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Abstract. This paper is devoted to study a class of semilinear elliptic equations with critical or
supercritical variable exponents. By means of the mountain pass lemma, the existence of a nontrivial
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1. INTRODUCTION AND MAIN RESULTS

Let B ¢ RY(N > 3) denote the unit ball, this paper considers the following
semilinear elliptic equation with variable exponent

—Au = 'LLQ*""JC(|I|)_17 in B7
u > 0, in B, (1.1)
u =0, on 0B,

where 2* = 22 f € C([0,1], R) satisfies condition:
. . N
(f) f(0)=0, f(t) =0 for 0 <t <1 and there exists 0 < @ < min{N —2, &
such that f(t) = O(t®) for t — 0.
In 2008, Kurata and Shioji in [8] posed the following problem: if a variable exponent
q(-) satisfies 2 < ingq(x) <supg(z) < 2* and ¢(-) is equal to 2* at a point, then does
z€ €N
the equation
—Au = |[u]1®) =2y, in Q,
{ u =0, on 0, (1.2)
have a positive solution? They showed that if there exist xg € Q, Cy > 0, 7 > 0

and 0 <! < 1 such that sup ¢(z) < 2* and ¢(x) < 2* for a.e. x €
O\ By (zo)

QN B, (xo), then the embedding from H{(Q) to L) () is compact and problem (1.2)
has a positive solution. Subsequently, many researchers studied this type of equation
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involving critical variable exponent(see [1, 3, 7, 10, 11]). Recently, for g(x) = 2* +|z|®
and Q = B, Marcos do O et al. in [9] showed that the embedding from Hj§ vaq(B) to
L) (B) is continuous and obtained a particular solution of problem (1.2). Moreover,
Cao et al. in [6] considered multiple nodal solutions in the same situation.

In fact, they required the measure size of the criticality set {x € Q : g(x) = 2*} is
7small”. A natural and interesting question is whether or not we can obtain existence
results of nontrivial solution for problem (1.1) when the constraint of the criticality set
is violated? Motivated by [8] and [9], our aim in this paper is to obtain the existence
of nontrivial solutions for problem (1.1) with critical or supercritical exponent. The
main result of this paper reads as follows.

Theorem 1.1. Assume that f € C([0,1],R) satisfies the condition (f). Then problem
(1.1) has a nontrivial radial solution.

Remark 1.2. Our results extend the results of Theorem 1.5 in [9]. There are many
functions satisfying the condition (f). In addition, it is worth mentioning that we do
not require the measure size of the criticality set and the strictly supercritical growth
except in the origin.

Throughout this paper, we use || - || and | - | to denote the usual norms of H}(B)
and L?(B) for s > 1, respectively. The letter C and C; stand for positive constants
which may take different values at different places.

2. PRELIMINARIES AND PROOF OF THE RESULTS

Let Hy ,.,q4(B) be the subspace of Hg(B) consisting of radially symmetric functions
and the variable exponent Lebesgue space LP(*)(B) is defined by

Lr@)(B) = {u | u: B — R is measurable, / [ulP@) da < oo}
B

(2)
|u|p(x)inf{)\>0‘/‘zp dxgl}.
B

It follows from assumption (f) that there exist A > 0 and ¢ € (0,1) such that

with the norm

A 3A
Eta < flt) < 7750‘, for t € (0, 9). (2.1)
Moreover, f(t) < Mt* for t € [§, 1], where M = Jnax % Set C' = max{32, M}, we
have o
0< flt)<Ct*, fortelo,1]. (2.2)

According to (2.2), it is easy to see that f(¢) satisfies the conditions (f2) and (f3)
in [9]. In addition, according to the proof of Theorem 2.1 in [9], their condition (f;)
can be reduced to f(t) > 0. Therefore, similar to Theorem 2.1 in [9], we have the
following lemma.

Lemma 2.1. Let q(z) = 2* + f(|z]) and f € C([0,1],R) satisfies the condition (f).
Then the imbedding from H& (B) to L) (B) is continuous.

rad
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Define the energy functional on H&)md(B) corresponding to problem (1.1)

1 |u|2*+f(\w\)
Iw) = —fu?— [ 2 g
=gl L e

Due to Lemma 2.1, we have that the functional I is well-defined and of class C'. It
is well known that the critical points of the functional I in H&md(B ) are solutions of
problem (1.1). Define the best Sobolev constant

ol
WEHRONO} ([ |u|2*dx)2l*
N-2
_ (N(N=2)e) 2
(e2+el) "2
Lemma 2.2. Assume that f € C([0,1],R) satisfies the condition (f), then the func-
tional I satisfies the (PS). condition with ¢ € (0, %S%) in H&ﬂ,ad(B).

S = (2.3)

From ([5]), we know that S is attained by functions v.(zx)

Proof. Let {u,} C Hj ,.,4(B) be a (PS). sequence of I with ¢ € (0, %S%) Then
[I(un)| <¢, I'(up) —0as n— oo. (2.4)

It follows from the condition (f) that

2" +f(|=) 1
R do > P

B 252 + f(|z]))

which implies that +[lu,||*> < ¢+ o([|u,]). Thus {u,} is a bounded sequence in

Hj§ 0a(B). Up to a subsequence, there exists u € Hy ,.,,(B) such that u, converges

1 1
I(un) - 27<Il(un)»un> = N”un”2 +

to u weakly in Hy .,,(B). Let v, = u, — u, then we see that v, converges to 0 weakly
in Hy ,,q(B). Since H!,,([0,1]) <> LP([0,1]) for any 6 € (0,1) and p > 1. It implies
from (2.2) that

1
_/ (lon2 0 — o, 2 )NV dr -0, as n — .
0

Similar to (3.9) in [9], for any € > 0, we obtain that there exists § = 6(¢) > 0 such
that

0
/ (Jon 70 —Jon )Vt dr <e.
0

Therefore, we have

1 1
/\vn|2*+f(r)rN’1dr:/ [on|? PN dr + o(1). (2.5)
0 0

By the Brezis-Lieb lemma(see [4]), one has
[unll® = oall® + [lull? + o(1),

and

g2+ 12D o |2+ (D) |2+ (=)

B 2+ f(lz) 7 Jp 27+ f(|2l) B 2"+ f(lz])

dx + o(1).
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Since I(u,) = ¢+ o(1), we obtain

Lo — [ P e ) 4 o) 26)
—||v — ——dr =c— I1(u)+o(l). .
20" B 2"+ f(|=])
According to I'(uy) = o(1) and (I'(u),u) = 0, we get
||vn||2f/ o |2 702D 4o = 0(1). (2.7)
B

Assume that [[v, || — [, we have [, |v,[> 7D dz — 12, By (2.5), one has

/ lon|? da — 12
B

loall* > S%/ o |* .
RN

As n — oo, we obtain [ > S5 . Note that I(u) > 0, it implies from (2.6) and f(£) >0
that

It follows from (2.3)

c> %12 +I(u) > %S%,
which contradicts the fact ¢ < NS 7. Therefore, we have [ = 0, which implies
that u, — wu strongly in Hj,,,(B). Hence I satisfies the (PS). condition with
ce(0,L57). O

Let ¢(z) € C§°(B) be a cut-off function such that 0 < ¢(x) < 1 in B, ¢(z) = 1
for |z| < p and ¢(z) = 0 for |z| > 2p, where 0 < p < 3 is a constant. Define
ue(x) = ¢(x)ve (), it is known ([5]) that

lucl? = S% + OV 2), /B juel? de = % +O(N), (2.8)

Lemma 2.3. Assume that f € C([0,1],R) satisfies the condition (f), then

sup I (tu.) < %S% for e > 0 sufficiently small.
>0

Proof. Define

$2 ) t2* o
h(t) = *Husll Iusl dz,
and

2 27+ 1 (=) .
I(tue) = —||uc|? _/ —|u ¥ D g,
B 2* + f(|z])

By (2.8), after a straightforward calculation, we have
1
sup h(t) = =87 + O(eN~2). (2.9)
>0 N
It follows from (f) and (2.8) that tligl I(tu.) = —oo. Note that I(0) = 0 and
—+o00

I(tus) > 0 for t — 07, so sup I(tu.) attains for some t. > 0 and there exist R, 7> 0
>0
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1
2 2
such that 7 < ¢, < R. Let a. = (N(N —2)et > —e? ] . Choose ¢ small enough,

we have [t.uc| > 1 for r < a. and [t.u.| < 1 for r > a.. Moreover, there exists C; > 0
such that

SIS
SIS

e < C’lsé < (N(N— 2)Tﬁ5—52> <a. < (N(N— Q)Rﬁs—g) < 1.

(2.10)
Define
2 +f(lz|) 2*
*+f |2|) B 2"+ f(|z])
and
1 1 *
Baz/ <—) teus(2)|? da.
o\ 7 2 fjap ) e
Then
sup I(tu.) = I(teue) = h(te) — Ac + B: < suph(t) — Ac + B.. (2.11)

>0 t>0

Using the definition of u. and assumption (f), it follows from (2.1) and (2.10) that

1 2%
t
A, = NWN/ M(“Eus(rﬂf&) - 1)7‘N_1 dr

o 27+ f(r)
© \taue(r) 2 fr N—1 /1 |teus(r)|2* N-1
>N A ([t dr — N o d
o [ a0 = )= N [ B
202/ N\log5|rN 1f( )dT—Cg/ —TN Ldr
> CQA/ e N|logelr¥ 71t dr — C3eN (a7 — 1)
0

2

A
> CT€O‘|logs| - (2.12)

s 4

—~ €&
N

Cl

where wy = (27V/2)/(NT(N/2)) denotes the volume of the unit ball B. In addition,
by (2.2), we have

_ Y fn) * N-
BE—NwN/O Wﬁgug(r)P PN dr

<c4/ “NPN=Lf () dr+C4/ TN (r) dr
0

<05/ NNladT+C5/ Nlar

= 058 + C5( — )
< 205, (2.13)
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Note that 0 < o < min{N — 2, '}, from (2.11), (2.12) and (2.13), we obtain

1 .~ _ CrA Cs n w 1 .~
jlzlgf(tua) < NS'QV +0(eN7?) - %6 [loge| + CTSVJ +2C5e™ < NSJZV
for € > 0 sufficiently small. The proof is complete. O

Proof of Theorem 1.1. According to (2.8), we know that the functional I has the
mountain pass geometry and there exists tg > 0 such that I(tgu.) < 0. Define

I'={y € C([0,1], Xo)| v(0) =0, 7(1) = touc}, ¢= iléfr Jnax I(~(t)).

From Lemma 2.3, we have ¢ < sup I(tu.) < %S%. Applying Lemma 2.2, we know

>0
that I satisfies the (PS); condition. By the mountain pass theorem(see [2]), we obtain
that problem (1.1) has a nontrival solution. The proof is complete. (]
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