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1. INTRODUCTION

In 1992, Dhage introduced the D-metric in his Ph.D. thesis [4]. In 2003, Mustafa
however demonstrated that most claims concerning the fundamental topological prop-
erties of D-metric were incorrect and he instead introduced the G-metric [14]. Since
then, many authors studied fixed points and common fixed points on G-metric spaces
[27, 6]. In 2007, Sedghi et al. gave some definitions of D*-metric [22] and in 2012, he
also defined an S-metric [21] as a generalization of D*-metric. From then on many
authors studied the S-metric [24, 23, 15, 16, 25, 17, 5, 18, 26]. In this paper we in-
vestigate the relationships between the G-metric and S-metric, and we introduce the
concept of Meir-Keeler S type contraction on S-metric space. We also obtain new
fixed point theorems with F' control functions on S-metric spaces.

In this section, we recall some definitions that will be used in the remainder of this
paper.

Definition 1.1. [14] Let X be a nonempty set, G : X x X x X — [0,+00] be a
function satisfying the following properties:
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z)=0ifz =y =z
z,xz,y) for all z,y € X with x # y;
(x,x y) < G(z,y,z) for all z,y,z € X with y # z;
(x,y,2) = Gz, z,y) = G(y, z,2) = -+ (symmetry in all three variables);
5) G(z,y,2) < G(x,a,a) + G(a,y, z) for all x, y, z, a € X (rectangle inequality).

(G1) G(z,y,2
(G2) 0 < G(
(G3) G
(G4) G
(G

Then the function G is called a generalized metric, or, more specially, a G-metric on
X, and the pair (X, Q) is called a G-metric space.

Definition 1.2. [14] A G-metric space (X, G) is symmetric if G(z,y,y) = G(z,z,y)
for all z,y € X.

Definition 1.3. [21] Let X be a nonempty set and S : X x X x X — R* be a
function satisfying the following properties:

(1) S(z,y,2)=0if x =y = 2;

(2) S(2.y,2) < S(w,2,0) + S(y,9,a) + S(2, 2,a), for all a,2,y, 2 € X.
Then the function S is called an S-metric on X and the pair (X,5) is called an
S-metric space.

Remark 1.4. [21] S(z,z,y) = S(y,y,x).
Example 1.5. [21] S(z,y,2) =|x — 2z | + |y — 2z | is an S-metric on R.
Example 1.6. [20] S(z,y,2) =|z — 2 | + |y + 2z — 2z | is an S-metric on R.

Remark 1.7. G-metric and S-metric can not contain each other. Because G(x,x,y)
is not always equal G(y,y,x), but S(z,z,y) = S(y,y,z). And G(z,z,y) < G(z,y, 2)
for z # y, but S(z,z,y) is not always less than S(z,y, z) even z # y.

Example 1.8. Let X = {a,b} and define G by
G(a,a,a) = G(b,b,b) =0
G(a,a,b) = G(a,b,a) = G(b,a,a) = 2,
G(b,b,a) = G(b,a,b) = G(a,b,b) = 4.
Then G is a G-metric, but G(a,a,b) # G(b,b, a).

Example 1.9. Let X = {a,b,c} and define S by
S(a,a,a) = S(b,b,b) = S(c,e,c) =0,
S(a,a,b) = S(b,b,a) =1, S(a,a,c) = S(c,c,a) =2,
S(b,b,¢) = S(c,e,b) =1, S(a,b,¢c) =1
Assume S(z,y,2) = S(y,x,2) = S(z2,y,2) = - - (symmetry in all three variables).
Then S is an S-metric, but S(a,b,c) < S(a,a,c).

Definition 1.10. [3] Let X be a nonempty set. A function d : X — [0,+00) is
said to be a b-metric if there exists b > 1 such that for all z,y,z € X, the following
conditions hold:

(1) d(z,y) =0 iff z = y;

(2) d(l’, y) = d(y? '7;);

(3) d(z,y) < bld(z, 2) + d(z,y)).

In this case, the pair (X, d) is called a b-metric space.
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Remark 1.11. [24] d(z,y) := S(z,z,y) is a b-metric, and
3

Definition 1.12. [21] Let (X, S) be an S-metric space.

(1) A sequence {z,} in X is said to S-converge to a point x € X if and only if
S(Tn, Tn, ) — 0 as n — co. That is for each € > 0 there exists ng € N such that
for all n > ng, S(xn, xn, x) < €.

(2) A sequence {z,} in X is called an S-Cauchy sequence if, for each £ > 0, there
exists ng € N such that S(2y, T, Tm) < € for each n,m > ng.

(3) The S-metric space (X, 5) is said to be S-complete if every S-Cauchy sequence
is S-convergent.

Lemma 1.13. [21] Let (X,S) be an S-metric space. If a sequence {x,} in X S-
converges to x, then x is unique.

Definition 1.14. [8] Let T, g : X — X. If Tz = ga implies Tgx = gTx for allz € X,
then the pair (T, g) is said to be weakly compatible.

2. MEIR-KEELER S TYPE CONTRACTION ON S-METRIC SPACES

Meir-Keeler’s result [12], proved in 1969, plays a fundamental role in the fixed point
theory for metric spaces [2, 9]. Z. Mustafa generalized Meir-Keeler type contraction
on G-metric spaces [13]. Here we generalize that contraction on S-metric spaces.

Definition 2.1. Let (X, S) be an S-metric space and T' be a self-mapping of X. Then
T is called a Meir-Keeler S type contraction whenever for each € > 0 there exists § > 0
such that

e< M(z,y,2) <e+6= STz, Ty, Tz) < e,

where

M(z,y, =) = max {S<x, y,2), S(Ta, T, ), S(Ty, Ty, y), S(T2, Tz, 2),

STz, Tx,y)+ STy, Ty,z) STz, Tx,z)+ STz Tz, x)
3 ’ 3 ’
S(TzTzy)+ S(Ty,Ty, =) }
3 .

Remark 2.2. Note that if T is a Meir-Keeler S type contraction and M (z,y, z) > 0,
we have S(Tz, Ty, Tz) < M(x,y, z).

Proposition 2.3. Let (X,S) be an S-metric space and T : X — X be a Meir-Keeler
S type contraction. Then

lim S(T" 2, T" e, T"z) = 0 and lim S(T"z, Tz, T""'z) =0

n—oo n— 00

forallx € X.
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Proof. Let o € X. We define an iterative sequence {z,} as follows:
Tpyr =T, =T 2

for all n > 0. If some xp,+1 = Xp, for some ng > 0, then z,, is a fixed point of
T. In this case, S(T" iz, Tz, T"x) = 0, for n > ng, then the proposition follows.
Throughout the proof, we assume that x;41 # z for all K € N. Since

M(Z‘n+1, Tn, xn)
:maX{S(an, Tn+1, l'n)a S(Txn—&-la Tﬂin+1, xn+1)a S(Txnv Ty, xn)y S(Tl‘n, Ty, xn)a

S(Txn+17 Tl’n+1, wn) + S(Tl‘n, T-T'ru xn—i—l)
3 )
S(Txn+1a T$n+17 xn) + S(T(Eru Txru anrl)
3 b
S(Txpn, Taxpn,xn) + S(Txp, Tan, x,) }
3

S(Tni2, Tni2, Tn) }
3

= max {S(xn-‘rla Tn+1, xn)a S('rn-i-% Tn+2, an+1),

S max {S($n+la Tn+1, Sll‘n), S(xn+27 Tn+2, xn+l)7

3

= max{S(Tni1, Tny1,Tn), S(Tni2, Tnio, Tny1)}-

2S(xn+27 Tn+2, -Tn+1) + S(anrh Tn+1, xn) }

So M(ZTpi1, Tt Tn) = max{S(Tni1, Tntl, Tn), S(Tnt2, Tnta, Tny1)} > 0. Since T
is a Meir-Keeler S type contraction,

S(Tnt2, Tnaos Tnt1) = ST xpa1, Toni1, Txn) < M(Tpa1, Tnat, Tn)-
Then it is impossible that

max{S(Tn+1, Tn+1, Tn), S(Tnt2, Tnt2, Tnt1)} = S(Tnt2, Tnta, Tny1).

Hence we derive that

S(xn+27 Tn+2, xn-&-l) < M(-rn-i-h Tn+1, xn) = S(mn+17 Tn+1, -Tn)
for every n. Thus {S(Zn41,Tnt1,Tn) o, is a decreasing sequence, hence converges
to some ¢ € [0,00), that is

lim S(xn+1, Tn+1, xn) = E&.
n—oo

In particular, we have
lim M(zp41,Tnt1,%n) = €. (2.1)

n—oo
Notice that ¢ = inf{S(zp+1, Tnt1,2n) :n € N}.
We claim that e = 0. Suppose to the contrary that e > 0. Regarding (2.1) together
with the assumption that 7" is a Meir-Keeler S type contraction, for this € > 0, there
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exists § > 0 and a natural number m such that e < M (2,41, Tm+1,Tm) < €49, then
we have

S(T$m+17 Tl‘m_t,_l, Txm) = S(xm-i-?v Tm+42, xm-‘rl) S 3
which is a contradiction, because
e =inf{S(zpnt1, Tnt1,2n) :n € N}
and
{S(@Tn+1, Tnt1, Tn) boto
is a strictly decreasing sequence. So we get

lim S(T" o, T 2, T"z) = 0.

n—oo
Since
S(Tp, Tny Tpt1) = S(Tnt1, Tntl, Tn),
we also obtain lim,, . S(T" e, T 2, T"x) = 0. O

Theorem 2.4. Let (X,S) be a complete S-metric space. Let T : X — X be an

orbitally continuous mapping and a Meir-Keeler S type contraction. Then T has

a unique fived point, say w € X. Moreover, lim S(T"Hz, Tz w) = 0 for all
n—oo

reX.

Proof. Let o € X. We define an iterative sequence {z,} as follows:
Tpt1 =Tz, = T g
for all n > 0. We claim that limy, »,—00 S(Zn, Zn, Tm) = 0. If this is not the case, then
there exists a € > 0 and a subsequence {z,,;)} of {z,} such that
S(Tp(i), Tn(i), Tniv1)) > 26 (2.2)

For the same € > 0, there exists § > 0 such that e < M(z,y,2) < € + 0 which implies
S(Tx,Ty,Tz) < e. Set r = min{e, d}. By Proposition 2.3, one can choose a natural
number ny such that

S($n+lyxn+1axn) < %a S<xnal‘n7mn+1) < g (23>

for all n > ng. Let n(i) > ng, we have n(i) < n(i+ 1) — 1. Because
S(ZTn(i)> Tn(i)> Tn(it1)—1) = S(@n(), Tnli)s Tn(i+1) = 25(Tn(it1)—15 Tn(i+1)=1> Tn(i+1))

and

T T
Sy Tn)s Tny41) < 7 <+ 3

it follows that the value of S(2y(;), Zn(s), T) changes from less than € + § to no less
than € + § when k increases from n(i) +1 to n(i + 1) — 1. We can choose the smallest
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integer k with n(i) +2 < k < n(i + 1) — 1 such that S(z,), Tna), 2r) > €+ 5, and
S(In(i), Tpe), Tr-1) < € + 5. We then get

S(Zn(i)> Tngi), Tk) < S(@Tn(i)> Tng), Th-1) + 28 (Tp—1, Th—1, T1)

ror 3r
-+ - = —. 2.4
<e+ 5 + 1°°¢ + 1 (2.4)
Therefore, we obtain the inequalities
e+ g < S(Tpgys Tniy, Tk) < €41, (2.5)
T
S(l’n(i)+1,xn(i)+1,$n(i)) < 3 <e+r, (2.6)
r
S(Tht1, Thr1, k) < 3 <e+r, (2.7)
S(xn(i)+1v Tn(i)+1s ﬂﬁk) + S($k+1, Tr+1, xn(i))
3
<2S(l’n(i)+1a T (i) 41> Tn(i)) TS (Tn(i), Tngiy Th) +2S (Tra1, Trg1, k) S (Tky Ty Tn(i))
- 3
T 3r r 3r
<Z+€+I+Z+5+T —etr

3
(2.8)
By (2.5)-(2.8), we get that ¢ < M (2,,3;), Tk, Tx) < € + 7. Since T' is a Meir-Keeler S
type contraction, we derive S(, ()41, Tr11, Try1) < €. But

S(Zr(i)+15 Tn(i)+1 Thr1) = S(Tn(i)s Tngi), Th) — 25(Tn(), Tn(i)s Tn(i)+1)

—25(@py1, Tpy1, Th)

This is a contradiction. Therefore, our claim is proved. So {z,} is an S-Cauchy
sequence. Since (X, S) is S-complete, the sequence {z,} S-converges to some w € X,
we have

lim S(T"xg, T" 2z, w) = lim S(w,w,T"xg) = 0.
n— oo n—o00

Since T is orbitally continuous and lim,,_~ S(T"zo, w,w) = 0, we get
lim S(TT"xo, TT"xg, Tw) =0,
n— 00

that is,

lim S(T"ao, T" g, Tw) = lim S(zni1,Tni1, Tw) = 0.
n—oo n— oo

Thus, {241} converges to Tw in (X, S). By the uniqueness of limit, we get Tw = w.
Finally, we show that T has a unique fixed point. If there exists u € X such that
Tu = u and S(u,u,w) > 0,

M (u, u, w)

= max {S(u, w, w), S(Tu, Tu,w), S(Tw, w, w), 2L T w) 50w, Tw, v) }

3
= S(u,u,w) > 0.
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Since T is a Meir-Keeler S type contraction, we derive
M (u,u,w) > S(Tu, Tu, Tw) = S(u, u, w),

which is a contradiction. Thus, we find that S(u,u,w) = 0. So we conclude that
u = w. T has a unique fixed point. O

Bisht and Pant [1] gave a solution to the question of the existence of a contractive
mapping that has a fixed point which is discontinuous at the fixed point. The following
theorem shows some Meir-Keeler S type contractions on S-metric space have a fixed
point but the mapping need not be continuous at the fixed point.

Theorem 2.5. Let (X,S) be a complete S-metric space. Let T : X — X be a Meir-
Keeler S type contraction. Assume T? is an orbitally continuous mapping. Then, T
has a unique fived point, say w € X. And, lim, o S(T" 'z, w,w) =0 for allx € X.
Moreover, T is continuous at w iff imgy_,, M(x,w,w) = 0.

Proof. Because T is a Meir-Keeler S type contraction, Proposition 2.3 is still correct.
And just like the proof of Theorem 2.4, we can also define an iterative sequence
{xy, = T"zo}, where z¢ € X is arbitrary; and also we can show the sequence is an
S-Cauchy sequence. Since X is S-complete, there exists a point w € X such that

lim S(T"xq, T" 2o, w) = 0.

n— o0
Also
lim S(T*T"xo, T?T"x,w) = lim S(Tni2,Tpyo, w) = 0.

n—oo n—oo

By the orbital continuity of 72, we have
lim S(T?*T"xzq, T*T "z, T?w) = 0.

n—r oo

By the uniqueness of limit, we get T?w = w. We claim that Tw = w. If w # Tw,
then

M (Tw, Tw, w) =max {S(Tw7 Tw,w),S(Tw, Tw, Tw), S(Tw, Tw,w),

S(T?w, T?w,w) + S(Tw, Tw, Tw)
3 )
S(T?w, T?w,w) + S(Tw, Tw, Tw)
3 Y
S(Tw, Tw,w) + S(Tw, Tw, w)
3
=max{S(Tw, Tw,w), S(Tw, Tw, Tw)}
=S (w,w, Tw) > 0,

and since T is a Meir-Keeler S type contraction,
S(w,w, Tw) = S(T?w, T?w, Tw) < M(Tw, Tw,w) = S(w,w, Tw).

which is a contradiction. Thus, w is a fixed point of T'. The uniqueness of fixed point
we can also get just as the proof of Theorem 2.4.
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Finally, we show that T is continuous at w iff lim M(z,z,w) = 0.
Tr—w

Let T be continuous at the fixed point w and let a sequence {y,} in X converge
to w, i.e., lim S(yn,Yn,w) = lim S(w,w,y,) =0, and lim S(Tyn,Tyn, Tw) = 0.
S. n—oo n—oo n—oo

ince

M (Yn, yn, w)

=max {S(yn,yn, W), S(TYns TYn, Yn),

S(TYn, Ty, w) + S(Tw, Tw, y,)
3

S(Tyn, Tyn, Tw) + S(w, w, yn) }

3 b

< max {S(ynvyna w)v S(TynaTyn,w) + S(W,wvyn)7

we get limy, 00 M (Y, Yn, w) = 0.
On the other hand, if

lim M (Yn, Yn,w) =0

n—oo
and
lim S(yn,yn,w) = lim S(w,w,y,) =0,
n— oo n— oo

and since
S Tyn’ Tyn’ w
( ) SM(ynaynaw)

S(TYn, Tyn,w) + S(Tw, Tw, yn
:maX{S(y'myn7w)7S(TynaTynayn)a ( L Y )3 ( Y )}7

we get lim S(Tyn, Tyn, Tw) = 0, that is, T is continuous at w. O
n— 00

Example 2.6. Let X = [0,2] and S(z,y, 2) = max{|z —y|, |z —z|} for all z,y,z € X.
Define T : X — X by

1.ifz <1
T(x)y={ . "=
0, if z > 1.

We shall show that T is a Meir-Keeler S type contraction. Without loss of generality,
take z <y < z. We have the following cases:

Case 1: 0 <z <y <z <1. Here we have S(Tz, Ty, Tz) = S(1,1,1) = 0 and

M(z,y, 2) =max{s<x,y,z>,s<1, 1,2), S(1,1,9), S(L,1, 2),

SA,Ly)+50,L,x) S1,1,2)+S501,1,2) S(,1,y) +S(1,LZ)}

3 ’ 3 ’ 3
=1-2z
Case2: 0 < z <y <land1l < x < 2. Here we have S(Tx,Ty,Tz) = 1 and
M(z,y,z):z;
Case3: 0 < z < land 1 <y < a < 2. Here we have S(Tx,Ty,Tz) = 1 and
M(z,y,z2) = x;
Case 4: 1 < z <y <z <2. Here we have S(Tz, Ty, Tz) =0 and M(z,y,z) = .
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When ¢ > 1 the case 2, case 3, case 4 probably satisfy ¢ < M (z,y, 2), here
S(Tz,Ty,Tz) < ¢ and the §(¢) can be any positive number. When 0 < € < 1 the
case 1 probably satisfy e < M(z,y, z), and here we let §(¢) = 1 — £ to limit only the
case 1 occur, and the S(Tz, Ty, Tz) < e. Then for each € > 0 there exists 6 > 0 such
that

e< M(z,y,2)<e+6d= STz, Ty, Tz) <e.

So T is a Meir-Keeler S type contraction. T2 is continuous, since T?(z) = 1 for all
x € X. Then T satisfies the condition of Theorem 2.5 and has a unique fixed point
x = 1. It can also be seen that

lim M(1,z,z) = lim max {S(l, 1,z),5(1,1,1),5(0,0,z),5(0,0, ),

z—1t rz—1t

S(1,1,2) 4+ 5(0,0,1) S(0,0,x) +S(0,0,x)}
3 ’ 3

3 T3

r—1t

—1+1
= lim max{x—l,O,sr:,x,zJr :z:+x}

=1 =1#0
ST =170

and T is discontinuous at the fixed point x = 1.

3. CONTRACTION BY F CONTROL FUNCTION ON S-METRIC SPACES

This section is inspired by [11, 7]. In the papers [11, 7] using contraction through F'
control function on metric-like space to get common fixed point and coupled common
fixed point. We generalize the contraction with F' control function on S-metric spaces.

Definition 3.1. [19] Let ¢, ¢ : [0, +00) — [0,+00) be two functions. If they satisfy
the following conditions:
(1) if ¢(u) < p(v), then u < v;
(2) for up,v, € [0,400) with nhHH;O Up = HILII;O vy, = w, if ¢(uy,) < p(vy,) for all n
n € N, then w = 0,
then (¢, ) is called a pair of shifting distance functions.

Remark 3.2. [7] If (¢, ¢) is a pair of shifting distance functions, ¢(t) < ¢(t), then
t=0.

Example 3.3. The pair (¢, ) defined by ¢(t) = arctan(1 + 2t), ¢(t) = arctan(1 +1t)
is a pair of shifting distance functions on [0, +00).

The F control function F : [0,+00)® — [0,00) was introduced by Karapinar et al.
[10]. We extend it to functions of four variables.

Definition 3.4. A function F : [0, 4+00)* — [0,00) is a control function if it satisfies
the conditions:

(F1) max{a,b} < F(a,b,c,d);

(Fq) F(a,0,0,0) =q;

(F3) F is continuous.
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We denote this class of functions F' by F.

Example 3.5. The following functions belong to F.
1. F(a,b,c,d)=a+b+c+d,
2. F(a,b,c,d) = max{a,b} +In(c+d +1).

Theorem 3.6. Let (X,S) be an S-complete S-metric space, and T,g : X — X
functions such that TX C gX. Assume gX is closed and satisfies the condition:

¢ (F(S(Tx, Ty, Tz),p(Tx),p(Ty),¢(Tz)))
< @ (F(S(gz, 9y, 92), v (g2), ¥ (g9y), ¥ (92))) ,

for all x,y,z € X, where F € F, (¢,9) is a pair of shifting distance function, and
Y X — Ry is a lower semi-continuous function. Then T and g have a coincidence
point. If (T, g) is weakly compatible, then T and g have a unique common fized point.

(3.1)

Proof. Step 1. Let g € X. Since TX C gX, there exists z; € X such that gz, = Txg.
There exists o € X such that gro = Tx;. Continue this procedure, we get a sequence
{zn} satisfying

g, =Tz, 1, n=123---. (3.2)

If there exists ng € N such that gz,, = 9gZn,+1, then T'z,, = gz,,, which means that
T and g have a coupled point and the proof is ended. In the following we assume
9Zny # JTno+1 for n € N. In (3.1) we let (x,y,2) = (Tn, T, Tpni1). From (3.2) we
obtain

925(F(S(g$n+1,g$n+1,g$n+2)a1/J(gffn+1),¢(g$n+1)»¢(g$n+2)))
<@ (F(S(92n; 9%n, 9Tn1), Y(970), Y(920n), ¥ (gTni1))) -

In light of (1) of Definition 3.1 we have
{F(S(g2n, 920, gni1), P(9n), Y (920), P(97n11))}
is a decreasing sequence. So there exists r > 0 such that
Jim F(S(g92n, 92, g2n+1) P(92n), ¥ (920), P(g2nt1)) = -

It follows from (2) of Definition 3.1 that r = 0.
By virtue of (F;) of Definition 3.4 we gain that

nlggo maX{S(gxn,gxmgmn+1),zb(gxn)} =0. (33)

Step 2. To prove {gz,} is an S-Cauchy sequence. If nh_}rrgo S(9%n, gTn, gTns1) # 0,
then there exists € > 0, two subsequence { g, (k) } and { gz, } with m(k) > n(k) > k
and m(k) is the smallest positive integer which satisfy
S(9% (k) 9Tn(k)> 9Tm(k)) = €. (3.4)
We have
S(9Tn (k) 9Tn(k)> ITm(k)—1) < E- (3.5)
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Since
€ <S(GZn(k)> ITn(k)> IZm(k))
<S(9Tn(k)> 9Tn(k)> 9Tm(k)—1) T 25(9Tm(k)» ITm (k) ITm(k)—1)
<e + 25(9Tm(k)> ITm(k)» ITm(k)—1)5
and (3.3) we gain
Jim_ S(g2n (k) 9Tn (k) $Tm (k) = -

In light of
S(9%n(k)s 9Tn(k)> 9Tm(k))
< S(9Tn k) 9Tn k) 9Tmk)—1) + 28 (9T m(k)s 9Tm(k)> 9Tm(k)—1)
< S(9Tm(k) =15 9Tm(k)—15 9Tn(k)—1) T 25(9%n(k)» ITn(k)> 9Tn(k)—1)
+25(9%m(k)> 9T m(k)> 9Tm(k)—1)

and
S(9Tr(k)y—15 9Tn(k)—1> ITm(k)—1)
< S(9Tmk)—1> ITm(k)—15 9Tn(k)) + 25(9Tn (k)15 9Tn(k)—15 GTn(k))
< S(9%n(k), 9Tn(k)s 9Tmk)) + 28 (9T m k), ITm(k)> 9Tm(k)—1)
+28(9% (k) =15 9T (k) =15 9Tn(k) )

we get

Jim S92 (k)15 (k) -1 9Tm(k)-1) = €

In (3.1), let (2,y, 2) = (Tnk)—1> Tn(k)=1, Tm(k)—1), We derive that
#(Ar) < ¢(Bg),
with
A = F(S(9Zn(k), 9Tn(k)s 9Tmk))> V(9Tnk))> V(9Zn k), V(9T m))),
By = F(S(gxn(k)—hg‘rn(k)—lvgxm(k)—l)v/w(gmn(k)—l)v"/}(gxn(k)—l)vw(gmm(k)—l))a
From the property of F' we get lim Ay = lim By = F(¢,0,0,0) = ¢.
n—oo n—roo

On account of (2) of Definition 3.1 we get ¢ = 0. It is a contradiction. So {gz,} is an
S-Cauchy sequence. From the S-completely of (X,.S), we obtain that the sequence
{gz,} is S-convergent. Since gX is a closed set there exists gz such that

lim gz, = g=z.
n— oo

Step 3. To prove gr = T'x.
From the lower semi-continuity of ¥ we get ¥(gx) < liminf ¢ (gx,) = 0.
n—oo

On account of (3.1) and (1) of Definition 3.1 we get
lim F(S(Tz,Tx,Txy), Y(Tx), Y(Tz), v(Txy))
n— oo
< lim_ F(S(ge. gz, gw,). ¥(g2). (g, b{gza) = 0.
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In light of lim S(Txz,Tz,Tx,) =0, we have
n—oo

S(Tx, Tx,gx) <2S(Tx,Tx,Txy,) + S(gx, gz, Tx,) =0,

i.e. Tx = gx; thus, T and g have a coupled point .

Step 4. If T" and g are weakly compatible, then T'gx = gTx = ggz, i.e. gx is also a
coupled point of (7', g). Assume there exists another y € X such that Ty = gy. From
(3.1) we have

(F(S(Tx, T, Ty), (Tx),p(Tx),(Ty)))
< e(F(S(gz, gz, gy), ¥(g2), ¥ (g2), ¥ (gy)))-
From Remark 3.2 we get F(S(Txz, Tz, Ty),y(Tx),v(Tz),v(Ty)) =0, ie.
gr =gy =Tz =Ty,
which implies that the coupled point is unique. We derive Tgx = ggx = gx. T and g

have a unique common fixed point gz. O

In light of Theorem 3.6, if we take g = I, the identity mapping on X, we deduce
the following corollary.

Corollary 3.7. Let (X,S) be an S-complete S-metric space, and T : X — X be a
function satisfying the condition:

6 (F(S(T, Ty, T=), ¥(Ta), $(Ty), $(T2)) < @ (F(S(w,y, 2), (), ¥(y), (2))
(3.6)

for all x,y,z € X, where F € F, (¢, ) is a pair of shifting distance functions, and

¥ X — Ry is a lower semi-continuous function. Then T has a unique fized point.

From Theorem 3.6, if the function F(a,b,c,d) = a+ b+ ¢+ d and 9(t) = 0, we
derive the following corollary.

Corollary 3.8. Let (X,S) be an S-complete S-metric space, and T,g : X — X be
two functions such that TX C gX. Assume gX is closed and satisfies the condition:
¢ (S(Tz, Ty, Tz)) < ¢ (S(g97, 9y, 92)) (3.7)

for all z,y,z € X, where F € F, (¢,¢) is a pair of shifting distance functions, and
¥ X — Ry is a lower semi-continuous function. Then T and g have a coincidence
point. If (T, g) is weakly compatible, then T and g have a unique common fized point.

Corollary 3.9. Let (X,S) be an S-complete S-metric space, and T, g : X — X are
two functions such that TX C gX. Assume gX is a closed set, and for all x,y € X,

F(S(Tz, Ty, Tz2), p(Tx),p(Ty), ¥ (Tz))

<a(F(S(gz,9y,92),¥(92),¢(9y),¥(92))) F(S(9z, gy, g2), ¥ (gz), ¥ (g9y), ¥ (92))
(3.8)

where F € F, the function o : Ry — [0, 1) satisfies the condition:

lim «a(t,) =1 = lim ¢, =0,

n—oo n—oo
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and Y : X — Ry is a lower semi-continuous function. Then T and g have a coupled
point. Moreover, if T and g are weakly compatible, then T and g have a unique
common fized point.

Proof. Tt is obvious that (I, ) is a pair of shifting distance functions. From Theorem
3.6 we can derive the conclusion. g

Example 3.10. Let X = [0,2], S(z,y,2) = |vt—z|+|y—z[; then (X, S) is an S-metric
space. Define the mapping 7', g : X — X by Tx = £, gv = %z.
Let ¢(z) =z, F(a,b,c,d) =a+b+c+d, ¢(z) =In(5z), ¢(x) = In(2z) on [0, 2].
It is easy to know that (¢, ) is a pair of shifting distance functions. For every
z,y € X we have

O(F(S(Tx, Ty, Tz),¢(Tx), Y (Ty), (T2)))
-n (o33 [5-31+3+5+3)

3 3 3 3 3 3

20 2z 2y 2z 20 2y 2z
<hm(2(|=-Z|+ |- 42424 =
—n<<3 3073 3+3+3+3)>

=p(F(S(g7, gy, 92), ¥ (g7), ¥ (9y), ¥ (92)))-

The conditions of Theorem 3.6 are satisfied and the mappings T and g have a unique
common fixed point 0.
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