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Abstract. The major motives of this paper are to study different types of contractive mappings
and also to answer an open question of Garai et al. [Some remarks on b,(s)-metric spaces and
fixed point results with an application]. We first set up some fixed point results associated with two
types of contractive mappings in b, (s)-metric spaces and then we give an answer, in positive, to the
open question. Most importantly, we characterize the completeness of a b, (s)-metric space via fixed
point property of a certain type of contractive mappings. Our results extend and generalize several
important results in the literature.
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1. INTRODUCTION AND PRELIMINARIES

The theory of fixed point is an interesting branch in analysis due to its simplicity

and applications. Many authors contributed to the theory with a numerous number
of publications. This theory was originated by Banach [3] with an interesting and
nice result, known as Banach contraction principle. The simplicity and usefulness
of Banach contraction principle inspired many researchers to analyse it further. As
a result, a number of generalizations and modifications emerge for this principle in
different directions. One of these different directions is to change the underlying
metric space to different other abstract spaces. One of such abstract spaces is b,(s)-
metric space, which was introduced by Mitrovié¢ and Radenovié [16] in 2017. We first
recall the definition of a b, (s)-metric space.
Definition 1.1. ([16, p. 3089, Definition 1.8]). Let X be a non-empty set, v € N
and s € [1,+00). A function p : X x X — R is said to be a b,(s)-metric if for all
xz,y € X and for all distinct points uy,us,...,u, € X, each of them different from x
and y, the following conditions hold:

(i) p(z,y) > 0 and p(x,y) =0 if and only if x = y;
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(i) p(z,y) = p(y,x);

(111) p(x,y) <s [p(xvul) + p(ulvu2) +ot p(umyﬂ :

In this case, (X, p) is said to be a b, (s)-metric space. The notions of convergence,
Cauchyness of a sequence, continuity of a mapping, completeness etc. can be seen
in [16]. In the succeeding times, many authors contributed to the b, (s)-metric fixed
point theory with a number of fixed point results, see [1, 2, 5, 15].

Following all these theories, one can observe that these results are only concerned
with different types of contraction conditions. But it is known that standard metric
fixed point theory is also enriched by different types of contractive conditions also,
see [4, 6, 7, 8,10, 11, 12, 13, 14, 18]. So it is natural to focus on the fixed point results
concerning different types of contractive conditions in b, (s)-metric spaces. Garai et
al. [9] focused in this direction at first. To do so, they first introduced the concepts
of sequential and bounded compactness in the settings of b, (s)-metric spaces, which
are as follows.

Definition 1.2. Let (X, p) be a b, (s)-metric space. Then X is said to be sequentially
compact if for every sequence {u, } in X, there is a subsequence of {u,, } that converges
to some point of X. Again a subset A of X is said to be sequentially compact if for
every sequence {u, } in A, there is a subsequence of {u,, } that converges to some point
of A.

Definition 1.3. Let (X, p) be a b,(s)-metric space. Then X is said to be boundedly
compact if for every bounded sequence {u,} in X, there is a subsequence of {u,}
that converges to some point of X. Again a subset A of X is said to be boundedly
compact if for every bounded sequence {u, } in A, there is a subsequence of {u, } that
converges to some point of A.

After this, Garai et al. proved some fixed point results related to contrac-
tive mappings, i.e., a self-map T defined on a b,(s)-metric space (X, p) satisfying
p(Tx, Ty) < p(x,y) for all z,y € X with  # y. They showed that a mapping sat-
isfying contractive condition on a sequentially compact space acquires a fixed point
but not necessarily acquires a fixed point if the domain of the mapping is not sequen-
tially compact but complete. So we need some additional condition(s) either on the
underlying space or on the mapping so as to confirm the existence of fixed point. To
find such an additional condition, Garai et al. obtained the following theorem:
Theorem 1.4. ([9, p. 1025, Theorem 5]). Let (X,p) be a complete b,(1)-metric
space, and let T : X — X be a contractive mapping. Assume that for any u € X and
for any € > 0, there exists § > 0 such that

p(T™u, T™u) < & + & implies p(T™Hu, T™ u) < e

for any n,m € Ng = NU{0}. Then T acquires a unique fized point.

We recognize that the additional assumption due to Theorem 1.4 does not deal
with arbitrary b,(s)-metric spaces, but deals with b,(1)-metric spaces only. So it
still remains interesting that what additional assumption(s) will work for arbitrary
b, (s)-metric spaces. Subsequently, Garai et al. posed the following open problem:
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Open question 1.5. ([9, p. 1027, Open Question]). Let (X, p) be a complete b, (s)-
metric space and let T be a self-map on X such that

p(T'z,Ty) < p(z,y)
for all x,y € X with x # y. If s > 1, then find out a weaker additional assumption
on T which will ensure that T possesses a fized point.

In this paper, we deal with this open question. To do this, we first consider two
types of contractive mappings, viz., Reich type and Ciri¢ type. Then we establish
some results concerning these two types of contractive mappings in the settings of
sequentially compact and complete b, (s)-metric spaces. Utilizing these results, we
give a positive answer to the open question 1.5. We further obtain a result from
which we can characterize the completeness of b, (s)-metric spaces. We also provide
some examples which support the results established in this paper and show that the
conditions considered are not fictitious.

Throughout the paper, Ny stands for the set NU {0} and R stands for the set of
all non-negative real numbers.

2. MAIN RESULTS

Throughout this section, we assume that the b,(s)-metric p on a non-empty set
X is continuous on X x X. We first prove that a mapping defined on sequentially
compact b, (s)-metric spaces satisfying the Reich type contractive condition is a Picard
operator.

Theorem 2.1. Let (X, p) be a sequentially compact b,(s)-metric space. Let T be a
self-map on X such that T is orbitally continuous and

p(Tx, Ty) < ap(z,y) + bp(x,Tx) + cp(y, Ty)

for all z,y € X with v # y, where a,b,c € RY witha+b+c=1. Then T acquires a
unique fized point u (say), and for any x € X, the Picard’s iterative sequence {T™x}
converges to u.

Proof. Let ug € X be arbitrary but fixed. Define a sequence {u,} by u, = T™ug for
all n € N. If u,, = w41 for some n € N, then the result is obvious. So we now assume
that u,, # u,41 for all n € N. Now note that if ¢ =1, then a = 0 = b and so we have

P(Uny1, Uny2) = p(TUn, Ttpg1) < p(Un1; Uny2) = P(Unt1, Uni2),
which leads to a contradiction. Again if @ = 1, then b = 0 = ¢ and so the result
follows from Theorem 3 of [9]. So for the rest of the proof, we assume that a,b,c < 1.
We set s, = p(un, unt1) for all n € N. We claim that the sequence {s,,} converges
to 0 as n — +oo. To prove this, we first show that the sequence {s,} is strictly
decreasing. We have
Snt1 = p(Unt1, Unt2)

= p(Ttn, Tunt1)

< ap(um un+1) + bp(un, Un+1) + cp(un+la un+2)

= (a+b)s, + csniy1
which implies that (1 — ¢)sp4+1 < (1 — ¢)s,. This yields that s,41 < $5.
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Therefore the sequence {s,,} is strictly decreasing. Since s, > 0 for all n, it follows
that s,, — « as n — +o0o for some a > 0. Now by sequential compactness of X, there
exists a convergent subsequence, say {u,, } of the sequence {u,}. Let u,, — u € X
as k — 4o0. By the orbital continuity of T, we see that the subsequences {u, 11}
and {u,, +2} converge to Tw and T?u respectively. Then we have

a= nli,rfoo p(un,un+1) = kETOO P(Unkvunk+1) = p(u, Tu).

Again we have

Q= ngrfoo p(“na un—i—l) = kEIJIrloo P(Unm—l, unk—O—Q) = p(Tuv Tzu)'

We have already noted that o > 0. If @ > 0, then v # T'u and then we have
p(Tu, T?u) < ap(u, Tu) + bp(u, Tu) + cp(Tu, T?u)

which implies that p(Tw, T?u) < p(Tu, T?u), and this leads to a contradiction. Then
we have u = Tu and consequently, a = 0, i.e., the sequence {s,} converges to 0 as
n — +oo and wu is a fixed point of T

We claim that u is the only fixed point of T'. If not, let u; € X be a fixed point of T.
Then we have

p(u7 U1) = p(TU'a Tul)
< ap(u,ur) + bp(u, Tu) + cp(ur, Tuq)
= ap(u,uy)

which implies that a > 1, which is not possible here. Hence we must have p(u, u1) = 0,
ie., u=u;.

Finally, we prove that u, = T"uy — u as n — 4o00. If u,, = u for some ng € N,
then u,, = u for all n > ng and so u,, — w in this case. Let us now define t,, = p(uy,, u)
for all n € N. Then,

0 <tny1 = p(unt1,u)
= p(Tup, Tu)
< ap(p,u) + bp(tn, Tuy) + cp(u, Tu)
= ap(Tup—1,Tu) + bp(tn, tnt1)
< a{ap(un—1,u) + bp(Un—1,un)} + bsy

= a’t,_1 + abs,_1 + bsp,

< a" M p(ug,u) + a"bp(ug,uy) + a" " tbsy + - -+ + abs,_1 + bs,
= a" " plug,u) + b{a" p(ug,ur) +a" sy + -+ asp_1 -+ sn}
— 0 asn — +oo.

Thus the proof is done.
As special cases of the above theorem, we have the following two existing important
results:
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Corollary 2.2. [6, p. 74, Theorem 1]. Let (X, p) be a compact metric space and T
be a self-map on X such that

p(Tz, Ty) < p(x,y)

for all x,y € X with x #y. Then T has a unique fixed point.
Corollary 2.3. [13, p. 2147, Theorem 2.2]. Let (X, p) be a compact metric space
and T be a continuous self-map on X such that

p(Tz, Ty) < %{p(x, Tz) + p(y, Ty)}

for all x,y € X with x # y. Then T has a unique fixed point.

Next, we prove an analogous result of Theorem 2.1 in the structure of complete
b, (s)-metric spaces. Before proving this result, let us consider the following example:
Example 2.4. Let X = {% in > 2}. Define a function p : X x X — R by

(1 1) lm—mn| if|lm—n|#1
P\mn) = i if [m —n| = 1.

Then (X, p) is a complete bs(3)-metric space which is not sequentially compact.
We now define an operator T': X — X as

L ifpn>2
()1
n % ifn=2.

Note that T is not a contraction, as

11 1 1 1
- === T =), T(= =2.
It is also easy to verify that T satisfy

1 1 1
p(Tz,Ty) < 3p(x,y) + 3p(@, Tx) + 2p(y, Ty)

for all z,y € X with x # y. However T' admits no fixed point in X.
Remark 2.5. The above example shows that the condition

1 1 1
p(Tx,Ty) < gp(ﬂfa y) + gp(x,Tw) + gp(%Ty)

is not sufficient to guarantee the existence of fixed point of a mapping in the setting
of a complete b, (s)-metric space. Thus we need to consider an additional condition
to assure the existence of a fixed point, which is reflected in the following theorem.
Theorem 2.6. Let (X, p) be a complete b,(s)-metric space. Let T : X — X be a
mapping satisfying the contractive condition of Theorem 2.1. Furthermore, assume
that for any x € X and for any € > 0, there exist a § > 0 and an N € N such that
forn,m € N with n,m > N,

p(T"x, T™x) < s%c + & implies p(T" Mo, T z) <e.

Then all the conclusions of Theorem 2.1 hold good.
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Proof. For arbitrary ug € X, consider the sequence {u,} defined by u,, = T"ug for
each n € N. In case u,, = u,41 for some n € N, then u,, is the unique fixed point of
T and we are done.

Let us suppose that u, # un41 for all n € N. Set s, = p(tp, un1) for all n € N.
Then proceeding similarly, as in Theorem 2.1, we find that the sequence {s,} is
strictly decreasing.

Since s,, > 0 for all n, it follows that s,, — « as n — 400 for some o > 0. If a > 0,
then by given condition there exist a 6’ > 0 and an N; € N such that

P(Un, Upt1) < s?a+ &' implies p(Unt1,Unto) < @

for all n > N;. By definition of «, for this ¢’ > 0, there exists a sufficiently large
n € N such that

(U, Uny1) < a+ 6 < s2a+ 6.
Therefore,
P(Unt1, Unt2) < @

and this leads to a contradiction.
Hence we must have a =0 i.e.,

Jim  p(un, untr) = 0.

Next, we show that {u,} is a Cauchy sequence. Let € > 0 be arbitrary. Then we get
a6 >0 and an N, € N such that

p(T ug, T ug) < s%e + & implies p(T" ug, TV ug) < e

for all ,j > Ns.
Without loss of generality, we can assume that § < . Since

nglfoo p(tn, Upy1) =0,

there exists an N3 € N such that

5

ny Un < — 3
p(u U +1) 4(’U+1)82

for all n > Nj.
Let n € N with n > max{Na, N3} + 1 be arbitrary. We now show by method of
induction that

p(um un-Hf) <e

for all £k € N.
Clearly, the result is true for £k = 1. Let the result be true for k =1,2,--- ,m.
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Case I. Let us first assume that m > v. Then

P(Un—h uner)

< S{p(un—la un) + P(Um Un+1) +--+ P(Un+u—2, un-{-v—l) + P(Um—v—l, un-l—m)}
< 5{p(un717 Un) + p(Un, Uny1) + -+ P(Unyo—2, Untv—1) + aP(Unitv—2, Untm—1)

+ 0p(Unv—2, Untv—1) + CP(Untm—1, Un+m)}}

<S{6+-~-+6+(b+0)6+ap(un+v2 Un - 1)}
4(v +1)s2 4(v+1)s2 4(v +1)s2 o
<£+L+as{ap(u —3, Untm—2) + 0p(Untv—3, Untv—2)

45 4(U+1)S n+v—3y Un4+m—2 P\Un+v—3, Untov—2

+ Cp(unerva unerfl)}
)

SIS S R JY )
— +2————— + a®8p(Untv—3, Untm—
4s 4(v+1)s Plnto=3, Untm—2

5 v
< — + 078 + a”sp(tn, Untm—v)

Case II. We now assume that m < v. Then

,D(Un—l, un+m)
< 5{p(un+ma un+m+1) + p(un+m+17 un+m+2) +F p(un+m+v717 un+m+v)
+ p(un+m+v7un71)}-

By Case I, we can conclude that

0
p(u”"'"l-i-’uaun—l) < s + %

Therefore, we get

(u Untpm) < 8 d + d +-F 0 +se+ i
P(Un—1,Untm 4(v+1)s2  4(v+1)s2 4(v+1)s? 2s

<+ s%e.

Case III. Let us finally consider m = v. In this case

p(unfl 9 uner)

S S{p(un—la un) + p(uru un—i—l) + -+ P(Un+v—2’ un+v—1) + p(un—i-v—la un-l—'u)}

) ) )
<S{4(’U+1)S2+4(’U+1)S2+”.+4(’U+1)S2}
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Thus, by combining all three cases, we find that
P(Un—1, Unpm) < s%e + 6.
Then by hypothesis, we get
P(Um u77,+7n+1) S 9
which shows that the result is true for £ = m+ 1. Therefore, by method of induction,
we get
P(Un; Unyk) <€
for all n > max{N2, N3} + 1 and for all k¥ € N. Hence {u,} is a Cauchy sequence
in X and by completeness of X, we find an element z € X such that u,, — z as
n — +o0o. That z is the unique fixed point of T' can be easily obtained by applying
the contractive condition of 7" and continuity of p. The proof is complete.
The above theorem extends the following theorem due to Suzuki.
Corollary 2.7. [17, p. 2362, Theorem 5]. Let (X, p) be a complete metric space and
T be a contractive mapping on X. Further, assume that for any x € X and for any
€ >0, there exist a 0 > 0 and an N € N such that for n,m € N with n,m > N,

p(T"x, T™x) < &+ 6§ implies p(T" o, T™ ) <e.

Then all the conclusions of Theorem 2.1 hold good.

Let us now consider the following example, which is in support of the above theo-
rem:
Example 2.8. Let X = [0,400). Define p: X x X — R by

0 ife=y
) 2 ife#£0,y=0
PEY) =9 g if 2 =0,y#0

d(x+y)+1 ifx#£0,y#0.

Then (X, p) is a complete by(2)-metric space which is not sequentially compact.
Let us define T: X — X, as

[0 ifzelol)
Tx_{$f if 2> 1.

Let z,y € X with  # y. We now consider the following three cases:
Case I. Let z,y € [0,1). Then Tz =0=Ty. So

1 1 1
p(Tz, Ty) < Zp(z,y) + 5 p(x, Tx) + - p(y, Ty).

3 3 3
Case II. Let x,y > 1. Then
z+1 y+1
Tx = Ty = Z——.
Ty YTy
Now,
z+1 +1
MT%Tm:4( ; +y4)+1:x+y+&
Also,

z+1
4

M%w=4w+ﬁﬁ4qM%T@=p<L >=5m+2pwﬂw%=®+2
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Then,

p(Tz, Ty) — {;p(% y) + ép(% Tz) + %p(y, Ty)}

1
:(x—|—y+3)—§{4x+4y+1+5x+2+5y+2}

4
—2z -2 —.
T y+3

Since z > 1,y > 1, we have

1 1 1 4

which implies that

1 1 1
p(Tz, Ty) < Zp(z,y) + 5 p(x, Tx) + - p(y, Ty).

3 3 3
Case IIL. Let z € [0,1) and y > 1. Then T = 0 and Ty = ¥+ and so
y+1
p(Tz,Ty) = —
Now,
(o7 0 ife=0 0 Ty) — 542
r,lx)= an s = + 2.
P 20 ifx#0 PR =0y
Therefore,
1 y+1 Sy+2 —Ty—1
p(Tz,Ty) = 5p(y; Ty) = - = <0

3 2 3 6
and this implies that
1 1 1
p(Tx,Ty) < gp(x,y) + gp(xyTx) + gp(y,Ty)-

Now, let z € X and let € > 0 be arbitrary.
Case I. Let z € [0,1). Here we choose § = ¢ and N = 1. Then clearly,

p(Tix, TV2) < s%c + § implies p(T* 1z, T z) =0 < e.
Case II. Let z > 1. Then
T+ an
VTR
where a1 =1, a, = an—1 + 4", Then there exists an N € N such that 7Vz < 1.
Let € > 0 be arbitrary. Choose § =e. Then T*(T™z) = 0 for all i € N. Therefore,

(T2, T9z) < s%c + ¢ implies p(T" M2, TV 2) =0<¢

fori,j > N +1.

Thus all the conditions of Theorem 2.6 are satisfied. Note that 0 is the unique
fixed point of T.

Next, we prove an analogous version of Theorem 2.1 by changing the contractive
condition.

Ty =
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Theorem 2.9. Let (X, p) be a sequentially compact b,(s)-metric space. Let T be a
self-map on X such that T is orbitally continuous and

p(Tz,Ty) < max {p(z,y), p(x,Tx), p(y, Ty) }

for all x,y € X with x # y. Then all the conclusions of Theorem 2.1 hold.
Proof. Let ug € X be arbitrary but fixed. Define a sequence {u,} by u, = T™u for
all n € N. If u,, = up41 for some n € N, then the result is obvious.

We set s, = p(up, unt1) for all n € N. We claim that the sequence {s,,} converges
to 0 as n — 4o0o0. To prove this, we first show that the sequence {s,} is strictly
decreasing. We have

Sp+1 = p(Un+1»Un+2)
= p(Tup, Ttp41)

< max{p(un, un+1)7 P(Um un+1)7 p(un+17 un+2)}
= max {p(una Upt1)5 P(Unt1, Un+2)}

= p(un7un+1) = Sn

which implies that s,11 < sp,.

Therefore the sequence {s,} is strictly decreasing. Since s, > 0 for all n, it
follows that s, — «a as n — +o0o for some a > 0. Now sequential compactness of
X yields that there is a convergent subsequence, say {s,,} of the sequence {s,}.
Let s,, = u € X as k — +o0o. By the orbital continuity of 7', we can show that
a = p(u, Tu) = p(Tu, T?u). We have already noted that o > 0. If & > 0, then u # Tu
and then we have

p(Tu, T?u) < max{p(u, Tu), p(u, Tu), p(Tu, T?u)}

which implies that @ < «, which is a contradiction. So we must have a = 0 and
therefore u = Tu, i.e., the sequence {uy} converges to 0 as n — +oo and u is a fixed
point of T.

For uniqueness of the fixed point, let u; € X be another fixed point of T. We claim
that p(u,u;) = 0. If not, then

p(u,ur) = p(Tu, Tuy)
< max{p(uv ul)v p(“a TU), p(ul’ Tul)}
= p(u7u1)7

a contradiction. This proves the uniqueness of u.

Finally, we prove that u, = T"uy — u as n — +o00. If u,, = u for some ng € N,
then u,, = u for all n > ng and hence u,, — u as n — 400 in this case.

We now assume that u, # u for all n € N. Since {u,} contains a subsequence
{un, } such that u,, — u as k — +o00, u is a cluster point of {u,}. Let v’ be another
cluster point of {u,}. So there exists a subsequence of {u,} which converges to u’'.
Then by a similar argument we can show that «’ is fixed point of 7" which contradicts
the uniqueness of u. Hence w is the only cluster point of {u,}.
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Let us now define t,, = p(uy,u) for all n € N. Then,
0 <tnt1 = p(unt1,u)
= p(Tup, Tu)
< max{p(un, w), p(tn, Tuy), p(u, Tu)}
= max{p(un, ), p(Un, tnt1)}-

If 0 < tpy1 < p(up,u) = t, for all n, then ¢, — 8 as n — +oo for some S > 0.
Then

p= nllgloo p(Un+1,u)

= 1.
G p(tn 1, u)

p(Tu,u) =0

which shows that ¢,, — 0 as n — +00. Therefore, in this case, u, — u as n — +o0.
If 0 < tpi1 < p(up,tpnt1), then 0 < lim t,41 < lim  p(up,upg1) =0. This
n—-+oo n—-+oo
shows that u,, — u as n — 400 in this case also. Hence in either case, we see that
Uy, — u as n — +0o and the proof is complete.
We now consider the following example:
Example 2.10. Let X = {27,3" : n € N} U {0}. Let us define p: X x X - R by

0 ifxe=y
1 if x#£0,y=0
plz,y) = % ifx=0,y#0
%—&—% ife=2"y=3"oraz=3"y=2"
1 ifx=2"y=2"orz=23"y=3"

Then (X, p) is a by (2)-metric space. It can also be verified that (X p) is sequentially
compact.
Define T : X — X by
Tx{ 0 if x is even
2 if z is odd.
Then T is not contractive since p(T0,T3) = p(0,2) = 3 £ & = p(0,3). Also T
satisfies
p(Tz, Ty) < max{p(z,y), p(z, Tx), p(y, Ty)}
for all z,y € X with x # y. Note that 0 is the unique fixed point of 7'
Next, we have the following theorem in the context of complete b, (s)-metric spaces.
Theorem 2.11. Let (X, p) be a complete b,(s)-metric space. Let T : X — X be
an orbitally continuous mapping satisfying the contractive condition of Theorem 2.9.

Furthermore, assume that for any x € X and for any € > 0, there exist a § > 0 and
an N € N such that for n,m € N with n,m > N,

p(T"x, T™x) < s*c + & implies p(T" o, T"z) <e.
Then all the conclusions of Theorem 2.1 hold good.
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Proof. Let ug € X be arbitrary but fixed and consider the sequence {u,} where
Uy, = T"ug for all n € N. If u,, = u, 41 for some n € N, then the result is obvious.
We set s, = p(tn, unt1) for all n € N. We claim that the sequence {s,,} converges
to 0 as n — +o0o. Exactly in the same way as in Theorem 2.9, we see that the sequence
{sn} is strictly decreasing.
Since s,, > 0 for all n, it follows that s,, = a as n — 400 for some a > 0. If o > 0,
then by given condition there is a ¢’ > 0 and an N; € N such that

(U, tUnt1) < s+ 6" implies p(Up i1, Unyz) <

for all n > V;.
By definition of «, for this ¢’ > 0, there exists a sufficiently large n € N such that

P, tnt1) < a+ 6 < sPa+4'.
Therefore, p(tn41,Unt2) < o and this leads to a contradiction. Hence we must have
a=0ie., nglfoo P(tn, Uny1) = 0.
Next, we show that {u,} is a Cauchy sequence. Let € > 0 be arbitrary. Then there
exist a > 0 and an Ny € N such that
p(T™ug, T™ug) < s + d implies p(T" ug, T™ ug) < e

for all n,m > Ns.

Without loss of generality, we can assume that 6 < e. Since hIJIrl (Un, Upt1) =0,
n——+0oo

there exists an N3 € N such that
( ) < g
Uy, U _
PAtin; Un 2(v+1)s?

for all n > Nj.
Let n € N with n > max{Ny, N3} + 1 be arbitrary. We now show by method of
induction that

p(un; un+k:) S £

for all k£ € N.
Clearly, the result is true for k = 1. Let the result be true for k =1,2,--- ,m.
Case I. Let us first assume that m > v. Then

p(Un—l ) uner)

< s{p(un—1,un) + p(tn, unt+1) + - + p(Untv—2, Untv—1) + P(Untv—1, Untm)}

< S{P(Un—la Un) + p(Un, Uny1) + -+ p(Unyo—2, Untv_1)

- max{plttn o2, Ut 1)s Pt g2 ko 1) Pt 1 ) } - (2.1)
If

maX{P(UnJrv—% un+m71)7 p(un+v727 unJrvfl)a P(Uner—l, un+m)}

= P(Un+v—2’ unJr'ufl) or p(un+m717 uner),
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then from (2.1) we get

J J 0
P(tn—1tnm) < 8{2(1)—1-1)32 + 2(v 4+ 1)s? et 2(?)4—1)32}

—£<se+£
T 2s 2s’

If

HlaX{p(Un-i-v—z, un+m—1)7 p(un+1)—27 un+v—1)7 p(un-i-m—l» un+m)}

- p(un+1}727 unerfl);
then from (2.1), we get

p(un—h un+m)

< 5{p(un—1a un) + ,O(Um un—i—l) + -+ p(un+v—2a un-{—'u—l) + P(Un+v—2, un-l—m—l)}
< S{p(unfl, Up) + p(Uns Unt1) + -+ pP(Untv—2, Untv—1)
+ max{p(unJrva; un+m72)7 p(un+v737 un+v72)a p(un+m72a unerfl)}}' (22)

If

max{p(un+v—35 Un+nz—2)7 P(Un+v—37 un+1;—2); P(un+m—2a un+m—1)}

- p(un+v737 un+v72) or = p(un+m727 unerfl)a

then from (2.2) we get

1) ) 1)
P(Un—1,Unpm) < 8 3 + +o

v+ 1)s2 | 2w+ 1)s2 2(v+1)s?
_ 0 < se+ o
 2s 2s

If

max{ p(Un4v—3, Untym—2), P(Untv—3, Untv—2), P(Untm—2,Unym—1)}

- p(un+v737 un+m72)7
then from (2.2), we get

p(un—l ) un-i—m)

< 5{p(un—1a un) + P(Um un+1) 4+ P(un+v—Za un+v—1) + P(Un+v—3, un+m—2)}-

Continuing as above, we can either get

( ) < )
Un—1, Un+m SE
p ! + 2s
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or

p(Un—l ) uner)

< 8{p(un71; un) + P(Una unJrl) + 4+ P(Un+v—2, unJrvfl) + P(Um unerfv)}

§ 5
8{2(v+1)52 +2(v+1)32 +.”+2(v+1)52 +E}

<5—|—6
— + se.
2s

Case II. We now assume that m < v. Then

P(Un—h uner)
< S{p(un+m7 un+m+l> + p(un+m+la un+m+2) +F p(un+m+v717 un+m+v>
+ P(Un-&-m-&-'ua un—l)}-

By Case I, we can conclude that

P(Untma, Un—1) < € + 25

Therefore, we get

(Up—1, Unsm) < s i + i ot 0 +se+ o
PUn—1, Untm 200+ 1)s2 " 2(v +1)s2 2(v+1)s2 2s

< 8§+ s%e.

Case III. Let us finally consider m = v. In this case

P(Un—l ) un-i—m)

< S{P(Un—l, un) + P(Um un—i—l) +- P(un+v—2a un+v—1) + p(un—i-v—la un+v)}

0 0 0
<8{2(v+1)52 N 2(v+1)s? e 2(v+1)52}
= i < se + i
2s 2s
Thus, by combining all three cases, we find that

P(Un—1,Untm) < 8%+ 6.
Then by hypothesis, we get

p(U’ru un+m+1) g £

which shows that the result is true for K = m+ 1. Therefore, by method of induction,
we get

p(Un, Un+k) S €
for all n > max{Ny, N3} +1 and for all k¥ € N. Hence {u,} is a Cauchy sequence in X
and by completeness of X, we find an element u € X such that u,, — u as n — 4o0.

That w is the unique fixed point of T and the sequence {T"ug} converges to u follow
along the same line of proof of Theorem 2.9.
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The following example will show that the additional condition assumed to prove
the existence of fixed point of a mapping in the setting of a complete b,(s)-metric
space cannot be removed:

Example 2.12. Let X = [0,+00). Define p: X x X — R by

0 ife=y
) 142242y ifx>0,y>0
plo,y) = x ifz#£0,y=0
Y ifx =0,y #0.

Then (X, p) is a ba(2)-metric space which is complete but not sequentially compact.
Define a mapping T : X — X by

7o -

p(Tz, Ty) < max{p(z,y), p(x,Tz), p(y, Ty)}

for all z,y € X with « # y. Yet the mapping 7' does not admit any fixed point in X.

Let us consider the following example, which will ratify the above result:
Example 2.13. Let X = [0,5] and p be the usual metric of R. Then (X, p) is a
complete by (1)-metric space. Define T : X — X by

Tx:{ 5 if z € [0,4]

ifz=0
ifx#0.

SIETSIE

Then T satisfies

“22 410 if z € [4,5].

Then T is not contractive since p(T4,T5) = p(2,0) =2 £ 1 = p(4,5). However it is
easy to verify that T satisfies

p(Tz, Ty) < max{p(z,y), p(x, Tz), p(y, Ty)}

for all z,y € X with x # y. Note that 0 is the unique fixed point of T

Finally, from Theorem 2.6 or Theorem 2.11, we have the following corollary, and
by this corollary, we get the answer of the open question (1.5).
Corollary 2.14. Let (X, p) be a complete b,(s)-metric space. Let T : X — X be a
mapping such that

p(Tz, Ty) < p(z,y)

for all x,y € X with x # y. Furthermore, assume that for any x € X and for any
e >0, there exist a 6 > 0 and an N € N such that for n,m € N with n,m > N,

p(T"x, T™x) < s*c + & implies p(T" o, T"z) <e.

Then T has a unique fized point.

Finally, we have the following theorem concerning the completeness of a b,(s)-
metric space via the fixed point property of certain types of contractive mappings.
Theorem 2.15. Let (X, p) be a b,(s)-metric space. Assume that every self-mapping
T on (X, p) satisfying the condition

p(Tx, Ty) < bp(z, Tx) + cp(y, Ty)

for all x,y € X with x # vy, where b,c € R™ with b+ c =1, has a unique fized point.
Then (X, p) is complete.
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Proof. Without loss of generality, we assume that b < ¢. Let on the contrary that
(X, p) be not complete. So we can find a Cauchy sequence {uy,} in X such that for
no x € X, {u,} converges to x as n — +o0o. Without loss of generality, let u, # um,
for all m,n € N. Let A be the range set of {u,} and for any x € X, consider the set
D(z,A) = inf{p(x,a) : a € A}. Then for any x ¢ A, we have D(z, A) > 0.

If z € A, then there exists an ng € N such that ¢ = wu,,. We can then find an
ny € N such that

p(umaun’O) < bp(unoaun()) (23)

for all m > n{ > no.
Again if x ¢ A, then there exists an n, € N such that

P(Umy Un, ) < bD(x, A) for all m > n,
< bp(z,uy) for all n € N

which implies that
P(Umy Un, ) < bp(z,uy,) for all m > n, and for all n € N. (2.4)

We now define a map T': X — X by

Up,, fz¢A
We claim that T satisfies the condition

sz{ Upy, iz €Aand z=1up;

p(Tx, Ty) < bp(z, Tx) + cp(y, Ty)

for all z,y € X with = # y.

For, let =,y € X with  # y. If 2,y € A, then there exist n1,ny € N such that
T = Up,,Y = Up,. Therefore, Tz = Up;, Ty = upy,. Let us suppose that ny > nf.
Then from (2.3), we have

p(Tx, Ty) = p(uny, upy) < bp(tn,, upy) = bp(x, Tx) < bp(x,Tx) + cp(y, Ty).
Also, if 2,y ¢ A, then Tz = uy,,, Ty = u,, for some n,,n, € N. Take n,, > n,. Then
p(Tx, Ty) = p(tn,,Un,) < bp(x,un,) = bp(x, Tx) < bp(x, Tx) + cp(y, Ty).

Finally, if x ¢ A and y € A, then y = u,, for some ng € N. Then Tax = u,, Ty = Upy,
for some n, € N. If n{, > ng, then from (2.4), we get

P(T2,Ty) = plttny ttn,) < bp(w,un,) = bp(w, Ta) < bp(w, Tx) + cp(y, Ty)
and if n, > ny, then from (2.3), we get
p(Tx, Ty) = p(tn,, tny) < bp(uny, tn,) = bp(y, Ty) < cp(y, Ty) < bp(z, Tx)+cp(y, Ty).
Combining all the above considerations, we get
p(Tz,Ty) < bp(z, Tx) + cp(y, Ty)

for all z,y € X with = # y. It is important to note that 7' admits no fixed point in
X. This contradicts our hypothesis and hence (X, p) is complete.
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