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Abstract. This paper is generally concerned with the existence of solutions for a certain class of
fractional differential inclusions with boundary conditions. By means a known fixed point theorem,
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given to illustrate the results.
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1. INTRODUCTION

Fractional Calculus is a powerful tool which has been recently employed to the
most of the sciences including physics, engineering, biology and chemical phenomena
(see for example [1]-[3], [9], [12], [18], [23], [25] and the references therein). Moreover,
significant progress was made in the field of Fractional Differential Inclusions (FDIs)
(see for example [5]-[7], [10], [11], [13]-[17], [19], [20] and [22]).

Presuppose (), d) is a b-metric space and P())) and 2Y are the class of all subsets
and the class of all nonempty subsets of ), respectively. For a normed space (Y, ||.|)),
let

Py(Y)={Y € P(Y) : Y is closed},

Ppa(Y) ={Y € P(Y) : Y is bounded},

Pp(Y) ={Y € P(Y) : Y is compact} and

Pyga(Y) ={Y € P(Y) : Y is bounded and closed}.

We say that Q : Y — 2Y is a multifunction on ) and if v € Y, then u € Qu is a fixed
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point of Q ([15]). Consider J = [0,1]; a multivalued map U : J — P, (R) is said to
be measurable if for every e € R, the function ¢ : R — R defined by

Pp(R) =d(e,URN)) =inf{le —a|] : a € UN)}

is measurable ([15]). Using some fixed point theorems, we investigate the existence
of solutions for two FDIs stated in this article.
Consider the Hausdorff metric Hy : 2 x 2Y — [0, 00) defined by

Hy(M,N) = max{ sup d(m,N), sup d(M,n)},
meM

where d(M,n) = 12%4 d(m,n). Note that (Pygc(Y),Hs) is a metric space and
m

(Pa(Y), Hy) is a generalized metric space ([15] and [19]).

Let (),d) be a metric space, a : J x Y — [0,00) be a map and T : ) — 2¥ be a
multifunction. We say that Y has condition (C,,) whenever for each sequence {S,,} in
Y with a(Sy, Snt1) > 1 for all n and S, — S, there exists a subsequence {S,, } of
{Sy} such that a(Sy,,, ) > 1 for all k. Also, T is said to be a-admissible whenever
for each & € Y and b € TS with a(S,b) > 1, we have a(b,z) > 1 for all z € TY.
Suppose that ® is a family of nondecreasing functions ¢ : [0,00) — [0, 00) such that

> ¢™(R) < oo for all R > 0.
n=1

Definition 1.1. Assume h : [0,00) — R is continuous, the Caputo derivative of order
¢ is defined by

1 K
“D'h(p) = 7/ pw—w@)P AP (@) dw,
W == [ (== (=)
where p — 1 <t <p, p=[]+ 1 and [¢] is the integer part of «.

Definition 1.2. ([23, 18]) The Riemann-Lioville derivative of order ¢ for a continuous
function A is defined by

1 d p/" h(w)
D'h(p) = =—— | — —————dw, (p=1[]+1),
) I'(p—1) <du) o (p—m)—rt p=k+1)
where the right-hand side defined on (0, o).

Let ® be the set of all increasing and continuous functions ¢ : [0,00) — [0, 00)
satisfying: ¢(eS) < ed() < ew for all € > 1, also B is the family of all nondecreasing
functions 7 : [0,00) — [0, %) for some v > 1.

Here consider the following definitions that are special cases of definitions which
are stated in [2].

Definition 1.3. Let (), d) be a b-metric space (with constant v) and S : Y — Py (V)
be a multivalued mapping. We say that S is an a — ¢-Geraghty contraction type
mapping whenever there exists a : ) x Y — [0, 00) such that

ae, R)g(vd(Se, SR)) < y(d(d(c,N)))g(d(c, R)), (1.1)
for all ¢,N € Y, where v € B and ¢ € ®.
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Definition 1.4. ([24]) Let S : Y — ) where Y is nonempty and a: Y x Y — [0, 00)
be given. Then S is a—admissible if for all ¢,X € Y,

ae,R) > 1 = a(Sc, SR) > 1. (1.2)

Definition 1.5. Let (),d) be a b-metric space. Y is said a-regular, if for every
sequence {S,} in Y such that (S, Sp41) > 1foralln and §,, = S € Y as n — oo,
then there exists a subsequence {Sy,(x)} of {Sy} such that (S, ), ) > 1 for all k.

To state and prove our main results we need the following lemmas.

Lemma 1.6. (2, Corollary 2.5]) Let (), d) be a complete b-metric space and T : Y —
Pygci(Y) be an o — ¢— Geraghty contraction type multivalued mapping such that T is
a-admissible. Assume that there exists So € Y such that a(So, TSo) > 1 and Y is
a-regular. Then, T has a fixed point.

Lemma 1.7. ([8]) Let E be a Banach space, C a closed convex subset of E, U an open
subset of C and 0 € U. Suppose that h: U — P, o (C) is an upper semi-continuous
compact map where Py, .,(C) denotes the family of nonempty, compact and convex
subsets of C. Then either h has a fized point in U or there exist u € OU and e € (0,1)
such that u € eh(u).

2. MAIN RESULTS

In this section we prove the existence of solutions for two fractional boundary value
inclusions. First, consider the problem

CDSSI(R) € AR, F(R),© DIF(R)).
S(1) + (1) = /Oﬁi‘s(v)dv, 3(0) = 0, (2.1)

where R € J, ¥,k € (0,1), ¢ € (1,2] with ¢ — ¢ > 1, D¢ is the Caputo differentiation

and & : J x R x R — 2R denotes a compact valued multifunction.

A function & € C(J,R) is a solution of problem (2.1) whenever it satisfies

the boundary conditions and there exists a function v € L!(J) such that v(R) €
AR, I(R),© DYI(R)) for almost all X € J and

7/{2 // v —m)*to(m)dmdv

2R -~
T / (1 - v)*o(w)dv

2R ! s
R — / (1 —v)*"“v(v)dv

/GNU
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Before stating the main results, a lemma is introduced here which is needed in the
proof of the results.
Lemma 2.1. ([5]) Let v € C(J,R). Then, the unique solution of the fractional
differential equation D*J(N) = v(R) with the boundary conditions
S(1) +9(1) = / S(v)dv and $(0) = 0,
0

where ¥,k € (0,1), ¢ € (1,2] with ¢ — 9 > 1, is given by

S(N) = ) —5)lo(v)dv o Uv—mg_lvm mduv

S0 = g [ (= )t + s [ o m) omydma

2N 1 1 2R 1 o
e ol A G e A O

= P,(N) +/0 G(X, s)v(v)duv,

where
P,(X) = o /K /U(v —m)S Yu(m)dmdv
! (4—-r2l) Jo Jo
and
4—k2)(R—0)~D _oR(1—v)s 1t 2t(1—v)s~2
G g Y e 0<v <R <1,
GN,v) =
—2R(1-v)° ! 2R(1—v)° 2
(4—(n2)F)(g) - (4_22)1—\&_1) 0<N<wv<l.

Now let Y = {3:3,°D?3 € C(J,R)} and d: Y x Y — [0,00) be given by
A(3,) = |3 — b2 = sup [S(R) — (R)[? + sup [*DII(XR) —° DIH(R)P.
ReJ ReJ
Evidently, (), ||.]) is a complete b-metric space with v = 2 but is not a metric space
([26]). Let & € X and define the set of selections of i by
Spa ={ve LYJ) :v(R) € AR, I(R),° D?S(R)) for almost all R € J}.

Theorem 2.2. Suppose that ii: J x R x R — P.,(R) is a multifunction such that h
is integrable and bounded and h(.,,b) : J — P, (R) is measurable for all 3,b € R.
Assume that there exist a function £ : R* = R, ¢ € ® and m € C(J,[0,00)) such that

Hy(h(X, S,b), AR, 2,3))

< m®) P(IS(R) — 2(R)|> + p(X) — I(R)?) 1

T 2v2 \A(supye s [S(R) = 2(R) 2 + supges PR) = SO)Z) + 1 [[m]] o vVALZ + As?
forallRe J, v>1 and 3,b,z € R, where

262+ 76+ 7 B 1 2(¢2+2¢+1)
A(c+2) 7 T(—0+1) 30(c+2)02—-v)

A =
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and in addition suppose the following three conditions (i) — (iii) hold.
(1) If {Sn} is a sequence in Y such that S, — S and

E((gn(}t)f Dﬂsn(N))a ($n+1(N)7C Dﬂsn-i-l(N))) >0,
for all X € J, then there exists a subsequence {Sn, } of {Sn} such that
E((Sn (R),° DS, (R)), (S(R),° DUI(R))) > 0,
for allN € J.
(#3) For each S € Y and h € Qp(S) with
E((S(R),° DYI(W)), (h(R),° DTA(R))) = 0,

there exists z € Qp(h) such that £((h(R), DVA(R)), (2(R),* DV2(R))) > 0, where the
operator Qp : Y — P(Y) is defined by

1
Qi(S)={h €Y : Fve Sug such that h(R) = P,(R) —|—/ G(N,v)v(v)dv ¥ X € J}.
0

(7it) There exist So € Y and h € Qp(So) such that
E((So(®),* Do (R)), (A(R),” DA(R))) > 0,

for allN € J.
Then, the boundary value inclusion (2.1) admits a solution.

Proof. We show that the operator Q5 : Y — P()) has a fixed point. Note that, the
multi-valued map R — A(R, F(R),° D?S(R)) is measurable and closed valued for all
$ € ). Hence, it has measurable selection and therefore the set Sp o is nonempty.
First, we show that Qz(3) is closed subset of Y for all & € ). Let & € Y and
{tn}n>1 is a sequence in Q4 () with w,, — u. For each n, choose v,, € S; g such that

1 N 1 2N K v B 1
u, (W) = @/0 N —v)* "o, (v)dv + [(ErSNE) /0 /0 (v —m)* " v, (m)dmdv
2N

_L ! _Uc—l,v Ndy — ——— 1 —U§_2v O)do
(4—K2)F(<)/o(1 ) e (0)d (4—n2)r(<—1)/0(1 )" un(v)dv,

for almost all X € J. Since # has compact values, {v,, }n>1 has a subsequence which
converges to some v € L'(J). This subsequence is denoted again by {v,},>1. It is
easy to check that v € Sp ¢ and
Uun (R) = u(R)
- /N(N — ) lo(v)do + ™ /’€ /U(v —m) " tu(m)dmdv

L'(s) Jo (4—r)I() Jo Jo

28 ! 28 !
e 1—’(1(71111)(1’11——/ 1 —v)2u(v)dv,

Ay 00— e [ (-0

for all X € J. This implies that v € Q5(SJ). Thus, the multifunction Qp has closed
values. Since A is a compact multi-valued map, Q5(3) is bounded set in Y for all
RESIN
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Define a: C(J) x C(J) = [0,00) b
oy [ 1 &S, DISW)), (R),°D(R)) =0, for all R € J,
o(3,b) = { 0 else

and define 7: [0,00) — [0, 1) by TI(¢) = 1oy and let v = 2.
It will be shown that a(S,0)@(8Ha(Qr (), k(b)) < Wo(|| S—b )o(||S —b]||) for
all 3,p € ). Let §,b € Y and g1 € Qp(h). Choose v1 € Sy such that

I 1
01(R) = m/o (N —v)* vy (v)dv + / / (v— (m)dmdv
o 1 ot - —v) 2y (v)dv
~ ey 0 O e / oer e
for all R € J. Since
Ha(A(R,3(R),” DS(R)), AR, b(R),* Db(R))
< m® ¢(| (R) —b)[* + [*D"I(R) —° D"b(R)[?)
T 2v2 \/4 supye 7 [S(R) = (R)[? + supye s [*DVS(R) —¢ DH(N)[?) + 1
1
" limllo VA + A7
for all §,b € Y with £((I(R),* DYS(R)), (b(R),© D?b(R))) > 0 for almost X € J, there
exists g € A(R, J(R),© DYI(X)) such that
m®)
lor(R) — g] < WG

X

/\ 6{?

A(IS() —b(N)[? + |°DI(R) —° DH(X)|?)
VAuDge s [S(R) —(R)2 + supyge s [*D7I(R) == DH(R)[?) + 1
1

X .
[Im]so VAL + Ag®

Consider the multi-valued map U : J — P(R) as

UM = {9 R fon9) gl < 20

P(IS(R) = b(R)|* + [*DI(R) = Db(R)|?)
VA(supge 7 [SR) = bR + supye 7 [*DII(R) —¢ DHR)[?) + 1
1
g HmHoo\/Al2 +A22},
for all X € J. Since v; and
m®) P(IS(R) —bR)[* + [*DI(R) = DH(R)[?)
2v2 \/4 (supye s [S(R) =b(W)[? + supye 5 [*DVS(R) = DIH(N)[?) + 1
1

X bl
[Imloe VA" + Ag®

X
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are measurable, U(.) N A(.,3(.),* DYS(.)) is also measurable. Thus, for each X € J,
we can choose v2(R) € A(R, J(R),* D?F(X)) such that

m(R)
[v1(R) —v2(N)[ < EWel
P(IS(R) —b(R)[> + [°DYS(R) = D(R)[?)
\/4(SUPN6J [S(R) —b(R)[? + supye s [*DVF(R) — DUD(R)[?) + 1
1

X .
Mmoo VVAL® + Ag®

Now consider gy € Q5 () which is given by

—.%Q / / v —m)* "y (m)dmdu

1 — )ty (v)dv

e oo / (

2R ! o
TS /0 (1 =) Peafo)d

for all X € J. Thus,

N
01(%) — 28| = |F(1§) / (R~ )~ oy (v)dv

— ﬁ2 / / v— o1 (m)dmdv

1 —v) oy (v)dv

e n2>r<c>/o (
2R ! o
~ A PTET [ = zua

I 1
F(g)/ (N —v)* " rug(v)dv

— /4;2 / / v — Log (m)dmdu
- H2)F(€) /o (1—v) " oa(v)dv
2R ! o
—(4 AT =) /0 (1-v) 2U2(U)d’1}

< Imlls (2<2+7<+7> 1 IS —bII)
T o2v2 \ Bh(s+2 VAZ 827 ml|ee ) VAIS =0T+ 1

+
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Hence,

1

2109 - 2209 =

2<2+7<+7>2 1 (oIS =b]?))?
3(s+2) ) A2+A2 4IS b +1

and

N
D0 )~ D a0 =g [ - o T e

1-9
i (4- Nz t / / m)dmduv
2F( )tl ’19 -~
BCETNG )F(a—m/o (1= o) oy (0o
21 (2)t' Y 1 L
— 4—-r2T(c—1I(2-9) /O (1 —v)* vy (v)dv

1 ¥ ¢—1-1
_ e 19) /O (N —) va(v)dv

tl 9
— (v—m m)dmduv
e

2F(2)t1 19 .
(4= rHL(OT(2 - ) /O (1 —v)* w(v)dv

2T (2)1 -7 1 -
(4—K2)T(s — D2 —0) /O (1= v) 2vg(v)dv
1

N
¢—T-1
< mfo (N = 05~ Loy (0) — v (0)]do

t1 0
+( —.%2 / / v —m)* oy (m) — v (m)|dmdv

+

+

2F(2)t1 19 <1
MU >r<2—ﬂ>/o (ool i) = ey
21 (2)t1 7

1 — )72y (V) = va(v)|dv
(4—n2)F(<—1)r(2—19)/0(1 ) o (v) —wa(v)ld

HmHoo ( 1 n 2 " 2
— 2v2 \I'(s—9+1) 3l(c+2)T'(2—9) 3l(c+1)I'(2-19)

2 1 S —>l)
IO - 0)) (\/A12 + A22||m||oo> VAIS b+ 1

Therefore,

1 1 2
CD/ﬂ N) _¢ Dﬂ V)2 < =
| 01(N) 02(W)|° < ] (F(§ —9+1) + A(c+2)I'(2-9)

N 2 > L (@IS =P
B+ 1I2—9)) A2 +A2 4S—b[|+1"
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for all X € J. Hence,

lox — o2lI* = sup o1 (R) — 02(R)|* + sup |°D” 01 (R) —° D02 (R)|?
ReJ ReJ

1 (2§2—|—7§—|—7>2 1
< =X X
8 30(s +2) A2+ A2
y (o([IS —b]1?))?
4(supye [S(R) —b(R)[2 + supye s [*DVSI(R) —< DH(R)[2) + 1
+ 5 ! + 2 + 2 )
8 T(c—9+1)  30(+2)I(2—0) 30+ 1HI(2-9)
o 1 . (oIS — b[1))?
A2+ A2 T A4S =D +1
_ 1o(IS —b)*)*
84S —b[2+1°

Therefore,

a(S,0)p(8Ha(2r(I), (b)) < 8a(S,0)p(Ha(Q(S), (b))
(

4d(3,0) + 1 = 46(d(3,b)) + 1
= "(o(d(S3,0)))9(d(S,0)), T€B

Consequently, Qf is an a-¢-Geraghty contractive multifunction. Assume & € )Y and
b € 95(3) be such that a(S,b) > 1. Then,

E((S(R),° DII(R)), G, DH(R))) > 0.

Therefore, there exists z € Qp(b) such that £((b(R),° D"b(R)), (2(X),© D?2(R))) > 0.
Hence, a(b, z) > 1 and Qj is a-admissible. Choose g € Y and b € Q5(S) such that

E((So(R),° D" (R)), (4(R),° D”5(R))) > 0.
Thus, a(So,b) > 1. Now, by Lemma 1.6, there exists $* € ) such that $* € Q5(S*).
It is easy to see that 3* is a solution of the problem (2.1). O

In the sequel, we consider the fractional boundary value inclusion

CDSI(N) € H, S(R)),
3(0) :j/oLﬁ(U)dU, (1) :i/OHS(v)dv, (2.2)

where X € J, 1 < ¢ < 2,0 <,k <1, 5,4 € R, D¢ is the standard Caputo
differentiation and % : J x R x R — 2® is a compact valued multifunction.

In 2011, Ahmad and Ntouyas discussed this inclusion problem by utilizing Lemma
1.7 ([10]). In this manuscript, we are going to show that one can solve this inclusion
problem by making use of Lemma 1.6.
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Let v € C(J,R). As a result, the unique solution of the fractional differential
equation *D°¥(R) = v(R) with the boundary conditions

3(0) =j/OLs(v)dv and S(1) = i/OK%(U)dU
is given by
+nfﬁ>(';mz o _DN>AL<A%U_mf]”WWMQdU
5 co-n) [ ([onra)

VFl(g) (2 +(1- La)N) /01(1 — ) Mw(v)dv,

where 0 <N <1,1<¢<2,0<,k<1and

3= = 1)(b* ~2) — aulbn —1)] £ 0

(see [10]). Note that w € C(J,R) is a solution of the problem (2.2) whenever it
satisfies the boundary conditions and there exists a function v € L'J such that
v(R) € AR, F(N)) for almost all R € J (see [10]) and

1

R
I(N) = 11(g)/0 (N —v)* " o(v)dv

a 2 —_ i1€2 L v o
b al® kv .

+ ST (7 +(1- La)N)/O (/0 (v —m)s~Yw(m)dm)dv
L ' —1

_ ) (7 +(1- La)N)/O (1—v) to(v)do.

Theorem 2.3. Suppose that h : J x R — P.,(R) is a multifunction such that h is
integrable and bounded and h(.,S) : J — P.,(R) is measurable for all & € R. Assume
that there ezist a function £ : R? =R, ¢ € ® and m € C(J,[0,00)) such that

~ m®) (IS —b[?) 2[y|T(s +2)
Hd(ﬁ(N’J)’ﬁ(N’b))§2f 2 VAIS —b)? + <2lv|<+1 <A1+A2))||m||oo)’

for allX € J and S,b € R, where Ay = |j|(|2 — ik?| + 2|ik — 1])eT and
= (1j1¢* + 2/ — g (Jil S+ + 1),
Also, suppose the following three conditions ((i)-(iii)) hold,
(0) If {Sn} is a sequence in Y such that S, — S and £(Sn(N), Spt1(R)) > 0 for all

>
N € J, then there exists a subsequence {Sy, } of {Sn} such that £(S,, (R), I(R)) >0
for allN € J.
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(73) For each S € Y andb € Qp(S) with £(S(R),b(N)) > 0, there exists z € Qp(h) such
that £((D(R), z(R)) > 0, where the operator Qp : Y — P(Y) is defined by

Q(S)={heY: Tve Sug such that h(R) = I(R) V R € J}

where

(133) There exist So € Y and h € Qp(So) with £(So(R), h(R)) > 0 for N e J.
Then, the boundary value inclusion (2.2) has a solution.

Proof. We show that the operator Q25 has a fixed point. By using a similar proof
of Theorem 2.2, one can show that the operator €5 has closed and bounded values.
Define the function o : Y x Y — [0, 00) by «(S,b) = 1 whenever £(S(R),b(R)) > 0 for
R € J and a(S,h) = 0 otherwise. Let &, € Y and g1 € Qp(h). Choose vy € Sy, such
that

N
0(N) = —/O N — v)‘*lvl(v)dv

& m®) (IS —b*) 2Py|P(c +2)
Hd(ﬁ(N, \Y(N)),ﬁ(Nab(N))) —= 2\[ /74||\f—b“2 ( 2|’Y‘ §+1 (A1+A2))||m|oo>

for all §,b € Y with £(I(R),b(R)) > 0 for R € J, there exists g € A(R, F(XN)) such that

o (R) — g| < mR)  o(|S —b[*) < 2[y|T(s + 2) )
T 2V2 S - + 27[(s + 1)+ (AL + A2))mllso )
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Define U : J — P(R) by
U = {g ER: oY) g
cmty_so W) (__ thire ) }

= 2v2 VIS DIE +1 \@NIG+ D)+ (A + A)mll
Since v; and
m®) (S - b[?) ( 2[y[T(s +2) )
2v2 AIS =2+ 1 2(c +1) + (A1 + Az))[Im|oo

are measurable, it is easy to see that the multifunction U(.) () A(., 3(.)) is measurable.
Thus, we can choose v9 such that va(R) € A(R, F(R)) and

0r (%) — wp()] < PO @S =P ( 2k +2) )

2v2 A[S —Db[Z+1 \21(s +1) + (A1 + Ag))Im|oo
for all X € J. Now, consider g2 € (<) which is defined by
1 R
02(N) = —/ (R —v)* Loy (v)dv
(<) Jo

n VFL@ (2_2’“2 + (b — 1)N> /0 (/OU(’U - m)<—1v2(m)dm> dv
ot (5 0mm) ([ i

1 (flf+(1_La)N)/(Jl(l—v)g_lvg(v)dv,

(<)
for all X € J. Thus,
|91(N) - QZ(N”
1 o1
SW/O (X = 0)5 oy (1) — v (V)] du
a4 2~ i L ’ ot —vo(m)|dm | dv
+ ()( . +(bﬁ—1)n>/o(/0 (v — M) o (m) — vs(m)|d )d

+ wrb(g) (‘“2 . mx) /OK (/OU(U — ) oy (m) — vg(m)|dm> du

s (%) [0 ) -

for all X € J. Hence,

2h1(s+1) + (A1 +40)

o1 — oo =§lég|91(N)—Qz( )= ( ST +2) /2
§ ( 207|T(s + 2) > L eUS—o)?)
2lyl(c +1) + (A1 + A2))[[mloo AIS —df*+1
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Define 7T: [0,00) — [0, 1) by T(s) = and let v = 2. Hence,

q
4q+1

(3.9)0(8Hal(3),20)) < 8a(SHAM(), 2 0D) < 1378 50

= W@(d(3,0)))o(d(3,0)), T € B.

Therefore,
a(3,0)9(8Ha(2r(3), 2s(0))) < (SIS = b)) (IS = b)),

for all §,b € Y, Thus, Qf is an a-¢ Geraghty contractive multifunction. Choose
h e Y and b € Qx(Q) such that a(S,b) > 1. Then, {(I(R),b(N)) > 0 and therefore
there exists z € Qp(h) such that {(b(N), z(R)) > 0. Hence, a(b,z) > 1 and Qp is a-
admissible. Choose Sy € Y and b € Q5(S9) such that £(So(R),b(R)) > 0. This implies
that a(So,b) > 1. Now, by Lemma 1.6, there exists $* € ) such that I* € Qx(S*).
It is easy to see that $* is a solution of the problem (2.2). O

By the similar proof of Theorem 2.3, the following corollary can be proven.

Corollary 2.4. Suppose that i : J x R — P.,(R) is a multifunction such that h is
integrable and bounded and h(.,S) : J — P.,(R) is measurable for all € R. Assume
that there exist a function £ : R? = R, ¢ € ® and m € C(J,[0,00)) such that

m(R) o(|S —b?) ( 2[y|T(s +2) )
22 2 CII(s + 1) + (A1 + A2))Im]le )
for allX € J and 3,b € R, where

Ay = [5(12 = iK2] + 2Jik — 1)),

Hd(h(Nv %)a h(Nv b)) <

Ao = (|j]e + 211 = ej ) (Jilwe + 1).
If in addition conditions (i) — (i) in Theorem 2.3 are added to our hypotheses, then
the boundary value inclusion (2.2) has a solution.

Example 2.5. Consider the fractional boundary value problem

h
%
30)= [ 3(
0

*DIF(R) € AR, I(N)),
v)dv, %(1)=/0 S(v)dv, (2.3)

whereNEJ,(zngéa
and define the compact valued multifunction map % : J x J — 28 with
. NS

7200014+ | S )) |

K= %, ji=1, °D3% is the standard Caputo differentiation

HR,S) =
Let g(%) = ¥, £(S,0) = (3)2, m(¥) = & and S, = S + ni :

conditions in Corollary 2.4 hold. Hence, the problem (2.3) has at least one solution.

. It is obvious that
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3. CONCLUSION

This paper intend to provide an affirmative answer to this inquiry by verifying
the notion of existence of solutions for fractional differential inclusions by the help
of the fixed point technique based on a-1)—Geraghty contractive type mappings. An
example is presented as particular case for our proposed theorem. It is proved that
the obtained results are consistent with our theoretical findings.
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