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Abstract. The object of the present article is twofold. Firstly, we prove some fixed point theorems
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1. INTRODUCTION

This article is devoted to solve (via fixed point methods) the problem

x(t) = H H;x(t)

in general Banach spaces need not be Banach algebras, where H;, ¢ = 1,--- ,n are
general known operators.

The existing results of such kinds of problems were discussed on Banach algebras
([18]). This method leads to some extra restrictive assumptions on the growth of stud-
ied operators. We exceed these difficulties by considering two cases. First, when the
operators are contractions concerning to some measures of noncompactness. Second,
at least one of the studied operators should be a contraction concerning the measure
of uniform integrability ¢, which is a general condition.

In particular, we apply our fixed points in finding the solutions to the equation

n

b
z(t) = H <gi(t) + X / K;(t,s)fi(s,z(s)) d5>, t € [a,b] (1.1)

i=1
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in some ideal spaces such as Lebesgue spaces L,, 1 < p < oo and Orlicz spaces whose
generating functions satisfy As-condition ([1, 9, 11, 12, 21, 23] for some particular
cases).

It is worth noting that, for n = 2, equation (1.1) arises in the study of the spread
of an infectious disease that does not induce permanent immunity ([6, 17]). In [22]
the authors discussed the existence and uniqueness of a continuous solution to the
following integral equation

2(t) = H (gxt) + / Kt 5, 2(5)) ds), telab)

and the existence of integrable solution was studied in [5] for the equation

xz(t) = f(t,z(t)) + f[fi (t, /at K;(t,s,z(s)) ds), t>0.

This article is motivated by extending the previous studies by proving some fixed
point theorems for the product of n-operators in arbitrary Banach spaces and apply
such results to discuss the solvability of equation (1.1) in ideal spaces (Orlicz spaces
and Lebesgue spaces).

2. NOTATION AND AUXILIARY FACTS

Let R be the field of real numbers, R = [0,00), and I = [a,b] C R.
We will recall some concepts of ideal spaces (or: Kothe function spaces).

Definition 2.1. [25] A normed space (X, || -||) of (classes of) measurable functions
x: I — U (U is a normed space) is called pre-ideal if for each z € X and each
measurable y : I — U the relation |y(s)| < |z(s)| (for almost all s € T) implies y € X
and |ly|| < ||z|]. If X is also complete, it is called an ideal space.

Remark 2.2. An ideal normed space X is called regular if all singletons in X have
equicontinuous norm, i.e. lims .o Sup,,c.sp<s |7 - Xp| = 0, where xp is the charac-
teristic function of a measurable set D.

Remark 2.3. The Lebesgue spaces, the Orlicz spaces, or the Lorentz spaces (with
suitable norms) are examples of regular ideal spaces. While the space of continuous
functions C(I) is not ideal, although it is a closed subspace of an ideal space ([24]).

Next, we will present some concepts of an important example of ideal spaces namely
Orlicz spaces ([19]).

A continuous, convex function, M : R — R7, is called N-function if it is even and
if it satisfies both lim,_ M1£U) =0 and lim,_,. 2@ — .
Equivalently, M is N-function if and only if it takes the form

M(u) = /OU|p(t) dt, Yu € R,

where p : Rt — R7T is a nondecreasing, right-continuous function and positive for
t > 0, which satisfies the conditions p(0) = 0, lim;_,o p(t) = co.
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If g : Rt — R* be the right-inverse of p, that is, if ¢(s) = sup{t : p(t) < s}, Vs €
RF, then N : R — R* given by N(v) = fov‘ q(s) ds, Yv € R, is also N-function, and
M and N are called mutually complementary.

The Orlicz class, denoted by Ojs, contains measurable functions z : I — R for
which

ple; M) = /IM(m(t))dt < 0.

Denote by Ly (I) the Orlicz space of all measurable functions « : I — R for which

fellr = ing { [ 31 (%) as < 1.

Let Ep(I) be the closure in Ly (I) of the set of all bounded functions. Moreover,
E; spaces be a class of functions from Lj; having absolutely continuous norms.

Note that Ep; € Lys € Oypy. The inclusion Ly, C Lp holds if, and only if, there
exists positive constants ug and a such that P(u) < aM (u) for u > ug.

Moreover, we have Ey; = Ly, = Oy if M satisfies the As-condition, i.e.

Definition 2.4. [19] The N-function M is said to satisfy As-condition if there exist
w, top > 0 such that for ¢t > to, we have M (2t) < wM(¢).

The N-function M(u) = expu? — 1 satisfies this condition, while the function
M (u) = exp |u| — |u| — 1 does not.

Definition 2.5. [19] Assume that a function f: I xR — R satisfies Carathéodory
conditions i.e. it is measurable in ¢ for any x € R and continuous in « for almost
all t € I. Then to every function z(t) being measurable on I we may assign the
function

Fr(z)(t) = f(t,z(t), t € 1.
The operator Fy in such a way is called the superposition operator generated by the
function f.

Lemma 2.6. [19, Theorem 17.6] Assume that a function f: I xR — R satisfies
Carathéodory conditions. The superposition operator Fy maps Epn, (I) = Ly, (I) =
En, (1) is continuous and bounded if and only if

|f(s,3)| < al(s) +bMy " (Mi(2)),
where b > 0 and a € Eyg, (I) in which the N-function My (x) satisfies the Ag-condition.

We will say that a set T" in an ideal space E is compact in measure if it is compact in
the topology of convergence in measure, i.e. as a subset of the space of all measurable
functions LY(I) (see [15, 8]).

Lemma 2.7. [10] Assume, that a bounded set U is a subset of the reqular ideal space
E of real-valued functions over a bounded interval I such that all the functions from
U are a.e. monotonic. Then this set is compact in measure in the space E.

For Orlicz spaces Ly (I) we have the following:
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Lemma 2.8. [11] Let X be a bounded subset of Ly (I). Assume that, there is a family
of subsets ()o<c<b—a Oof the interval I such that meas Q. = ¢ for every c € [0,b—al,
and for every x € X,

x(tl) Z I‘(tg), (tl S QC, tg ¢ Q(.)
Then X is compact in measure in Ly (I).
Lemma 2.9. [20, Theorem 6.2] The operator Koxz(t) = [; K(t,s)z(s) ds preserves

the monotonicity of functions if and only if

l l
/ K(ty,s) dsz/ K(to, s) ds
0 0
forty <tg, t1,to € I and for anyl € I.
For the product of n-operators in Orlicz spaces, we have the following theorem:

Lemma 2.10. [16, Theorem 2.1] Let n > 2. If ¢ and @; are arbitrary N -functions
fori1=1,2,---n, then the following statements are equivalent:

(1) For every u; € Ly, (I), then [];_, ui € L,(I).
(2) There exists a constant k > 0 such that

n n
[Tw| <®]Tlwille
i=1 ® =1

for every u; € L%(I), i=1,2---n.
(3) There exists a constant C' > 0 such that

n

[Tei'®) <ce ()

i=1

for every t > 0.
(4) There exists a constant C > 0 such that for allt; >0, i=1,---n,

w(r[nalt> < z_; pilti)-

The Lebesgue spaces L, (I) can be treated as Orlicz spaces Lz, (1) with N-function

M, = %, which satisfies the As-condition. Further, L,(I), 1 < p < oo represent a
regular ideal space and we have the following corollary.

Corollary 2.11. [7,16] Let n > 2. If1 < p,p; < oo for i = 1,--- ,n, then the
following statements are equivalent:

1) i, i = %'
(2) H H?:l uin < H?Zl llwillp, for everyu; € Ly, (I), i=1,---,n.

(3) For every u; € Ly, (I), then [[;—, u; € Ly(I).
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3. MEASURE OF NONCOMPACTNESS

Assume that (E, || - ||) be arbitrary Banach spaces with zero element 6. Denote by
B, the closed ball with radius r and centered at §. The symbol B,.(E) is to point
out the space. Moreover, by Mg we denote the family of all nonempty and bounded
subsets of the Banach space E and by N its subfamily consisting of all relatively
compact subsets. If X C E, then X and convX indicate the closure and convex
closure of X, respectively.

Definition 3.1. [3] A mapping p: Mg <= [0, o) is called a measure of noncom-
pactness in FE if it satisfies:
(i) u(X) =0 = X € Ng.

vii) If X; is a sequence of nonempty, bounded, closed subsets of E such that
X1 C X, 1=1,2,3,-+, and limy_,oc u(X;) = 0, then the set Xoo = N2, X;
is nonempty.

The kernel of the measure p i.e. "ker p” is the family of sets A with u(A) = 0.
Let us give an example:

Definition 3.2. [3] The Hausdorff measure of noncompactness Sy (X) is defined as
follows

Br(X) =inf{r > 0: there exists a finite subset Y of E such that X C Y + B, },
where X is an arbitrary nonempty and bounded subset of E.

Let ¢ denote the measure of uniform integrability of the set X in an ideal function
space E on the compact interval I (introduced in [2], see also [25, Definition 3.9] or
[14]):

¢(X) = limsup sup sup |z xplE, (3.1)
e—=0 mesD<exeX

where xp denotes the characteristic function of a measurable subset D C I.

Proposition 3.3. [14, Theorem 1] Let X be a nonempty, bounded, and compact in
measure subset of an ideal reqular space E. Then

Bu(X) = ¢(X).

Theorem 3.4. [3] Let Q be a nonempty, bounded, closed, and convex subset of E and
let V:Q — Q be a continuous transformation which is a contraction concerning to
the measure of noncompactness i, i.e. there exists k € [0,1) such that

u(V(X)) < kp(X),
for any nonempty subset X of E. Then V has at least one fixed point in the set Q
and the set F'izV of all fized points of V' satisfies u(FizV') = 0.
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Definition 3.5. [4, 18] Let p be a measure of noncompactness in E. We say that p
satisfies condition (m) if

pE(N1N2) < |[No| - g, (N1) + | N1 ]| - gy (N2), N1 C Eq, No C Es.
This definition was extended to n-product of operators as follows:

Definition 3.6. [18] Let p be a measure of noncompactness in E satisfying condition
(m). Let {N;}i=1,...n be a finite sequence in Mg,n > 2. Then

uE(HlNi)sZ I 190 e (). (32)

i=1j=1,j#i
4. MAIN RESULTS

First we prove some fixed points for product of n-operators. Let us consider appro-
priate types of measures of noncompactness pg on E, ug, on E;, i = 1,---n satisfying
the axioms from Definition 3.1, where E, E;, i = 1,---n are arbitrary Banach spaces
not necessary Banach algebras. We will assume, that the internal operators have
values in some intermediate spaces E;, i = 1,---n and then the product will return
to the target space E.

4.1. Fixed point theorems. We discuss the existence of fixed point z € @ of the
problem

x:Hx:HHZ-% (4.1)
i=1
forQ#¢and H; : Q - E;, i=1,--- ,n, n>1 are given operators.
We have the following fixed point results.

Theorem 4.1. Let E, E;, i = 1,---n be Banach spaces. Assume that QQ is nonempty,
bounded, closed, and convexr subset of the Banach space E. Moreover, assume that
the operators H; : E — F;, 1 =1,---n and that:
(A1l): H; transforms continuously the set Q into Q; C E; and H;Q is bounded
mn E;, for i=1,---n.
(A2): HQ C Q, where H =T[!"_, H;.
(A8): There exists a constant k such that for arbitrary x; € E;, the product
[1',z; € E and

E;-

[T <# Il
i=1 IE i=1

(A4): There exist constants k; > 0 such that H; satisfies the inequality:

pe,(H(U)) <k pp(U), i=1,---n
for arbitrary bounded subset U of F,

(A5): 370 ks H;‘L:Lj;gi 1H;Qlle, <1.
Then problem 4.1 has at least one solution in QQ and that the set of all fixed points of
H i.e. Fix H 1s relatively compact in E.
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Proof. First, since the operators H; : E — FE; for ¢ = 1,---n, then by using assump-
tion (A3) and Lemma 2.10, we have that the operator H =[], H; : E — E.
Moreover, by assumptions (A1) and (A2), the operator H : Q — Q is bounded.

Let (z1) be an arbitrary sequence in @) convergent to z € @, then we have

|H(zx) — H(z)l|ep= HHi(zk) - HH,-x i
< HHl(Ik)"‘Hn(zk) — Hy(xp) - Hyp—1(xp)Hpx

E

N Hm(:cky-ﬂn_l(xk)m  Hy(w) - Hao(wp) Hy yaHya

E
+ e —|—HH1(xk)H2x~--an — HyzHyx---H,x
E

n—1
< k] IHi@)le | Ha(zr) — Hozlg,

i=1

n—2
+ k[ 1Hi@o) e | Hozll g, | Ho-1(2) — Hoor2lle,

i=1

n

+ o k][ IHzlle, |Hy(xx) — Hiz|g,.

=2

From our assumptions, it follows that H is sequentially continuous, so it is continuous
from @ into F.
Now, we will investigate the contraction property for the measure of noncompactness

pe(X).
Assume that ¢ # X C @ and fix an arbitrary € > 0, we have

pe(HX) = NE(ﬁHiX)

=1
< > I 1H;Xlle,pe (H:X)
i=1 j=1,j#1

n

I I1EXIs,pe(X)
=1 j=1,5#1

(j w1l ”HjQ”Ej>/~LE(X).

=1 j=lj#i

IA
NIE
ko

IA

Then we can apply Theorem 3.4. It follows that pug(FizH) = 0, hence, FixH is
relatively compact. This accomplishes the proof. O

Remark 4.2. (1): If n =1, then Theorem 4.1 is reduced to Theorem 3.4.
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(2): If n = 2, these results reduced to the results introduced in [4] in Banach
algebras i.e. E = E; = Ey = C(I) = C(I,R) (k = 1) (see also [13], for
instance).

(3): If n = 2, these results reduced to the results introduced in [10, 8] for
arbitrary Banach spaces F, F1, F» need not be Banach algebra.

(4): If n=1,--- ,n, n > 2, these results were discussed in [18] in the case of
Banach algebra £ = E; = C(I,R).

Next, we generalize the above theorem by assuming that at least one of the studied
operators is a contraction concerning the measure of uniform integrability ¢ as in
definition (3.1).

Theorem 4.3. Let E, E;, i = 1,--- ,n, be reqular ideal spaces. Assume that Q
is nonempty, bounded, closed, convexr and compact in measure subset of E, and the
operators H; : E — E;, i =1,--- ,n, and that:
(B1): H; transforms continuously the set Q into Q; C E; and H;Q is bounded
nkE;, i=1,--- n.
(B2): HQ C Q, where H =T, H,.
(B3): There exists a constant k such that for arbitrary x; € E;, the product
[I_, zi € E and

n n
[T <# I1lwle.
i=1 E i=1

(B4): There exist constants k; > 0 such that H; satisfies the inequality:
CE.L(HZ(U)) S k‘i CE(U), = 1, e, n
for arbitrary bounded U C E.
(B5): kK, [[/ ) ki -r' <1, 7> 0.
Then there exists at least one fized point for the operator H in the set Q and the set
of all fixed points of H, i.e. Fix H is relatively compact in E.

Proof. It is obvious that by assumption (B3) the operator H is well defined and by
assumptions (B1), (B2) it maps @ into itself.

The proof of the continuity of H is as in Theorem 4.1.

Now, we will investigate the contraction property for the measure of noncompact-
ness cg(X).
Assume that ¢ # X C @ and fix an arbitrary € > 0. Then for any x € X and for a
set D C I, measD < ¢ we obtain

n

H(Hziﬂ) * XD

i=1

<k HH(Hﬂ) “Xxp|
E i=1

I(Hz) - xplle =

E;-

Since for any non-negative real-valued functions f = H,:.l:l fi, we have sup; f <
[T, sup; fi, by definition of ¢(z) and by taking the supremum over all z € X and
all measurable subsets D with measD < ¢ we get

n
sup sup |H(z) xplle <k-[[ sup supl[(H)-xpl
measD<ex€X iZlmeasDSEZEX

E;-
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Therefore,
n

i=1 i=1
As in [25, p. 66], for any © € X, we have

lexplle < llzle - Ixplleo = lzlle <7, 7 >0,

then we have
n—1
cg(HX) < <k kn, H k; - T’i>CE(X).
i=1

Recall that under our assumptions, the operator H maps set () being compact in
measure into itself. Because ¢ # X C @ is a nonempty, bounded and compact in
measure subset of the regular ideal space F, we can use Proposition 3.3 and then

Bu(HX) < <k -k, ﬁ ki - ri> Br(X).

The inequality obtained above together with the properties of the operator H and
the set @ established before, allow us to apply Theorem 3.4. This accomplishes the
proof. O

4.2. Applications to n-product of Hammerstein integral equations. In this
section we will discuss the existence of solutions of equation (1.1) in L,(I), 1 < p < o0
and in Orlicz spaces when their generating functions satisfy As-conditions i.e. in
(regular ideal spaces).
Rewrite equation (1.1) in the form
n
x(t) = Ha(t) = [ [ Hiz(t),
i=1

where
b
Hi(z)=gi(t) + X\ - Ai(z) and A;(z)(t) = / K;(t,s)fi(s,z(s)) ds.

We shall stress on the assumptions of the considered functions to nominate the inter-
mediate spaces, in which our results are in the target spaces L (1) or Ly ().

4.2.1. The case of Orlicz spaces. We will characterize the case, which permits us to
get more general growth conditions on the studied functions.

Theorem 4.4. Let i =1,---n, and assume, that @, p;, are N-functions and that
M; and N; are complementary N -functions. Moreover, put the following set of as-
sumptions:
(N1) There exists a constant k > 0 such that for v; € Ly, (1), i = 1,---,n, we
have | TI, villy < kTT0 lloillg,-
(Cl) gi € E,,(I), i =1,---,n, are a.e. nondecreasing on I,
(C2) fi: IXxR — R satisfy Carathéodory conditions and f;(t,z), i =1,--- ,n, are
assumed to be nondecreasing with respect to both variables t and x separately,
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(C3) |fit,z)| < bi(t) +d;N;t ((p(I)) fort €I and x € R, where b; € En,(I) and
d; > 0 in which the N-functions N;(z) satisfy the As-condition for

t=1,---,n.
(K1) s — K;(t,s) € Ly, (I) for ae. t € I and p;(t) = ||Ki(t,")|lm, € Ep, (1),
i=1,---,n.

(K2) iji(tl,s) ds > f:Ki(tQ,S) ds, i =1,---,n, for t1,ty € a,b] with t; < to.
(K3) Assume that for some q; > 0, there exists r > 0 on the interval I such that

kilf[l/lw(mxwu o (10l + @or) ) desr

e | < ﬁ, then there exist numbers p; > 0 such that for all

I (- I
Xi € R with [A;| < pi, @ =1,---,n, there ezists a solution v € E,(I) of (1.1) which
is a.e. mondecreasing on I.

Proof. Step I. Let ¢ = 1,--- ,n. Assumptions (C2), (C3) and Lemma 2.6 imply
that the operators Fy, map continuously Bi(E,(I)) — En,(I). The operators A; are
continuous mappings from the unit ball By (E,(I)) into E,,(I) by using [19, Lemma
16.3 and Theorem 16.3] (with M; = N;, My = ¢; and N7 = M;). By assumption (C1)
the operators H; : By(E,(I)) — E,,(I) are continuous. Finally, by assumption
(N1) we can deduce that the operator H : Bi(E,(I)) — FE,(I) is continuous.

Step II. We will construct an invariant set V' C Bq(E,(I)) for the operator H is
bounded in L, ([).

Fix A\; € R with |\;] < p; and let p; = sup @, where Q is the set of all positive
numbers g; for which there exists » > 0 such that

kﬁ/}%(@i(tﬂ + G- Ipi(t)|(||bi||Ni + d; 7‘)) dt <.

Let V' denote the closure of the set {x € E,(I) : f; o(|z(s)]) ds <7 —1}. Clearly V
is not a ball in E,(I), but V C B,.(E,(I)) ([19, p. 222]). Notice that V is a bounded
closed and convex subset of E,(I).

Take an arbitrary € V. By using ([19, Theorem 10.5 with k = 1]), we obtain
that for any t € [

and then by the Holder inequality and our assumptions we get

N (o o)

N,

< 1+/ o (12(s)]) ds (4.2)

N, + d;

N7 (ell2)))

A (2)(0)] < pi<t>|(||bz-|

W)
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Thus for any measurable subset T" of I. For arbitrary x € V and t € I, we have

[Hi(z)(@)] < lgi(®)] + [l - |Ai(z)(2)]
y

< 10O+ 1M - Ipi(0) (||bi|
b
< lgi(®)]+ Ai|-|pi<t>|(||bi||m +dirds [ o) ds)

N, + d;

Nil(@(|$|))’

<loi(t)] + Ai|-|pi<t>|(||bi|Ni ‘ di+di<r_1)).

Therefore, by using assumption (N1) and see also [16], we have

/Iw(H(r)(t)) dt < ki];[l/jwi(Hi(x)(t)) dt < kg/ﬁ”i('gi“)'
- a1l + ds -r)) .

By the definition of r we get [, @(H(z)(t)) dt < r and then H(V) C V. Consequently

H(V)c H(V) CV =V, which implies H : V — V is continuous on V C B,.(E,(I)).

Step III. Let @, stands for the subset of V' consisting of all functions which are
a.e. nondecreasing on I. Similarly as claimed in [9] this set is nonempty, bounded,
convex and closed set in L, (/). Moreover, in view of Lemma 2.8 the set @Q,. is compact
in measure.

Step IV. Now, we show, that H preserve the monotonicity of functions. Take
z € @Qp, then z is a.e. nondecreasing on I and consequently FY, is also of the same
type in virtue of the assumption (C2). Further, A;(z) is a.e. nondecreasing on [
thanks for the assumption (K2). Assumption (C1) permits us to deduce that H; is
also a.e. nondecreasing on I. Then, by assumption (N1) we have H : Q, — @, is
continuous.

Step V. Next, we prove that H is a contraction concerning the measure of non-
compactness. Recall that for © € By (E,(I)) we have

[ (vt ) ds = [ o(ate) ds <

Assume that X C @, is a nonempty and let € > 0 be arbitrary fixed constant.
Then for an arbitrary x € X and for a set D C I, meas D < g, we obtain
)

e + Al [[Ai(2) - xp

[1Hi(x) - xplle < llgi - xpl vi

(|bi X0l Ni(o(la()D) - xo

i il - il

< lgi - xp| N, +d;

<llgi - xplle: + /\i|'||Pi||saqz<||bi'XDNi+di||$'XDsO>-
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Therefore,

1H(2)-xple < k]IHi()-xol

i=1

Pi

pi < kH (|giXD|
i=1
vi (|bi -xplln, + diljx - XDHSO))'

Hence, taking into account that g; € E,, b; € Ey,, then

Al - il

Alf=0mma tim{ s fsup (oo

mes D<e zeX

lim { sup [SUE{“giXD| NH} =0.

€20 U mes D<e z€

Thus by definition of ¢(z) and by taking the supremum over all 2 € X and all
measurable subsets D with measD < e, we get

o(H(X)) < k][] (dil&'l el soi)T”lC(X)-
i=1

Since X C @, is a nonempty, bounded and compact in measure subset of an ideal
regular space E,, we can use Proposition 3.3 and get

5u(BC0) < ke T (a1 Il ) 5 (),

i=1

The above inequality with [}, (di|)\i| |\pil
4.3, which fulfills the proof. O

w) < W% allow us to apply Theorem

4.2.2. The case of Lebesgue spaces. The Lebesgue spaces are interesting example of
ideal spaces which is discussed in many different monographs. Moreover, the L,-
solutions still represent general solutions than those discussed in previous studies.

Assume that £ =" | L and consider the following conditions:
P i=1 p;

(i) ¢gi € Lp,(I), i=1,--- ,n be a.e. nondecreasing functions on I.
(ii) The functions f; : I x R — R satisfy Carathéodory conditions and there
exist positive constants d; and functions b; € Ly, (I) such that

[fi(t, 2)| < bi(t) + dilz[?e, i=1,---,n.
Moreover, f;(t,z), i =1,--- ,n are assumed to be nondecreasing with respect
to both variables ¢ and x separately.
(iii) The linear integral operators Ky, z(t) = f; K;(t,s)z(s) ds map Ly, (I) —
L,(),i=1,---,n.
(iv) fab K;(t1,s) ds > f; K;(ta,s) ds, i=1,--- ,n, for t1,ty € [a,b] with t; < ts.
Remark 4.5. Let us stress, that the condition (iii) implies that the kernels K;(¢, s)
should be of Hille-Tamarkin classes i.e. ||K;(t,-) [

o which it is sufficient to suppose
that they are finite and being the upper bounds for ||Koill; p,, where i + ﬁ =1.
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n

Theorem 4.6. Let the assumptions (i) - (iv) be satisfied. If
[T (@l 1o

me) <1,
i=1

then there exist numbers p; > 0 such that for all A; € R with |N\;| < ps, 1 =1,--- ,n,
there exists a solution x € L,(I) of (1.1) which is a.e. nondecreasing on I.

Proof. Step I’. Let ¢ = 1,--- ,n. Assumption (ii) implies that Fy, map L,(I) into
L, (I) continuously. The operators A; map L,(I) into Ly, (I) continuously (thanks to

assumption (iii)). Assumption (i) gives us that the operators H;(x) map continuously
L,(I) into Ly, (I). By using Corollary 2.11, we can deduce that, the operator

H= ﬁHi
=1

maps continuously L, (I) into itself.

Step IT’. Fix \; € R with |A;| < p;, where

1
_ o —|lg,
1Kol 0 (1

Let B = {z € L,(I) : |jz|, < R}, where R is a positive number satisfying the
inequality

Pi .
- ’1717...’
;Di,erio‘pi)

Pi

n P
LT (loillo, + el 150, ot 0l + - R7) ) < R.
i=1
Now, for x € L,(I) and by using assumptions (i) - (iii) with ﬁ + ﬁ =1, we have
[Hi()llp, < lgillp: + [Nl - [|Aiz]lp,
b
< Nl + | [ R (09 + - (o) ) as
a pi
P
< lgillo + il - 1Kol (ol + - a2 ]], )
< lgille: + pi - 1Ko llpy i (Nbillp, + di - zlp* ),
D
where pr% llp; = llzllp* . By using Corollary 2.11, we have
n
1H@), = || ]]Hite)
i=1 p
< T (bt 4 - Gl Ul + - o))
i=1
< H llg: pi T Pi [| o, p;ypi( [|bi p T di - RP: )) <R

i=1

Then, we can deduce that H : Bg — Bpg is continuous.



570 MOHAMED M.A. METWALI
Step III’ and Step IV’ are similar to those from Theorem 4.4 with Qr C Br(Lp).
Step V’. Assume that X C Qg is nonempty set and let € > 0 be arbitrary fixed

constant. Then for an arbitrary x € X C Qg and for a set D C I, meas D < ¢, we
obtain

IH;i(z) - xDllp, < llgi - xpllp: + 1Nl - [[Ai() - xDlps
P
<l x4 I 1o (Xl + o
L‘
< lgi - xpllp; + [Nil - [[ Ko, Dpi <||b2 “xpllp; +di - |lz- XD||11777'>~
Therefore,

1H (z) - xpll, < T]I1Hi(2) - xp

i=1
n

<1I (Hgi XD Pl (Hbi XD
=1

Hence, taking into account that g;,b; € L,,,, then

Di

Pi + |)‘z| : HK&

ot di ||x-><D||;:f)).

tim { sup [sup{llg: - xo pi}]}=0and um{ sup [sup{[lbi - x0 pi}]}=o.
X €20 Umes D<e z€X

=0 {mes D<e z€

Thus by definition of ¢(z) and by taking the supremum over all x € X and all
measurable subsets D with measD < ¢, we get

c(HX) <[] (dml || Ko,

i=1

m@)Xm

Since X C Qg is a nonempty, bounded and compact in measure subset of an ideal
regular space L,, we can use Proposition 3.3 and get

Br(B(X) <] (diw 1Ko, p;,pi)MX).
=1

The above inequality with [}, <di|)\i| |1 Ko, |, ,pi) < 1 allow us to apply Theorem
4.3. This fulfills the proof. U

4.2.3. Ezample. Finally, we illustrate an example to show the applicability of our
results.

Example 4.7. For t € I = [0, 1], considers the following product of integral equations
in La(I):

3(s—t)

z(t) = (ei+/ole P (si+d1|x(s)|i)>-<eé+/01e7“s” (sé+d2|x(s)|§))2. (4.3)

Let p1 = 4, ps = p3 = 8, then we have
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g1(t) = e, g2(t) = g3(t) = €%, with

lgilla = Ve =1, llgalls = llgslls = Ve — 1.

bi(t) = t1,by(t) = bs(t) = t5, with [[bi]la = {/ 4, [|bo]ls = ||bs]|s = f/g

o Ki(t,s) = ¢*r and Ky(t,s) = Ks(t,s) = ™5, with
(e-1)°(1—e"?)
&gl = §f E=LE=e),
(e—1)"(1—e)
I, = g = §f €= L=
e Moreover, one can choose the constants d; > 0, ¢ = 1,2, 3, such that
3
H (di - || Ko, p&m) <L
i=1

Hence, Theorem 4.6 implies that equation (4.3) has a solution x € Lo(I) which is a.e.
nondecreasing on 1.
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