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Abstract. In this paper, we consider a hierarchical variational inequality problem defined over the
set of zeros of a set-valued monotone vector field in the setting of Hadamard manifolds. We also
consider bilevel variational inequality problems and bilevel optimization problems as special cases of
our variational inequality problem. We develop implicit and explicit viscosity methods for solving
our problem for weakly contraction mappings. An inexact version of the explicit viscosity method
is also studied. At the end, we provide two examples and computational experiments to illustrate
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1. INTRODUCTION

A variational inequality problem defined over the set of fixed points of a mapping
is called a hierarchical variational inequality problem, also known as hierarchical fixed
point problem. Several real-life problems, namely, signal recovery [11], beamforming
[29] and power control [16] problems can be written in the form of a hierarchical vari-
ational inequality problem. For details and applications of hierarchical variational
inequality problems, we refer to [7, 11, 16, 29, 34, 35] and the references therein. Dur-
ing the last decade, several people have considered hierarchical variational inequality
problems defined over the set of zeros of a mapping in the setting of Hilbert / Banach
spaces, see, for example, [26, 34, 27] and the references therein.

Since the nonconvex optimization problems can be treated as convex ones in the
setting of manifolds, and because of many real life problems can be written as opti-
mization problems in the setting of manifolds, many people have developed the theory
of optimization, theory of variational inequalities, fixed point theory, etc., in the set-
ting of manifolds, see, for example, [2, 3, 4, 5, 15, 6, 20, 21, 12, 14, 18, 24, 28, 13, 19,
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17, 22, 32, 31] and the references therein. Very recently, we [3] developed viscosity
approximation method for ¢-contraction mappings for solving hierarchical variational
inequality problems in the setting of Hadamard manifolds. It is worth to mention that
the viscosity approximation method was first introduced by Moudafi [23] for solving
variational inequality problems in the setting of Hilbert spaces. It is further extended
and studied in [23, 26, 27, 34, 35] in the setting of Hilbert / Banach spaces.

The main motivation of this paper is to consider the hierarchical variational in-
equality problem defined over the set of zeros of a set-valued monotone vector field
in the setting of Hadamard manifolds, and to develop implicit and explicit viscos-
ity type approximation methods under weakly contraction mappings for solving such
problems. It is well-known that the concept of a weakly contraction mapping is weaker
than the concept of ¢-contraction mapping (see [1, 3]).

The present paper is organized as follows: In the next section, we present some basic
terminologies and tools from Riemannian / Hadamard manifolds which will be used
throughout the paper. In Section 3, we first recall resolvent and Yosida approximation
of a set-valued vector field. Then we formulate a variational inequality problem
defined over the set of zeros of a set-valued monotone vector field. We also consider
the bilevel variational inequality problem and the bilevel optimization problem as
special cases of our variational inequality problem. In Section 4, we propose implicit
type viscosity methods for solving our problem and discuss their convergence results.
As a particular case, we derive the implicit viscosity methods and their convergence
results for bilevel variational inequality problems and bilevel optimization problems.
Section 5 deals with explicit viscosity method and its convergence result. An inexact
version of the explicit viscosity method is also discussed. As particular cases, we
derive the explicit viscosity method and its convergence result for bilevel variational
inequality problems and bilevel optimization problems. In the last section, some
examples are presented to check the numerical authenticity of implicit and explicit
viscosity methods.

2. PRELIMINARIES

2.1. Basic concepts from manifold. Let M be a finite dimensional differentiable
manifold, 7,M be a tangent space of M at * € M and TM = J, ¢ T=M be the
tangent bundle of M. Let € M and (-, ), : T,M x T, M — R be a scalar product on
T,M. The smooth mapping (-,-) :  —> (-, ) is known as a Riemannian metric on
M. The corresponding norm to the inner product (-,-), on T,M is denoted by || - |-
We omit the subscript x if no confusion occurs. A differentiable manifold M with a
Riemannian metric (-, -) is called a Riemannian manifold.

Let z,y € M and v : [a,b] — M be a piecewise smooth curve joining = to y. The
length of the curve ~ is defined by

b
L) = [ it

where () is a tangent vector at () in the tangent space T’ ;) M. The minimal length
of all such curves joining x to y is known as Riemannian distance and is denoted by

d(z,y).
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A single-valued vector field on M is a C°° mapping A : M — TM such that for
every x € M a tangent vector A(z) € T,M is assigned. A C'* vector field A along ~
is said to be parallel if V5;)A = 0, where V is Levi-Civita connection and 0 denotes
the zero tangent vector. If 4(t) is parallel along v, i.e., V4;)7(t) = 0, then v is called
a geodesic and in this case ||¥(t)| is constant. Moreover, v is said to be normalized
geodesic if ||¥(t)|| = 1. A geodesic joining = to y in the Riemannian manifold M is
said to be a minimal geodesic if its length is equal to d(z,y).

A Riemannian manifold M is said to be complete if for any z € M, all geodesics
emanating from z are defined for all ¢ € R. By Hopf-Rinow Theorem [28], if M is
a complete Riemannian manifold, then any pair of points in M can be joined by a
minimal geodesic. Moreover, (M, d) is a complete metric space. If M is a complete
Riemannian manifold, then the exponential map exp,, : T,M — M at x € M is defined
by

exp, u =vy(1;z), Yue T,M,

where v(-;x) is the geodesic starting from = with velocity u, i.e., v(0;z) = z and
4(0;2) = u. It is known that exp, tu = (¢;z) for any real number ¢, and exp, 0 =
~v(0;2) = z. Note that the exponential map exp, is differentiable on T, M for any
x € M. It is well-known that the derivative Dexp,(0) of exp,(0) is equal to the
identity vector of T, M. Therefore, by the inverse mapping theorem, there exists an
inverse exponential map exp, ! : M — T,M. Moreover, for any x,y € M, we have
d(x,y) = ||exp; ! y||. For further details, we refer to [28].

A complete simply connected Riemannian manifold of nonpositive sectional curva-
ture is called a Hadamard manifold.

The rest of the paper, unless otherwise specified, we assume that M is a finite
dimensional Hadamard manifold.

We recall some known properties of the exponential map in the setting of Hadamard
manifolds.

Lemma 2.1. [17] Let {z,}nen be a sequence in a Hadamard manifold M such that
Ty — xo € M. Then the following assertions hold:

(a) For anyy € M, we have

exp;n1 Yy — eXp;O1 y and expy_1 Ty — eXp;1 -
(b) Ifu, € Ty, M and u, — uo, then ug € T M.
(¢) Given up,v, € Ty, M and ug,vg € Typ,M, if u, — ug and v, — vy, then
(U, V) = (0, v0).

Proposition 2.2. [28] Let M be a Hadamard manifold. Then for all x € M, the
exponential map exp, : T,M — M is a diffeomorphism, and for any two points
x,y € M, there exists a unique normalized geodesic v : [0,1] = M joining © = v(0) to
y = (1) which is in fact a minimal geodesic defined by

y(t) = exp, texp, ly, Vtelo,1].

A subset C of a Riemannian manifold M is said to be geodesic convex if for any
two points z and y in C, any geodesic joining = to y is contained in C, i.e., for all
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a,b € R and for any geodesic 7 : [a,b] — M such that 2 = v(a) and y = ~(b), we have
~v(at 4+ (1 —¢)b) € C for all t € [0, 1].

A function f: M — R is said to be geodesic convex if for any geodesic v : [a, b] — M,
the composition function f o~ : [a,b] — R is convex, that is,

(foy)at+ (1 —=t)b) <t(foy)(a)+ (1 —1)(fox)(b), Vtel0,1] and Va,bec R.

Proposition 2.3. [28] The Riemannian distance d : M x M — R is a geodesic
convex function with respect to the product Riemannian metric, i.e., given any pair
of geodesics v1 : [0,1] = M and 2 : [0,1] = M, the following inequality holds for all
tel0,1]:

d(v1(t),72(1)) < (1 = 1)d(71(0),72(0)) + td(71(1),72(1)).
In particular, for each © € M, the function d(-,z) : M — R is a geodesic convex
function.

We now mention some geometric properties from the finite dimensional Hadamard
manifold M which are similar to the settings of Euclidean space R".

A geodesic triangle A(zy,x2,z3) in a Hadamard manifold M is a set consisting of
three points z1,x2 and z3, and three minimal geodesics v; joining z; to x;41, where
i=1,2,3 (mod 3).

Proposition 2.4. [28] Let A(zq,x2,x3) be a geodesic triangle in a Hadamard mani-
fold M. For each i =1,2,3 (mod 3), let 7, : [0,1;] = M be the geodesic joining x; to
Zit1, i = L(7;) and «; be the angle between tangent vectors 4;(0) and —;—1(l;-1).
Then,

(a) a1 +as + asz < m;
(b) lZQ + li2+1 — QZili+1 COS (V41 < 11-271.

As in [17], Proposition 2.4 (b) can be written in terms of Riemannian distance and
exponential map as

(w5, wig1) + P (Tig1, Tig2) — 2 eXp;il z;, eXp;lﬂ Tip2) < d*(zi1, i),  (2.1)
since
<expg;£rl Z;, expgjil+1 xi+2> =d(x;, iy1)d(Ti41, Tita) COS Q1.

For further details, we refer to [14].

Lemma 2.5. [18] Let A(z,y,z) be a geodesic triangle in a Hadamard manifold M.
Then, there exists 2',y', 2 € R? such that

d(z,y) =" =y, dly.2) =y’ = 2| and d(z,2)=]2"—2|.

The triangle A(a’,y’, 2’) is called the comparison triangle of the geodesic triangle
A (z,y,z), which is unique up to isometry of M. The points z’,y’, 2" are called
comparison points to the points x, y, z, respectively.

Lemma 2.6. [18] Let A(x,y,z) be a geodesic triangle in a Hadamard manifold M
and A(2',y', ') be its comparison triangle.
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(a) Let 01,02,05 (respectively, 01,04, 05) be the angles of A(x,y, z) (respectively,
A2y, 7)) at the vertices x,y, z (respectively, x',y',2"). Then,
9/1 2 917 0; Z 92 and 9:9, Z 93.
(b) Let w be a point on the geodesic joining x to y and w' be its comparison point
in the interval [z',y']. If d(w,z) = ||[w' — 2| and d(w,y) = ||w’ — ||, then
d(w, z) < ||lw' = 2.

A parallel transport on the tangent bundle TM along v with respect to V is a linear
map ,P'y,v(b),'y(a) : T’y(a)M — Tv(b)M defined by
Py ) v(a) () = A(y(D)), Va,be R and Vv € T, ()M,

where A is the unique vector field such that Vs A = 0 for all t and A(y(a)) = v.
When 7 is a minimal geodesic joining = to y, we write P, . instead of Py, .. For
further details, we refer to [13, 28].

2.2. Basic concepts from nonlinear analysis. Let M be a Hadamard manifold
and C be a nonempty closed geodesic convex subset of M. The projection of a point
x € M onto C is defined by

Po(x)={z€ C:d(z,z) <d(z,y), Vy € C}.
Proposition 2.7. [32] Let C' be a nonempty closed geodesic conver subset of a

Hadamard manifold M. Then for any x € M, Pc(x) is a singleton set. Also, for
any point x € M, the following statements are equivalent:

(a) y = Pc(x);
(b) <exp;1 x,exp;l z> <0 forall z € C.

Definition 2.8. [19] A mapping T : C C M — M is said to be firmly nonexpansive
if for any z,y € C, the function ¢ : [0,1] — [0, 4+00) defined by
o(t) :=d (expr texp, ' T(x), exp, teprl T(y)) , Vtelo,1],
is nonincreasing.
Li et al. [19] proved that every firmly nonexpansive map is nonexpansive, that is,
d(T(x),T(y)) < d(z,y), Va,yeC.

Alber and Guerre-Delabriere [1] defined the concept of a weakly contraction map-
ping and studied the existence of a unique fixed point for such mappings in the setting
of Hilbert spaces. Rhoades [25] extended the result of Alber and Guerre-Delabriere
[1] for complete metric spaces.

Definition 2.9. A mapping f : Ml — M is said to be weakly contraction if
d(f(z), f(y)) < d(z,y) —Y(d(z,y)), Y,y €M,

where 9 : [0, +00) — [0,+00) is a continuous and nondecreasing function such that
¥(0) = 0, ¥(t) > 0 for ¢ > 0 and tlim () = +oo. The function ¢ is called a
— 00

comparison function.
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Remark 2.10. (a) If ¢(¢) = kt for all t > 0, where k € (0,1), then every weakly

contraction mapping is contraction with constant 1 — k.
(b) Note that weakly contraction mappings are nonexpansive.
t2

(c) Forall t >0, ¢(t) = {37 is a comparison function.

Theorem 2.11. [25] Let (M,d) be a complete metric space and f : M — M be a
weakly contraction mapping. Then, f has a unique fixed point.

Very recently, we [3] considered the following ¢-contraction mapping in the setting
of Hadamard manifolds. It was originally introduced by Boyd and Wong [9] in the
setting of metric spaces.

Definition 2.12. A mapping f : M — M is said to be ¢-contraction if
d(f(x), f(y)) < ¢(d(z,y)), Vz,yeM,

where ¢ : [0,400) — [0, +00) is an upper semicontinuous function such that ¢(t) < ¢
for all ¢t > 0.

Remark 2.13. Every weakly contraction mapping is ¢-contraction.

Indeed, let f : M — M be a weakly contraction mapping with the comparison function
¥ : [0,400) — [0,4+00) which is continuous and nondecreasing such that ¢ (0) = 0,
¥(t) > 0 for all t > 0 and tliglo ¥ (t) = +00. Then, the function ¢ : [0, 4+00) — [0, +00)

defined by ¢(t) = ¢t — ¢(t) is an upper semicontinuous function and ¢(t) < t for

all t > 0. Also, d(f(2), f(y) < d(z,y) — ¥(d(x,y)) = ¢(d(z,)) for all z,y € M.
Therefore, f is ¢-contraction.

The following lemma will be used to prove the main result of this paper.

Lemma 2.14. [1] Let {pn }nen and {Bn tnen be two sequences of positive real numbers
o0
such that lim 5— =0 and Y pn, =—+0o. Let {wynen be a sequence of positive real
n—oo Kn

n=1
numbers satisfying the following recursive inequality:

Wn+1 S Wp — an(wn) + /an Vn € Na

where 1 : [0, +00) — [0,+00) is a continuous and nondecreasing function such that
¥(0) =0 and (t) > 0 for allt > 0. Then, 1i_>m wy, = 0.
n—oo

3. FORMULATION OF THE PROBLEMS

Throughout the paper, unless otherwise specified, we assume that M is a Hadamard
manifold. Let Q(M) denote the set of all single-valued vector fields B : M — TM
such that B(z) € T,M for each x € M. Let X' (M) be the set of all set-valued vector
fields A : M = TM such that A(x) C TyM for each x € M. The domain D(A) of A
is defined by D(A) = {z € M : A(z) # 0}.

Definition 3.1. [21] A single-valued vector field B € (M) is said to be monotone if
<B(3c),exp;1 y> < <B(y)7 — exp;1 x> , Vx,y e M.
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Definition 3.2. [20] Let T : C € M = M be a set-valued mapping. The comple-
mentary vector field A € X(M) of T is defined by

A(z) = —exp, ' T(z), Yz eC,
where exp,; ! T'(z) = {exp; 'y € T:M : y € T(z)} for all € M.

Theorem 3.3. [20] If T : C C M — M is a nonexpansive mapping, then its comple-
mentary vector field is monotone.

Now, we recall the definition of resolvent associated with a set-valued vector field.

Definition 3.4. [19] For a given A > 0, the resolvent of a set-valued vector field
A € X(M) of order ) is a set-valued map J5! : M = D(A) defined by

J(x) :={2 € M:z cexp, \A(2)}, VzeM,

and the Yosida approximation of A of order A is defined by

1
Ax(z) = 3 exp; L J{ (x), Yz e M.

Note that the Yosida approximation Ay of A is the complementary vector field of the
corresponding resolvent.

Remark 3.5. [19] For A > 0, the range of resolvent J§' is contained in the domain
of A and

Fix(J{') = A71(0).

Definition 3.6. [12] A set-valued vector field A € X(M) is said to be monotone if
for any x,y € D(A),

<u, exp, ! y> < <v, — eprl x> , Yu€ A(z) and Yv € A(y).

Lemma 3.7. [19] A set-valued vector field A € X (M) is monotone if and only if J§*
is single-valued and firmly nonexpansive.

Remark 3.8. Note that the set of fixed points of a nonexpansive mapping is closed
and geodesic convex (see [2, 19]). If A € X(M) is monotone, then by Lemma 3.7,
J )’\4 is single-valued and firmly nonexpansive, and hence nonexpansive. Therefore,
Fix(J{!) = A71(0) is closed and geodesic convex.

Lemma 3.9. [2] Let A : M = TM be a monotone set-valued vector field. Then, for
w >0 and n >0, we have

d(JM ), J) (@) < I ; nly (z,J (x)), VoeM. (3.1)
Lemma 3.10. [19] Let A € X(M) be monotone, A > 0 and © € D(Ay). Then,
AN(2) € Py A (I (2))  and [|Ax(@)]| < [||A()]]],
where ||| A(2)|] = nf{||ul| : u € A(z)}. Moreover, | Ax(x)[| = [[A(JS! ())]]-
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Let f: M — M be a weakly contraction mapping and A : M = TM be a set-valued
monotone vector field such that A=1(0) # (). The hierarchical variational inequality
problem (in short, HVIP) is to find Z € A=!(0) such that

<exp;1 f(a_?),expg1 x> <0, Vxe A*I(O). (3.2)
We denote by S the solution set of HVIP (3.2). Clearly, by Remark 3.8, the assumption
A~Y(0) # (0 and Proposition 2.7, HVIP (3.2) can equivalently be written as the
following fixed point problem:

Find £ € M such that z = PA—l(O)f(f), (3.3)
where Pj-1(g) is the metric projection on the nonempty closed geodesic convex set
A71(0) in the Hadamard manifold M.

SPECIAL CASES

Bilevel variational inequality problems. A variational inequality problem de-
fined over the set of solutions of another variational inequality problem is known as
bilevel variational inequality problem. For further details, applications and a nice
survey, we refer [33].

Let C be a nonempty closed and geodesic convex subset of a Hadamard manifold
M, and B : €' — TM be a single-valued monotone vector field. The variational
inequality problem in the setting of Hadamard manifolds was first considered and
studied by Németh [21] which is defined as follows:

Find § € C  such that <B(g]),exp51 z) >0, VzeC. (3.4)
The solution set of the variational inequality problem (3.4) is denoted by VIP(B; C').
The normal cone to C at y € C' is defined by
Ne(y) = {u e T,M: <u,exp;1 z> <0,Vze C'}.
Note that the problem (3.4) is equivalent to the following inclusion problem:
Find j € C such that 0 € B(y) + Nco(7), (3.5)

where B + N¢ is a set-valued monotone vector field (see [17]). Let RY = J f Ne
that is,
RY(y) = JY T (y)
={w:y € exp, N(B+ N¢)(w)}
1

= {w : Xexp;l y— B(w) € Nc(w)}

={w: (AB(w) —exp,' y,exp,' z) > 0, V2 € C}, VyeM.
Since B+ N¢ is a set-valued monotone vector field, by Lemma 3.7, Rf\3 is single-valued
and firmly nonexpnasive, and hence, nonexpansive. Clearly, Fix(RY) = VIP(B;C).
If we consider A = B+ N¢, then VIP(B; C) = Fix(RY) = A~1(0), and therefore, the
HVIP (3.2) reduces to the following bilevel variational inequality problem:

Find z € VIP(B;C) such that  (exp;' f(z),exp;'y) <0, Vy€ VIP(B;O),
(3.6)
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where f : M — M is a weakly contraction mapping.

Bilevel optimization problems. An optimization problem defined over the set of
solutions of another optimization problem is known as bilevel optimization problem.
For further detail and applications, we refer [30, 10].

Let F: M — R U {400} be a proper, lower semicontinuous and geodesic convex
function with the domain D(F) := {x € M : F(x) # +o00}. Let C be a nonempty
closed and geodesic convex subset of a Hadamard manifold M. The constraint mini-
mization problem is defined as

The solution set of the constraint minimization problem is denoted by argmin F'(z),
zeC

that is,
argmin F'(z) :={Z e M: F(z) < F(y),Yy € C}.
zeC
The directional derivative of a proper geodesic convex function F : M — R U {+o0}
at x in direction u € T,M is

The resolvent of F', defined by

1
Proxy p(z) := argmin { F(y) + —~d*(z,y) ¢ , (3.8)
' yel 2A

where A > 0, is single-valued and firmly nonexpansive (see [14]). The set of fixed
points of resolvent of F is denoted by Fix(Proxy r). By ([8, Lemma 3.2]),

argmin F(z) = Fix(Proxy g). (3.9)

zeC

The gradient VG of a geodesic convex differentiable function G : Ml — R at x € M
[13] is defined by (VG(x),u) := G'(x;u) for all u € T, M.

Proposition 3.11. [24] Let M be a Riemannian manifold and G : M — R be a
differentiable function. Then, G is geodesic convex if and only if VG is a monotone
vector field.

Since every weakly contraction mapping is nonexpansive, therefore by Theorem
3.3, the complimentary vector field of a weakly contraction mapping is monotone.
Also, by Proposition 3.11, the gradient of a geodesic convex function is monotone.
Therefore, without loss of generality, we can consider a weakly contraction mapping
f M — M and a geodesic convex differentiable function G : M — R such that
VG = —exp ! f. For A > 0, if we consider J/{‘ = Prox, r and adopt the technique of
[3, Proposition 3.10], then HVIP (3.2) reduces to the following bilevel minimization
problem (in short, BMP):

min _ G(x), (3.10)

xr€argmin F
where argmin F' denotes argmin F'(x). It is considered and studied by Cabot [10] and
zeC
Solodov [30] in the setting of Euclidean spaces.
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4. IMPLICIT METHODS

To propose the implicit methods for solving HVIP (3.2), we first prove that the
mappings J5' f and J{}(exp. texp~! f) have a unique fixed point where f is a weakly
contraction mapping and A > 0, ¢ € [0, 1].

Proposition 4.1. Let f : M — M be a weakly contraction mapping and A : Ml = TM
be a set-valued monotone vector field. Then the following assertions hold:

(a) For each A\ >0, J{*f has a unique fived point.

(b) For each A > 0 and t € [0,1], J{*(exp. texp! f) has a unique fized point.

Proof. (a) Since J3! is nonexpansive and f is weakly contraction, we have that J§' f
is weakly contraction, that is,

(T (f(2)), I (F () < d(f(2), f(y)) < d(z,y) = d(d(z,y)), Y,y e M.

So, by Theorem 2.11, J{! f has a unique fixed point.
(b) Since J§! is nonexpansive for all A > 0 and f is weakly contraction, we have

d(J3! (exp, texpy* f(x)), J3' (exp, texp, ' f(y)))
< d(exp, texp, ' f(x),exp, texp,’ f(y))
< (1 =t)d(z,y) +td(f(x), f(y))
< (1 —t)d(z,y) + t(d(z,y) — P(d(z,y)))
=d(z,y) — t(d(z,y)), Vr,ye€ M.

Hence, J{!(exp. texp ! f) is weakly contraction with the comparison function ¢ = t)

which is continuous and nondecreasing such that ¢(0) = 0, ¢(s) > 0 for s > 0

and tlim p(t) = +oo. By Theorem 2.11, there exists a unique fixed point of
—00

J{ (exp. texp! f). O

In view of the above proposition, we suggest the following implicit methods to find
the solutions of HVIP (3.2):

Y = JL(f(yn), YA >0. (4.1)

and
;= J3 (exp,, texpy, f(z¢)), VA >0and Vte€ [0,1]. (4.2)
The implicit methods (4.1) and (4.2) improve and extend several known methods
in the following ways:

(a) The implicit method (4.1) extends the one considered by Wong et al. [34] for
the problem (3.2) from Banach space settings to Hadamard manifolds.

(b) The implicit method (4.2) extends and improves the one considered in [27]
for a contraction mapping f in the setting of Banach spaces.

(¢) If f(z) =w is a fixed point in M, then the implicit method (4.2) reduces to
the one considered in [5].

(d) In [6, 3], we studied the HVIP (3.2) for nonexpansive mappings, weakly con-
traction mappings and ¢-contraction mappings in the setting of Hadamard
manifolds and also considered some particular cases. If we consider f to be a
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¢ - contraction mapping, then the map Jf(expmt texpgjt1 f(z¢)) may not be a
¢-contraction. Therefore, in view of [9, Theorem 1], J§! (exp,, texp,! f(z¢))
may not have a fixed point, and hence, the methods in [6, 3] may not be ap-
plicable. Thus, the implicit method (4.2) is applicable for more general class
than the one considered in [6, 3].

Theorem 4.2. Let f: M — M be a weakly contraction mapping with the compar-
ison function ¥, and A : Ml = TM be a set-valued monotone vector field such that
A~Y0) # (0. Then the following assertions hold:

(a) The path (yx)r>o generated by (4.1) converges to a solution of HVIP (3.2) as
A — o0.

(b) The path (v¢)¢cjo,1) generated by (4.2) converges to a solution of HVIP (3.2)
ast— 0.

Proof. (a) Since A71(0) # 0, we can assume that y € A~1(0) such that yy # y,
otherwise y, will converge to y. Then for A > 0, we have

d(yx,y) = d (J3(f(ua), I3 ()
< d(f(yr),v)
<d(f(yr), f(y) +d(f(y),v)
7y) -

d
d(yx Y(d(yx.y) +d(f(y),y),

IA |

that is,
Y(d(yr,y)) < d(f(y),y)- (4.3)

Now we prove that (d(yx,¥))xso is bounded. Suppose contrary that (d(yx,¥))so
is not bounded. Then there exists a sequence (A\x)ren in (0, +00) with A\ — oo as
k — oo such that

d(y)\my) >k, VkeNlN
Since v is a comparison function, so it is nondecreasing and tlim Y(t) = +o0; from
— 00

the above inequality and (4.3), we have

(k) <y, v) <d(f(y),y), VkeEN,
that is,
lim (k) <d(f(y),v),

k— o0

a contradiction. Hence, (d(yx,¥)),s( is bounded.
For r > 0, let A, be the complimentary vector field of A. Then, by Yosida approxi-
mation and Lemma 3.10, we have

d (yx, T (y2)) = [lexpy ! T ()| = 7 Ar ()l < el A = 7 [ AU ()]
By Lemma 3.10, Ax(z) € Py s, (o) A(Jr(2)) for all X > 0, and therefore,

AN )l = TA ()
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Then the above inequality becomes
r _
a (T2 ) < T IANFI = 5 [exprd,,) T )|
T 1 r
=3 Hepr(yUyAH < XKla (4-4)

for some Ky > 0. Since (d(yx,y)),so is bounded for every y € A~'(0), and so is
(Yx)xso- Therefore, we may assume that the sequence {\, }nen in (0, +00) such that

lim A, = 400 and the subsequence (yx, ) of (yx)x>o0 converges to y. For r > 0, from
n—oo

(4.4), we have

d (Yr., I () <
By taking limit as n — co, we get

d(y,J(y) =0, Vr>0.

This implies that § € Fix(JA). By Remark 3.5, we have § € A~1(0).
Since yx = J f(y»), it follows that

exp, f(yr) € A(yr).
By monotonicity of A and for any y € A=1(0), we have

.
K.
PV

(expy! f(yr) expyly) <0,

and so,
(exp,, f(yn,),exp,, y) <0, Vye A7Y(0). (4.5)
Since yx, — ¥ as A, = 00 as n — 00, it follows that
(expy ! f(§),exp; ' y) <0, Vye A7N(0). (4.6)

In order to show that the path (yx)aso converges to an element of A~1(0), we assume
that (M) is another sequence in (0, 4+-00) such that yx , — § as A,y — co. By (4.4),
we obtain § € Fix(J{) for all A > 0. From (4.6), we have

(exp; ' f(§),exp;'y) <0, Vye A7Y(0).
In particular, for § € A=1(0), we have
(exp; ! f(7),expy ' y) <0. (4.7)

Since f is weakly contraction, so is nonexpansive, and therefore the complementary
vector field —exp ! f of f is monotone. Thus, we have

(= exp3" (@)vexpy™ 5) + ( — expy £(3).expy 7)< .
By combining above inequality with the inequality (4.7), we obtain
(expy ' f(7), expy ' §) > 0.

Since the inequality (4.6) holds for all y € A~1(0), so it holds for a particular
7 € A71(0), that is,

(exp; ' f (1), expy ' §) <0.
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By combining above two inequalities, we obtain

(expz* f(y), expy ' §) = 0. (4.8)
Now, we have two cases.

Case 1. If exp‘g1 f(g) # 0, then from (4
that d(g,9) = || expg1 gll = 0, that is, § =
element of A~1(0).

Casg 2. If expg1 f(g) =0, then d(f(7),y) = 0, that is, gy = f(y). Putting 5 = f(7)
in (4.7), we get

.8), we have expy 14 = 0. This implies
y. Hence, (yx)x>0 converges to a unique

(exp; ' f(§).exp; ' f(7)) < 0. (4.9)
Consider a geodesic triangle A(f(9), 9, f(%)). Then by inequality (2.1), we have
d(f(7),9) + d*(G, f(@)) — 2(exp; " £(7),exp; " f(@)) < P(f(@), f@).  (4.10)
By combining (4.9) and (4.10), we get

& (f(9).9) + d*(G. f@)) < P (f(). f@)), (4.11)
that is,
d(@, f(y)) < d(f (@), f(H))-
Since f is weakly contraction, we have
d(g, f(y)) < d(f(@), f(H) < d(G,y) —(d(7,9)) < d7,9).

This implies that d(7, f(y)) < d(7,7). Since A71(0) is nonempty closed and geo-
desic convex, by the definition of metric projection, we get f(§) = Ps-1(0)¥, and so,
§ = Pa-1(0)y. Since 7,5 € A7(0), we have § = 3. Hence, (yx)a>o converges to a
unique element of A~1(0).
(b) Let x € A71(0), A > 0 and ¢ € [0, 1], we have
d(ze,x) = d (J5\ (exp,, texp, ! f(x)), Ji' (x))

< d (exp,, texpy, f(z), )

< (1 = t)d(xy, x) + td(f (z1), )

< (1= t)d(xy, x) + H(d(f (2e), f(2)) + d(f(z),2)),
that is,

(e, x) < d(ze, x)=p(d(ze, 7)) + d(f(2), )

U(d(zy, x)) < d(f(2), ).

Asin (a), (d(z1, 2))4e(o,q) is bounded, and s0 is (1) ¢e(o,1]- Let 2 = exp,, texpy! f(@).
For A > 0, we have

d (SEt, Jf(xt)) =d (J;\L‘(Zt), Jf(ift)) S d(Zt, l’t) (412)
< (X =t)d(@e, z¢) + td(f (20), xe)) = td(f(z1), 20).
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Since (7t)se[o,1) is bounded, we may assume that the sequence {t,}n,en C [0,1] be

such that lim ¢, = 0 and the subsequence (x,) of (¢)ie[0,1] converges to Z. For
n— oo

A > 0, from the above inequality, we have
d (20, J{ (@r,)) < tad(f(22,), 20,)- (4.13)
By taking limit as n — oo, we get
d(z,J(z)) =0.
This implies that € A~'(0). Since z; = J{!(exp,, texp,! f(z¢)), we get

1
X exp,, texp;ﬁ1 f(zy) € A(xy),

that is,

%exp;tl fxy) € A(xy).

By monotonicity of A and for any x € A~1(0), we have
<exp;t1 f(xt),exp;tl z) <0, Vze A71(0),
and so,
<exp;,t1n f(xtn),exp;tln z) <0, Vze A (0). (4.14)

Note that z;, — & as t, — 0 and every weakly contraction mapping is continuous,
we have

(exp;! f(Z),exp; ' x) <0, Vo€ ATY(0). (4.15)

In order to show that the path (x);cjo,1] converges to an element of A~'(0), we
assume that (,/) is another sequence in [0,1] such that x; , — Z as t,» — 0. By
(4.13), we obtain # € Fix(J{!) for all A > 0. From (4.15), we have

(exp; ' f(&),exp; "x) <0, Vae A™'(0).

In particular, for 7 € A=1(0), we get

{exp; ! f(&),exp; ') <0. (4.16)
By the same argument as in part (a), we can show that (z¢)¢c[o,1) converges to a
unique point of A~1(0). O

By considering A = B + N¢ in Theorems 4.2, we have the following result for the
problem (3.6).

Corollary 4.3. Let f : M — M be a weakly contraction mapping with the comparison
function ¢, and B : Ml — TM be a single-valued monotone vector field such that the
solution set of BVIP (3.6) is nonempty. Then, the following assertions hold:

(a) The path (yx)aso generated by
yx = RY(f(yr), VA >0, (4.17)

converges to a solution of BVIP (3.6) as A — oo.
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(b) The path (x¢)¢cjo,1) generated by
zy = R (exp,, texp,! f(z:)), VYA >0 andVt e [0,1], (4.18)
converges to a solution of BVIP (3.6) ast — 0.

By taking J{! = Prox, r and —exp- ! f = VG in Theorems 4.2, we obtain the
following result for the problem (3.10).

Corollary 4.4. Let F': M — RU{+oo} be a proper, lower semicontinuous, geodesic
convez function and G : M — R be a geodesic convex differentiable function and the
solution set of BMP (3.10) is nonempty. Then, the following assertions hold:

(a) The path (ya)aso generated by
yx := Prox) p(exp,, (=VG(yr))), VA >0, (4.19)

converges to a solution of BMP (3.10) as A — oc.
(b) The path (x¢)¢cjo,1) generated by

zy := Proxy p(exp,, (=t VG(2¢))), VA >0 andVt € [0,1], (4.20)

converges to a solution of BMP (3.10) as t — 0.

5. EXpLICIT METHODS

Algorithm 5.1. Choose an arbitrary element 21 € M and define a sequence {z, }nen
by

Tnt1 = an (expmn e%7) eXp;j f(l'n))a vn €N, (51)

where {ap tneny C [0,1] and 0 < A < A, < 400 are the sequences of nonnegative real
numbers such that the following conditions hold:
) i on =0
(il) > an = +oo;
n=1
(i) lim Loy, — an_1| = 0;
)

n—oo

lim Ll/\n - )\n—1| =0.

QAp

When M = H is a Banach space, Algorithm 5.1 is discussed in [27].

Theorem 5.2. Let f: M — M be a weakly contraction mapping with the comparison
function v and A : Ml = TM be a set-valued monotone vector field such that A~1(0) #
(). Then, the sequence {x,}nen defined by Algorithm 5.1 converges to a solution of
HVIP (3.2).

Proof. Let z, = exp,, oy exp, ! f(x,), and v, : [0,1] — M be the geodesic such that
Y (0) = 2, and 7, (1) = f(x,,) for each n € N. Clearly, 2z, = 7, (). Let 7 € A=1(0),
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that is, z = J{* (z). Then by Proposition 2.3, we have

d(zn, %) = d(yn(an), T)

< 7)) + and(f(2), )
< (1= an)d(Tn, T) + and(Tn, T) — app(d(2n, T)) + and(f(2), Z)
= d(vy,7) — apP(d(Tn, T)) + and(f(7), 7). (5.2)

From (5.1), we obtain

A1, @) = (I (20), I () < d(z0, )
< (w0, ) — anth(d(@, 7)) + and(£(7), 7). (5.3)

Set p = inf{y)(d(zn,7))/d(xn,Z) : T, # T,n € N} for all Z € A71(0). Then, from
the above inequality, we have

d(@nt1, %) < (1 — pan)d(2y, Z) + and(f(Z), )

< max (o, 7). L7002}

S-max {d(xl,x), ;d(f(x),x)} . (5.4)

Therefore, {2, }nen is bounded. Hence, we may assume a constant K > 0 such that
d(x,,Z) < K. Since a;, — 0 as n — 00, {a, }nen is bounded. Therefore, there exists
a constant 1 > 0 such that «,, <7 for all n € N. Thus, from (5.2), we have

Ty -77) - Oén'l/J(d(xm -'f)) + and(f(j)> j)
Tn, T) + and(f(7),7)

~
+
QU
—~
~
—~
“\‘/

which implies that {f(z,)}nen is bounded.
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From the convexity of Riemannian distance, we obtain

d(zn, 2n-1) = d(yn(an), Tn-1(an-1))
< d(n(an), Yn-1(an)) + d(yn—1(an); Yn—1(atn-1))
< (1= an)d(12(0), 1-1(0)) + and(n (1), Yn-1(1))
+ | — a1 |d(@n—1, f(zn-1))
= (1 — an)d(zp, Tn—1) + and(f(zn), f(Tn-1))
+ | — an—1|d(zn—1, f(zn-1))
< (1 —ap)d(@n, Tn-1) + and(Tn, Tn-1) — ¥ (d(z,, Tpn_1))
+ lan — ap—1ld(zn—1, f(Tn-1))
< d(xp,pn—1) — anp(d(Tn, Tn-1)) + |on — an—1|Ka, (5.5)

where Ko = sup{d(z,—1, f(xn—1))} is a constant. By Lemma 3.9, we have
neN

d(xn—i-ly xn) = d('])/il(zn)v J:\L‘n,l (Zn—l))
< (I (20), I3 (2a-1)) + d(IS (z0-1), IS, (201))

An — A
< d(zmzn—l) + ‘Ailﬂd(zn—ly J)ékl(zn—l))
|/\n - )\n—1|
S d(xruxn—l) - anw(d(ajnaxn—l)) + Ian - an—1|K2 + fKSa

where K3 = sup{d(zn_l,an_l(zn_l))} is a constant. From (ii), (iii) and Lemma
neN
2.14, we conclude that

lim d(xp41,2,) = 0. (5.6)

n—oo
Now, we prove that
lim sup <expg§1 f(z),exp;t Tn) <0

n—oo
where T = P4-1(0)f(Z). Since the sequences {2, }nen and {f(2n)}nen are bounded,
so is {<exp;1 f(a’:),expa—j1 xn>}n€N. Hence, its upper limit exists. We may assume a
subsequence {x,, }jen of {#, }nen such that

lim sup <expg§1 f(Z),exp;t Tn) = lim <exp9§1 f(z),exp;* Tn, ),
n—00 J—0
and z,; — Z. By the convexity of Riemanninan distance, we have
d(2n,Tn) < d(eprn Qn exp;nl f(@n), zn)
< (]- - an)d(‘rnv xn) + and(f(xn)v xn)

Since {f(zn)}nen is bounded, and so is {d(f(xy),Zn)}nen. Since o, — 0, taking
limit as n — oo, we obtain

lim d(z,,z,) =0.

n—oo
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On the other hand, we have
d (anxn,xn) <d (Jjélxn, anzn) +d (Jﬂzn,xn)
< d(zna l‘n) + d(mn—&-la zn)a
and therefore, li_>m d(J)‘f‘n xn,xn) = 0. For any p > 0, let A, be the complimentary
vector field of A. Then, by Yosida approximation and Lemma 3.10, we have
A (I @), TR @) = || expid () TR ()|
= ull AR @)l < sl A, (@a))III-
By Lemma 3.10, Ax(z) € Py s, (o) A(Jr(z)) for all X > 0, and therefore,
1A, (I5, (@) | = [|ACTS, ()]

Then the above inequality becomes

d (3 (), JAIL (0)) < 1 ||Ax, (T3 (20))] = Aﬁ [lexpy! I3 ()]

< %d (acn,Jj\An (zn)) =0 as n— oo, (5.7)

and so,
(TR (@) T @)

< 2d (2, I3, (20)) +d (I3, (20), T (IS, (20))) -
It follows that li_>m d (xn, Jitz,) = 0. This implies that € A7*(0). Since

(expz ! f(Z),expzty) <0
for any y € A71(0), we obtain
lim sup <eXp;1 f(z),exp;t xn> = lim <exp;1 f(Z),exp;t :Enj>
n—o0o j—o0

= (exp; ! f(¥),exp; ' 2) <0

It follows that there exists a sequence {¢y, }nen in (0, +00) with lim ¢, = 0 such that
n—oo

<expg{1 f(z),exp;t xn> <e¢n, VYneN
We next prove that lim d(z,,Z) = 0. Fixn > 0 and set s, = f(x,). Consider the ge-
n—00
odesic triangles A(sy,, Tn, Z), A(f(Z), xn, T) and A(f(Z), Tn, $n). Then by Lemma 2.5,

/ / /

there exist comparison triangles A(s),z!,z'), A(f(z),z,,z") and A(f(z), ), s])s
uch that

(s, zn) = |5, — @l d(n, 2) = |2}, = 2’| and  d(sn,7) = ||s;, — '],

d(f(x),2) = If@) =2, d(@n,2) = [la, = 2’| and d(sn, f()) = ||}, = f(@)]|
Let a and o denote the angles at Z and T’ in the triangles A(f(Z),zn,Z) and

A(f(z),x.,7"), respectively. Therefore, « < « by Lemma 2.6 (a), and so,

s
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cosa’ < cosa. Let 2}, := aps), + (1 — ay)z!, be the comparison point of z,. Then, by
Lemma 2.6 (b), we have

d*(2p41,T) = dZ(anzn, ana_c)

< & (20, 7) < ||z, — 7))

= llansy, + (1 — o )ay, — 7'

= llan(s), — @) + (1 — o) (2, — )|

=aills, = TP+ (1 —an)?llz, — Z'[]° + 200 (1 — o) (s}, — &', 2, — &)

[
?llay, = 2|17 + 20m (1 = an) ({57, = f(2)', 2], — &)

=aplls, =P+ (1 —an)
+ <f(§c) -7,z ’>
<allls, =27+ (1= an)?llz), — Z'1° + 200 (1 — an) (|Is), — f(@)[|[|), — 2’|

|
+ (@) = 2|l[|l2, — 2|
< aid2(f(xn) )+ (1 - an) d2(a:n,f) + 20, (1 — O‘n)(d(f(xn)7 f(Z))d(xn, 7)
+d(f(z),z)d(zn, T) cos a)
< aZd®(f(zn),2) + (1 — o) 2d? (2, Z) + 200 (1 — ) (d(, T)
— (A0, T))d(Tp, T) + 205, (1 — )d(f(Z), T)d(2p, T) cos v,

COos & )

that is,
& (2p41,7) < apd(f(20), ) + (1 = ap)d* (20, &) = 200 (1 — n)(d(20, 7)) (20, T)
+ 20, d(f(Z), z)d(xp, T) cos a
=(1—a?)d*(xp,7) + 2d*(f(zn),7) — 200 (1 — )Y (d(, T))d (20, T)
+ 20, <expgE f(@), expgg1 xn>
< d* (2, ) + 2d*(f(2n), T) — 20, (1 — ap)0(d(2p, 7))d(20, T)
+ 20, <expg§1 f(@), expg1 xn> .

Since {d(f(xn),T)}nen is bounded, we may assume that d(f(z,),z) < K4 for some
K4 > 0. Let u,, = d*(z,, %) for any n € N. Then, we have

Unt1 < Up = OnP(Un) + Bn, VR €N,
where 3, = a2 K2 + 2anc, + 20290 (1 /tn)\/un and ¢(t) = 2v/t)(V1).
Since u, = d*(z,,7) < K? and v is nondecreasing, we have 1(y/un) < ¥(K). Then
Bn < 2 K2+ 2a,¢, +2a29(K) K. By condition (i), it follows hm g” = 0. This

together with (ii) and Lemma 2.14, we have {x;, },en converges to z. O

By considering A = B + N¢ in Theorems 5.2, we have the following result for BVIP
(3.6).

Corollary 5.3. Let f : Ml — M be a weakly contraction mapping with the comparison
function ¢ and B : Ml — TM be a single-valued monotone vector field such that the
solution set of BVIP (3.6) is nonempty.

Let {apFnen C [0,1] and 0 < A < X\, < +00 be sequences of nonnegative real numbers
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satisfying the same conditions as in Algorithm 5.1. Then, the sequence {x,}nen
defined by

Tny1 = RY (exp, anexp,’ f(zn)), VneN, (5.8)
converges to a solution of BVIP (3.6).

By taking Jf = Prox, r and —exp_ ! f = VG in Theorems 5.2, we obtain the
following result for BMP (3.10).

Corollary 5.4. Let F': M — RU{+o0} be a proper, lower semicontinuous, geodesic
convex function and G : Ml — R be a geodesic convex differentiable function such that
the solution set of BMP (3.10) is nonempty. Let {ap}neny C[0,1] and 0 < A < A, <
400 be sequences of nonnegative real numbers satisfying the same conditions as in
Algorithm 5.1. Then, the sequence {x,}nen defined by

Tni1 := Proxa, r(exp,, (—anVG(2y,))), Vn€eN, (5.9)
converges to a solution of BMP (3.10).
We now present the following inexact version of Algorithm 5.1.

Algorithm 5.5. Choose w; € M and generate a sequence {wp 41 }nen as

Up = €XP,, O exp;i f(wy),

5.10
Wpy1 = an (i), VYneN, (5.10)

where exp;ﬂly U, = e, is a sequence of errors such that
tim Jenll _ g (5.11)

n—0o0 a'l’L
and {a, }nen is the same as in Algorithm 5.1.

Clearly, |len|| = d(un,ty,) for all n € N. If M = H is a Banach space, then
Algorithm 5.5 reduces to the algorithm studied in [27] where f is considered to be a
contraction mapping. Moreover, if f(x) = u is a fixed point in M for all 2z € M, then
Algorithm 5.5 reduces to the algorithm studied in [5].

We now establish the following convergence result for the sequence generated by
Algorithm 5.5 to a solution of HVIP (3.2).

Theorem 5.6. Let f: M — M be a weakly contraction mapping with the comparison
function 1 and A : Ml = TM be a set-valued monotone vector field such that A=1(0) #
0. Let {an}tnen C[0,1] and 0 < XA < A, < 400 be sequences of real numbers satisfying
the conditions (i)-(iv) of Algorithm 5.1, and let {en}nen be a sequence of errors
satisfying the condition (5.11). Then, the sequence {wy, }nen defined by Algorithm 5.5
converges to a solution of HVIP (3.2).

Proof. For wy = x1 € M, let {x, }nen be a sequence in M generated by (5.1). Then
from Theorem 5.2, {x,}nen converges to a solution, say T, of HVIP (3.2), that is,
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T = Pa-1(0)f (7). It follows from (5.1) and Algorithm 5.5 that

d(Tpt1,Wny1) =d (an(expzn Qan exp;n1 f(xn)), an (tn))
< d(exp,, an exp;n1 f(xn),un)
< d(exp,, an exp;n1 f@n), un) + d(un, ty)
= d(exp,, anexp, ! f(2n),exp,, anexpy, f(wn)) + [enl|
< (1= an)d(zn, wn) + and(f(zn), f(wn)) + [l
< (1= an)d(Tn, wn) + an (d(Tn, wn) — P(d(Tn, wn))) + |len |
= d(@n, wy) — apP(d(Tn, wn)) + [len].

A

By Lemma 2.14, we obtain lim d(z,,w,) = 0. Therefore, {w, }nen converges to a
n— oo

solution of HVIP (3.2). O

6. COMPUTATIONAL NUMERICAL EXPERIMENTS

We illustrate the implicit methods (4.1) and (4.2) and the convergence Theorem
4.2 by the following example.

Example 6.1. Let M := R*" = {# € R : z > 0} be a Hadamard manifold with
Riemannian metric is defined by

(u,v) = h(x)uww, Vu,v € T,M,

where h : M — (0, 400) is given by h(z) = 1/x*. It is easy to see that the tangent
plane T,M at « € M is equal to R and TM = R. The geodesic v : [0,1] — M joining
x =(0) and y = (1) in M is defined as

Y

mra—ny el (6.1)

Y(t) = exp, texp, 'y =

The inverse exponential map is given by exp,;ly = 4(0) = %(y — ) for all z,y € M.
The Riemannian distance is given by

1
, VYr,y e M.

d(.]?, y) = -

For further details, see [24]. We consider a set-valued vector field A : M = TM
defined by
x(r—1), if0<z<]1,
Az) == ¢ RT, ife=1, (6.2)
0, otherwise,

where RT = {z € R : z > 0}. Note that A is a set-valued monotone vector field.
Clearly, A=1(0) = {1} # 0 and the resolvent of A is given by
T+ A

J(z) = v Va € M.
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Indeed, let J ;\4 () = z for any € M. Then by the definition of resolvent, we have
exp; 'z € MA(2), that is,

2(z—1), f0<z<1,
i(a:—z)e RT, if z=1,

Az )
0, otherwise.

This implies that

THAx if 1 A
J(z) = {11+>\w’ 1fii . that is J{'(z) = fiA;, Vx> 0.

Now, we define a mapping f : M — M by f(z) =1+ « for all x € M. Then f is a

weakly contraction mapping with the comparison function ¢ given by ¥(t) = f—it for
all ¢ > 0.
Indeed, for any =,y > 0, we have

1 1 1_ 1
1 _ 1 . Ty . z oy
‘1+x 1+y‘_ T+14 141 (1+4)(1+1)

Since |a — b| < a+ b for all a,b > 0, we have |a — b| < a + b+ ab, and so,
l+ja—b<l4+a+b+ab=(1+a)l+Dd)

for all a,b > 0. Therefore,

;_;‘ l—%

1 B 1 _ z y < x Yy
Ltz 1+yl (Q+3)0+5) 142 l’

x Y

and so,

d(z,y) d(z,y)
d Trdza @y ==
(@) F6) < T gt = 4@ ~ Trite. )

= d(.’II,y) - w(d(‘r7y))7 V.’Il,y € Ma

where ¢(t) = 1’% for all ¢ > 0. Note that f is not a contraction map.

Let =1 € A71(0). Then f(z) = 2, exp; ' f(Z) = %, exp;'y = i(y — 1) for any
y € A71(0) and h(Z) = 1. With these settings, we have

I 11 B
{exp;™ f(@).expzty) = 5 2y =1 =0, vy € A(0),
i.e.,, S = {1}. Under the above settings, for A > 0, (4.1) becomes
14+ A)(1+yn) 14+ A
e JA e (— = _
Yx x (f(ya) L+ A1 +yy) Yx b\

Taking limit as A — oo, we obtain )\lim yx = 1 a solution of the problem (3.2).
— 00
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Moreover, for ¢t € [0,1] and A > 0, (4.2) can be written as

_ L+z)(14N) t+ A
=J texp; ! _ ol =/ =2
xt A (expajt eXpa:t f(ajt)) 1 _ t + xt + )\xt(l + xt) :> xt )\

By taking limit as ¢ — 0, we have that }in}) 2 = 1 a solution of the problem (3.2).
—

In the following example, we show that the explicit Algorithm 5.1 converges to a
solution of the problem (3.2).

Example 6.2. Under the setting of Example 6.1, Algorithm 5.1 reduces to
Tn(l+z,) (1 4+ Ay)
1—ap+ o+ Azn(l+2,)’
We choose different initial points x; = 0.01, 1 = 0.5 and z; = 2 and different
parameters A, = grl—y and oy, = ﬁ for all n € N, where 8 = 1,2,..., which
satisfy assumptions (I) - (IV) of Algorithm 5.1. Then the convergence of the sequence
generated by Algorithm 5.1 converges to 1 a solution of the problem (3.2), is shown

in the following figures and table.

Vn € N.

Tng1 = J5 (exp, oy expy! f(zn))

— _n_ — 1 — _n [
Error Ap = T and o, = — Ap = 51 72) and «,, = —

No. iter. 21 =0.01 21 =05 x; =2 1 =001 21=05 x1=2

1 0.04104  0.18293 0.24806 0.01125  0.04906 0.19393

2 0.08003  0.07640 0.13373 0.01708  0.06746 0.16770

3 0.01356  0.02090 0.07530 0.02549  0.08771 0.12489

] 0.00979

11 0.00407

13 0.00869

14 0.00871

17 0.00022

19 0.00538

22 o 0.00017

23 0.00097 e 0.00097

24 0.00097

33 0.00099
Table 1. Computative error of Algorithm 5.1 by Example 6.2 for the choices of
different parameters \,, = W and o, = ﬁ for p = 1,2, different initial points

21 = 0.01, 21 = 0.5 and 27 = 2 and the tolerance of error = |2, 11 — z,| < 1074,
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kn =n/(n+1) and o = 1/(n+1)

2 4,001
afex, =05
e Q1 =2
1.5 =.'
e
%
@,

0 5 10 15 20 25 30
Number of iterations

A, =n2m2) and o =1/ns+2)

2
-O-x =0.01
0"-__ *x: =05
Q.‘ Q=2
15 Q.
9,

0 5 10 15 20 25 30
Number of iterations

F1GURE 1. Numerical convergence of Algorithm 5.1 by computa-
tional method in Example 6.2 for the choices of different parameters

Ap = W and o = ﬁ for f = 1,2 and different initial points

x1 =0.01, 1y = 0.5 and z; = 2.
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