o(t_tl) T |ly1 (t1) — ya(t1)||dty

k+1
(ﬁi) Ty (1) — g (0)].

Thus inequality (3.16) holds.
Step 3. The operator F" is contractive on L?(J; X) for n being sufficiently large.
Moreover, we have the bound (3.12). In fact, we see from (3.16) that

T
Hﬂm—ﬂmMMMZAHmeﬂﬂwmwt

2

< (&2 o VA t(t—tn)a’lllyl(tn)—y2(tn)|\dtn dt
(I‘(a) 0 0

1\ 2
ML 2n T t2a71 2
< (== — : AL dt.

Then, by the Holder inequality, we have
T (20—1 1\ 2
/ <I”1 <7) > dt
1 1\ 2
T t 2 t t2a711 2
= n—2 (/ (t — tn_l)Qa_thn_1> / - dt,_1 dt
/0 ( 0 0 20[ — 1

2
T t t4a—1 %
= T3 [ (=t o) (—22 ) dt, o | dt
/ ( /O( 2) (2a(2a—1)2> 2

[}
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T X (6a—1 1\ 2

< [ (Y

- /0 ( 2a - da(2a —1)3

T $2no—1
< dt
_/0 200- 4+ 2(n — Da(2a — 1)

T2na
T nl2a2a— 1))

Thus, it follows that

ML )2” T2ne

mn . Tn 2 < _ 2 .
10 = Pl < (R)  mimmge iy I — el

The last inequality gives

(MLT®)" —
(T(a))"/(2a(20c — 1))"n! y1 — Y2llL2(:x)-

(MLT*)"
(T()"/(2a(2ac — 1))n!
there exist a positive integer A/ such that
(MLT*N -
(D(a))Vy/2a(2a — DV AT
Hence, FV is a contraction operator on L?(J; X). By the Banach fixed point theorem
of contraction mapping, we can deduce that F has a unique fixed point y = Fy on
L?(J; X), which is the desired mild solution of problem (1.1).

Next, we shall prove the estimate (3.12). Since the solution y is the fixed point of Fy,
we see from (3.15) that

3M2t20¢72 3M2 t B
()2 < 2o 4 M ( / (t - 5" 1¢<s>ds>

IF"y1 — F 22 (s;x) <

Due to

— 0, as n — 00,

2

(@) ()
73M2 t —g)e ! s)||ds :
o ( [ =9z >|d) |

Integrating the last inequality over (0,7) with 7 € (0,7}, and using Lemma 2.6 and
the Hoélder inequality, we have

3M2T2a 1 3 MTa 2
/||y Pt < o s I+ (()2||¢|12<J)

- (T (a I(a+1)) (3.17)
S(ML 2T2a 1 :
T T(@rea—1) / / ()P dsdr

Now, we set

_ T 2
") = / ()2t

G <pi+m /OT G1(t)de, (3.18)

Then, it follows that
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where
3M2T2—1 3(MT™)? 9 3(ML)?T?*~!
PL= o s 7 1oz 1= 290 — 1)
(2a = 1)(I'(a)) (T(a+1)) (T(a))?(2a = 1)
Finally, using the Gronwall inequality, we deduce that

Cl(T) < pl(l +717671T)7 TE (07T} (319)

lv°lI* +

Taking 7 = T we obtain the estimate (3.12), where ko = 11T
Step 4. We show that y € C(J'; X). In fact, since y € L?(J; X), we have

foy()) € L*(J5X)
by (H2). Thus
[ 6= 9 Tl = 9 (s, us)ds € € )
0

by Lemma 3.2. Moreover, it is easy to see that t*~1T,(t)y° € C(J’; X). Therefore,
we conclude that the mild solution y given by (3.1) belongs to C(J'; X). The proof
is complete. O
Theorem 3.4. Let (H1), (H2) hold and y° = 0. Then for all 3 < a < 1, problem
(1.1) has a unique mild solution y € C(J; X) given by

y(t):/o (t = )" 1Tt — ) F(s, y(s))ds. (3.20)
with the bound

1
M (TiN?

oy < | —— LT .

lyllcx) < (o) (2a1> Eo(MLT*)[|$ 221

Proof. According to Theorem 3.3 and the proof in step 4, problem (1.1) has a unique
mild solution y € C(J; X) which satisfies the inequality (3.14) with Fy =y, i.e.,

M ! a—1
9] < Fos / (t— )2 (é(s) + Lily(s)[))ds.

Using the Holder inequality, we obtain

2a-1\ 7 t
101 < gy (3eg) Wl + 55 [ =9 lulas

By the Gronwall inequality for fractional differential equations ([31, Corollary 2], [10,
Lemma 7.1.1]), we have

M T2a71
D < —

1901 < a7 (30—

The proof is complete. O

Remark 3.5. Let é <p< ﬁ and hypothesis (H1) be satisfied. Besides, assume

(H2) holds with the function ||f(-,0)|] € LP(J). Then the problem (1.1) admits a

unique mild solution y € C(J'; X) N LP(J; X).

) Ea(MLT*)|¢]l 20, V¢ € J.
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The condition p < 2 is used to ensure the singular term ¢*~1T,(t)y° in (3.1)
belongs to LP(J; X). The proof is similar to Theorem 3.3, so we omit the details for
simplicity.

Remark 3.6. Let y € C(J'; X) N L?*(J; X) be the mild solution of problem (1.1)
given by (3.1). Then it follows y € C1_(J; X).

In fact, taking z(t) = t'~*y(t) for ¢t > 0 where y is the mild solution of (1.1), i.e.,
¢
2(t) = To(t)y° + tlfa/ (t —8)* T (t — ) f(s,y(s))ds, t>0.
0

Since [i(-—s)* ' Ta(-—5)f(s,y(s))ds € C(J; X) from step 4 in the proof of Theorem
3.3, we see that the function ¢!~ fg(t— $)* 1T, (t—s) f(s,y(s))ds is continuous on .J.
This implies z € C(J'; X). Since z(t) tends to y° as t goes to zero, setting 2(0) = y°
we conclude that z € C(J; X). From Definition 2.5, it follows y € Cy_,(J; X). O
Note that if y € C1_,(J; X) is a mild solution of problem (1.1) given by (3.1), as
a rule, we could not necessarily deduce y € L?(J; X).
Remark 3.7. For the existence of semilinear fractional evolution equations with
Riemann-Liouville derivatives, the conditions posed on the nonlinear term f(¢,y) are,
in general, quite strong in the literature because the mild solution (3.1) involves a
singular term with respect to the initial value. For example, except for (H2), the
following additional hypothesis is considered in [13, 18] to show the existence of a
mild solution y € Cy1_4(J; X) to problem (1.1).
(H2-1) There exists ¢ € LP(.J) with p > 1, and a constant ¢ > 0 such that

Ift, )| < o(t) 4+ et =*||y|| for a.e. t € J and all y € X. (3.21)

If, in particular, ¢ = 0, (H2-1) is considered in [15]. Besides, we also mention that
problem (1.1) has been proved in [34, 9] to have a mild solution y € C;_,(J; X) under
the following assumption.

(H2-2) There exists a function ¢ € L'(J; X) such that I°¢(t) € C(J; X),

lim t1=9T%¢(t) = 0
t—l>r(r)1+ (b( )

and
If (@t y)] < é(t), forallye€ By and a.e. t € J,

where B := {y € C1_o(J, X) : lyllc,_.7x) <7} and 7 > 0 is a constant related to
the fractional integration of ¢(t).

Note that (H2-1) is not a friendly condition since it requires that the second term
on the right hand side of (3.21) tend to zero as t goes to zero. For instance, if
ft,y) = etz + tsiny + y where zg € X is given, then (H2) holds but (H2-1) does
not hold. From Remark 3.6 and 3.7, we have the following conclusion.

Remark 3.8. Theorem 3.3 improves the existence theorems of the mild solution to
(1.1) in [13, 18] because the condition (H2-1) is removed.

4. OPTIMAL CONTROL PROBLEM

Based on Theorem 3.3, this section deals with an optimal control problem governed
by semilinear fractional diffusion equations. For simplicity, from now on, we set
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X = L%(Q) and Q = Q x (0,T) where Q is a bounded subset of R™ with m > 1.
It follows that L2(J; X) = L*(Q). Let U = L?(J;U) where U is a given reflexive
Banach space. We consider an optimal control problem:

minimize the functional

1 N
T(w) = 5lly — 2ali3z(g) + Il (1)

on all (y,u) € L*(Q) X Uyg, subject to
"Dy — Ay = f(y) + Bu in Q
y=0 on 9Qx(0,T) (4.2)
I'=oy(0%) =4° inQ,

where y is the state, u is the control, z4 belongs to L?(Q), N is a positive constant,
A is the Laplace operator, and U,q is a nonempty, closed and convex subset of the
control space Y. Moreover, the operator B : U — X is linear and continuous, but
not necessarily compact. For the sake of brevity, from now on we assume that the
nonlinear mapping f is independent of the time t.

Definition 4.1. A function y : J — X is called a mild solution of (4.2) if

y(t) =t Ta(t)y’ + /O (t = 5)" ' Talt — 5)(f(y(s)) + Bu(s))ds, t > 0.

Theorem 4.2. For a given u € U,q and 1/2 < a < 1, the problem (4.2) admits a
unique mild solution y(u) € C(J’; X) N L?(Q) under (H2).

Proof. Tt is known that the Laplace operator with the homogeneous Dirichlet bound-
ary condition is the infinitesimal generator of a Cy-semigroup in L?(Q2) which is con-
tractive and compact [5, 8]. Therefore, (4.2) can be transformed into the abstract
evolution equation (1.1) where f(t,y) is replaced by f(y) + Bu and A = A with
domain Hg(2) N H?(Q). Therefore, this theorem is a direct corollary of Theorem 3.3
as Bu is fixed. O
Theorem 4.3. Under (H2), the optimal control problem (4.1)-(4.2) admits an opti-
mal pair (g,a).

Proof. Since the functional J(u) is nonnegative, there exists a minimizing sequence
Uy, € Uyq such that

1 ) N, .
T (wn) = 5l = 2z + Fhunlly — inf T(w), asn—o0.  (43)

where 4.,,, from Theorem 4.2, is given by

t
yn(t) = £ T ()0 + / (t— ) Tt — 8)(f(gn(s)) + Bun(s))ds.  (4.4)
0
Moreover, in view of (4.3), there exists a constant ¢; > 0 such that
[ynllzz@) < e, unllu < e (4.5)
Therefore, by taking a subsequence there exists @ € U, § € L?(Q) such that
u, = winlU, y, —7gin L*(Q).
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Since u,, belongs to U,q which is closed and convex, we obtain u € U,4. Next, we aim
to show that the pair (y,u) satisfies (4.2). To this end, we first shall prove that the
sequence Gy, given by

to
Gy, == / yn(t)dt, 0 <tq <ty <T,

t1

is relatively compact in X. For simplicity, set

wn(t) = f(yn(t)) + Bun(t)

Since B : U — X is a bounded and linear operator, from (4.5) and (H2), there exist
constants c¢o, c3 such that

1fCoun)lle@) < e2, llwnllzzg) < es.
For each € € (0,t1), and 0 > 0, set

G yyn = / / (t — 5)o=? / 00D (O)T((t — 5)°0)n () dOdsdt

/ to-t / b, (0T (t*0)y°dodt := I, + I,.

Since T'(t) is a Cy—semigroup, s € (0, —¢), 6 € (J,00), we have
(t—s)*0—e%3 > 0.

Therefore,

=T(e"9) / / (t—s)*~ 1/ afP,(O)T((t — 5)*0 — 6wy (s)dOdsdt
t1 4
(€“0)E;.

From (3.3), we have

o 1

It follows that (since ®,(0) > 0 for all § > 0 [3])

1
<
/ 60a(0)d0 < Ty I‘(a+1)

for § being sufficiently small. Because T'(t) is a contractive semigroup, i.e., | T(¢)]| < 1,
using the Hélder inequality, we obtain

1By = \

ty 0
1 t2 t—e X
F(a)/t /0 (t — )2 lwn (s) | dsdt
1
(t2 — tl) T2a—1
M) Va2a—1lenlr@

s)e L /5 T a0 T((t — 5)70 5a§)wn(s)d0dsdtH
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We calculate
to [e’e]
— T(94) / o1 / 00D (0)T(1°0 — 196)y°d0dt := T(t26)Es,
t1 5
where

From the boundness of Fy, E> and the compactness of T(¢*§), T(t$9), we deduce
G, ,yn is relatively compact in X for each ¢ € (0,¢) and 6 > 0.
Moreover, we have

ta 1o o
/ o 1/ afd,(0)T(t“0 — 156y OdedtH MH y°l.
t1 F(

|Gyn — Ge s5ynll
/t2 /t E /5 0D (0)T((t — 5)*0)wn(s)dOdsdt

a / / (t—s)" 1/ 0, ( —s)ae)wn(s)dé?dsdtH
t1 t—e
/ o 1/ 0D, (0)T(t*0)y dodt

By the assumption (H1) and the Holder inequality, we have

T2a—1 &
I3 < OZ(tZ - tl) ﬁnwnH[‘z(Q) /0 9<I>a(9)d9
1 [2) t t ” \/52a71
L= 55 t—s)"t dsdt < LR
< / [ = neasds < B0 [ o

)
I < (15 — £)]16°) / 60, (0)db.
0

< «

“+a = 13+I4+I5.

Because of |lwy|/z2(q) < c3, we deduce that I3, I; and I5 tend to zero as e — 0 and
0 — 0. Therefore,

Ge 5Yn — Gyp, ase,d — 0.

Since Ge syn is relatively compact in X, the sequence Gy,, is relatively compact in X
too.
Next, we aim to prove that

T—h
/ lyn(t + 1) — yn(®)||2dt — 0, as h— 0" (4.6)
0
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Similarly to (3.5), we have

[yn(t +h) =y (D]

< ﬁ /0 (t =) f (yn(s + 1) = f(yn(s))llds
0
+ﬁ /_h(t = 8)° I (yn(s + 1)) llds

+ﬁ /ot [(t+h = 5)° " Tu(h) Bun(s) = (t = 5)* 7" Bua(s)| ds
+ﬁ /tt+h(t+h— 5)* 7| Bu(s)| ds
+ﬁ||(t + ) T T (h)y® — 20|

- F(La)/Ot(t_s)a—wyn(sm—yn<s>||ds+fa+f7+f8+19~

It follows that

lyn(t +h) = ya ()]

L 2t2o¢71 t
<5 —— n(8 4+ h) — yn(s)||?ds + 5(15 + I7 + I3 + I3).
<5 (5ay) g [ I+~ ma(o)Pds + 52 + 22 4 124 1)

(4.7)

According to the Gronwall’s inequality of differential form, we deduce that

L )2 s2a—1

T—h o T—h
/ lyn(s + h) — yn(5)||2ds < 5e’ I " (vt (2a—1)dt/ (Ig + I? + Ig + Igz)dt.
0 0

T—h 13 2 g2a—1 (LTO‘)Z
/0 (F(Oé)> (20 — 1)d8 : (T'(a))?(20) (20 — 1)

Since

we have

5(LT%)2

T—h T—h
J) ot 1) =) < ST [ 1 41 1 (1)
0 0
Using the Holder inequality and the fact that || f(yn)[/z2(q) < c2, we get

i< (si) [Laorms () [ (5) e

Then we have

Teh 2 C2 e 20—2 C%TM_lh + 4.9
I5dt < t°YChdt = ——————— 0 h 0r. .
/o 6 = <r<a>> / Ga—D2(a) =07 (49)
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On the other hand, we deduce that

T—h
lim I2dt
h—0t 0
2

< I, (F(la)) / o ( / (s (- s>“1>|Bun<s>||ds) it

1y’ 2 e 1 1y2
< ;}%ﬂ (I‘(oz)) | Bunll72(g) /0 /0 (t+h—s)"" = (t—s)""")dsdt.

Now for each fixed ¢ € (0,7 — h), as T?*~2 is decreasing on (0, +00), we have
((t+h =97t = (t—5)""1)? < (t—s)*77 € L(J),

and
(t+h—s)*""—(t— s)a_l)2 —0, ash— 0",

using the Lebesgue dominated convergence theorem, we have

t
/ ((t—i—h—s)o‘*l—(t—s)a*1)2d5—>0 as h — 0%, (4.10)
0
Moreover, we see that
! 1 1\2 ' 20-2 tret
t+h—8)""—(t—9)" ds < t—s)**"%ds = .
[ sn—st =) as< [t = oy

Since t2~! € L(J), using (4.10) and the Lebesgue dominated convergence theorem
once more, we have

T—h gt
lim / (t+h—s)*"t —(t—s)*"1)2dsdt = 0.
0 0

h—0t

Thus, by the boundedness of ||Bun||2Lg( we find

Q)
T—h
/ IZdt — 0as h — 0%, (4.11)
0

Next, by the Holder inequality, we get

T—h ) 1 2 ) T—h hza_1
Ldt < | =— Buy||12 dt

«
4.12
< LQHB TN R o

S (a) Unp LQ(Q) 20 — 1 S .

We also see that

= 2 1 ? 012 =n 1 1\2
li I5dt = i _— t+h)* T —t*" ) dt =0. (4.13
Jim [ = i () W[ (e Y =0. (4.13

In conclusion, from(4.8), (4.9), (4.11), (4.12) and (4.13), we deduce that (4.6) holds.
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Since Gy, is relatively compact, it follows from (4.6) that the sequence y,, is rela-
tively compact in L?(Q), Passing to a subsequence (denoted by the same notation for
simplicity) and recalling y,, — ¥ in L?(Q), we have

yn — 7 in L3(Q). (4.14)

Finally, we aim to show that § = g(@) is the mild solution of problem (4.2).
Using (H2), we have

flyn) = f(y) in L*(Q),

and

‘ /ot@ = ) Tt — 5)(Fgn(s)) — F((5)))ds H

Then, if follows from (4.14) that

yn 112

/0 (t — ) T, (t — 8)(f(yn(s)) — f(5(s)))ds — 0 a.e. t € J. (4.15)
Using u,, — @ in U, we have
Bu,, — Bu in L*(Q). (4.16)

For each v € L?(Q), we set

B(z, ) = (t—s)* ITx(t — s)v(z), 0<s<t,
o, t<s<T.

Obviously, © € L*(Q). We see that
/ (@) / (= ) Tt — ) (Bun(s) — B(s))dsda
/ / )(t — 8)* T, (t — s)(Buy(s) — Bu(s))dzds
= / (= )% 0. Tt = ) (Bun(s) — B(s))) o ds
_ /0 (= )T (= 5)o, Bun(s) — Bu(s)) ., oy ds

= (0, Buy — Bit)2(q) ,
which goes to zero from (4.16) as n — oco. This implies that for a.e. ¢t € J,
¢
/ (t = $)* VT (t — 5) Bun(s)ds — / )T (t — 8)Ba(s)ds in L2(Q). (4.17)
0

From (4.15) and (4.17), it follows

yn(t) = 71T, ()0 + /o (t—8)* T (t — 3)(f(y(s)) + Bu(s))ds a.e. t € J.
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Recalling (4.14), we deduce that

g@%:W7WLQMW+A(ﬁ7$wa@4$XﬂM$)+BM$MsaetGJ}(4%)

Thus, ¢ is the mild solution of (4.2) corresponding to the fixed control @ € U,gq.
From the weak lower semi-continuity of the functional J(u), we have

liminf J (uy) > J(4).
n— oo
Hence, according to (4.3), we have

J(@) < inf J(u),

u€Uqq
which implies that
u) = inf . 4.19
@ = inf T (4.19)
Thus, from (4.18) and (4.19), (9, @) is an optimal pair of (4.1)-(4.2). The proof of
Theorem 4.3 is complete. O

To study the necessary optimality conditions of the optimal control problem (4.1)-
(4.2), in what follows, we further assume that U is a Hilbert space. Thus, U =
L?(J;U) is a Hilbert space too. Let (-, ) stand for the inner product on 2. Moreover,
the following additional hypothesis is considered:

(H3) the mapping f(y) is Fréchet differentiable with respect to y.

Theorem 4.4. If (7, @) is an optimal pair of the problem (4.1) subject to (4.2). Then
there exist p € L?(Q) and the triple (7, i, p) satisfies the system

—DD—Ap—f(Yp=y—2 inQ

p=0 on 9 x (0,T) (4.20)
p(T) =0 in Q,
and
(B(v =), D) 12y + N (@ v—1a)y, >0, V0 E U (4.21)

Note that (4.20) and (4.21) are referred to as the first-order necessary optimality
conditions to the optimal control problem (4.1)-(4.2) where (4.20) is known as the
adjoint problem of (4.2). To prove this theorem, we present several lemmas. The first
is the so-called fractional integration by parts formula; see, e.g, [17].

Lemma 4.5. For any ¢ € C*°(Q), we have
T
| [00e ) Syt )ete. daar
0

- / o(z, T)T'y(z, T)dz — / o(, 0) T 0y(z,0")dz
Q Q

T T
+/ / ya—(pdadt—/ @gododt
o Joaa Ov o Jao Ov

T
+/O /Qy(x,t)(—igo‘go(x,t) — Ap(z,t))dxdt.
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The second is connected to the solvability of problem (4.20).
Lemma 4.6. Assume that % <a<1,g¢€ L*Q), Then, the following problem

—Dp(t) — Ap(t) — f'(H)p(t) = 9(t) in Q
p=0 on dQ x (0,T) (4.22)
B(T)=0 inQ,

has a unique mild solution p € C(J; X) given by

T—t
plt) = / (Tt~ 82 W (T — t— &)(F @PT —5) +9(T — ))ds,  (4.23)

with the bound

1 T2a—1

p x) < —— ) ——— E (T f GDID. 4.24
IPlows) < fray\ ga =1 192@ Ba (15 @) (424)

Proof. We now define a mapping Jrp(t) = p(T —t), t € J. A direct computation
gives DJrp(t) = —°D¢Irp(t); see, e.g. the proof in [17, Proposition 3.6]. Making
the change of variable t — T — ¢ in (4.22), we obtain

De3rp(t) — AJrp(t) — f/(Iry)Irh(t) = Jrg(t) in Q
Jrp=0 on 90 x (0,7) (4.25)
Jrp(0) =0 in Q.

As usual, a mild solution Jrp € C(J; X) to (4.25) is defined by

Jrp(t) = /0 (t =) ' To(t — s)(f' (1Y) Irn(s) + Irg(s))ds. (4.26)

Replacing f(t,y) in (H2) with f'(Jrg)y + IJrg, we see that the inequality in (H2) is
satisfied with L = || f/(J77)| because g, g are fixed, and f'(Jry) is a linear and con-
tinuous mapping. Taking A as the Laplace operator with the homogeneous Dirichlet
boundary condition, by a similar proof to Theorem 3.3, we deduce that (4.25) has
a unique mild solution Jrp € C(J; X) given by (4.26). In fact, here is easier since
(4.25) is linear and the initial value is zero. Moreover,

- 1 T2a—1 N o o
[3rpllcrx) < @\/ EHJTQHLZ(Q)EOL(T IF' (3ri)ll)- (4.27)

Making the change of variable t — T —¢ from (4.25) to (4.27), we see that this lemma

holds. The proof is complete. O
Now we are in a position to prove Theorem 4.4.

Proof. Define the Lagrangian function £ associated with the problem (4.1)-(4.2),

T
L(y,up) = T (u) - /O /Q ("Dgy — Ay — f(y) — Bu)pdadt.
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Since (g, @) is an optimal pair, by the formal Lagrange multiplier method, see, e.g.
[26], we obtain the following first-order necessary optimality conditions:

Dy L(g,u,p)h =0, Yh € C°(Q) with hlpo =0,I'""*h(0T) =0 in Q,  (4.28)

D, L(g,a,p)(v—1u) >0, forall ve Uy (4.29)
The condition (4.28) leads to the adjoint equation. In fact, from (4.28), we have

D, L(y,u,p)h = // —zdhdxdt—//LDah Ah — fl(g)h)pdadt.

According to Lemma 4.5, we further deduce that

h
—pdodt

T T
:/ /(ﬂ—zd+©O‘p+Ap+f’(gj)p)hdxdt+/
o 0 Joa OV (4.30)

— / p(x, T)I'~h(z, T)dx.
Q

Note that for all h € C§°(Q) the expressions I'=*h(T) and % vanish on © and 042,
respectively. Consequently,

T
[ [@=2+2%+ dp+ F@)hdzdt =0, ¥ h e CF(Q)
Q
Recalling that C§°(Q) is dense in L?(Q), we have

D —Ap—f'(Y)p=9Y — zq in Q. (4.31)

Then, for all h € C>(Q) with h|pg = 0 and I'~*h(T) = 0 on Q , from (4.30) and
(4.31) it follows

ploa = 0. (4.32)
Finally, for all h € C*°(Q) with h|sq = 0, from (4.30) to (4.32), we get

p(z,T)=0 in Q. (4.33)

Note that (4.31) to (4.33) is referred to as the adjoint problem to (4.2). Now it follows
from Lemma 4.6 that problem (4.31) to (4.33) has a unique mild solution p € C(J; X),
ie. (g,u,p) satisfies (4.20).

Moreover, from the condition (4.29) with p = p, we have

Du£(ﬂ7ﬂaﬁ)(v - ﬂ) = (B(U - ’U’)aﬁ)LQ(Q) + N(I_L,U - ﬂ)l/l >0V ve€Ug.
Thus, the inequality (4.21) holds. The proof is complete. O
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