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Abstract. In this paper, we proposed a hybrid inertial algorithm for approximating fixed points of
noncommutative generic 2-generalized Bregman nonspreading mappings with equilibrium in reflexive
Banach space. Also, we proved that the sequence generated by such algorithm converges strongly
to the common fixed points of such mappings and solved some equilibrium problems in the space.
The result established improved and generalized some recently announced results in the literature.
A numerical example is given at end of the paper to ascertain some least level of improvement.
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1. INTRODUCTION

Let H a real Hilbert space and C be a nonempty subset of H. A point = € C is
called a fixed point of amap T : C' — H if Tz = x. Denote the set of fixed points of T
by F(T)ie. F(T)={reC:Tx=uz}. AmappingT : C — H is called 2-generalized
hybrid [20] if there exist aq, a2, 81, f2 € R such that

a1||T%e — Ty||* + ao||Te — Ty|* + (1 — a1 — az)||lz — Ty|>
< BillT?x —yl* + Aol T — y||* + (1 = B1 = Ba)llz — yl*, ¥ 2,y € C.

Takahashi [27] obtained weak and strong convergence theorems for noncommutative
2-generalized hybrid mappings in Hilbert spaces.

As an extension of 2-generalized hybrid mapping, a normally 2-generalized hy-
brid mapping was introduced in Hilbert spaces by Kondo and Takahahasi [19].
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A mapping T : C — C is called normally 2-generalized hybrid [19] if there exist
ay, a9, as, 1, Ba, B3 € R such that (a) S0, (o + 8i) > 0; (b) 30_, o > 0 and

(¢) arl|T?z — Ty|* + az|| Tz — Ty|* + aslla — Ty?
+ BTz — yl® + B2 Tz — y)|* + Bsllz — y|* <0, ¥ 2,y € C.

In 2018, Hojo et al. [17] proved weak and strong convergence theorems for commuta-
tive normally 2-generalized hybrid mappings in Hilbert spaces. They established that
the sequence {z,} C C defined by

rp=x€C

Yn = QpTpn + (1 - O‘n)m ZZ:O Z?:O Sle7 In
Crn={2€C:|yn—z| < llzn — 2},
Qn={z€C:(xy—211—12,) >0}

Tp+1 = Po,ng,r, Vn €N,

converges strongly to 20 = Pp(s)nr (1), Where Pp(s)np(T) is the metric projection of
H onto F(S)NF(T).

Recently, Takahashi et al. [28] proved strong convergence theorem by hybrid
method for two noncommutative normally 2-generalized hybrid mappings in Hilbert
spaces. They proved that the sequence {z,} C C defined by

r1=x€C
Yn = anTn + bp (1S + (1 — ) T)wp + (6,5 + (1 — 8,)T%)z,
Cn={2€C:|yn—2[| < llzn — 2]} : (1.1)

Qn={2€C:{x, — 2,11 —x,) >0}
Tn+1 = Po,ng, 1 Vn €N
converges strongly to 20 = Pp(s)nr (1), Where Pp(s)np(7) is the metric projection of
H on F(S)N F(T).
Let f: E — (—o0,+o0] be a convex function. We denote by domf the domain
of f; that is domf = {x € E : f(z) < co}. For any z € int(dom(f)) and y € E, the
derivative of f at x in the direction y is defined by

fla+ty) — flz)

! R
f'(z,y) = lim ; (1.2)
The function f is said to be Gateaux differentiable at x if lim;_,q w exists

for any y. In this case, the gradient of f at x is the linear functional Vf(x) : E —
(=00, +00] defined by (Vf(z),y)=f"(x,y), for any y € E . The function f is said
to be Gateaux differentiable if it is Gateaux differentiable at every z € int(dom(f)).
The function f is said to be Fréchet differentiable at x if the limit in (1.2) is attained
uniformly in y, ||y|| = 1. Finally, f is said to be uniformly Fréchet differentiable on a
subset C' C int(dom(f)) if the limit (1.2) is attained uniformly for z € F and |jy|| = 1.
It is well known that if a continuous convex function f is Gateaux differentiable (resp.
Fréchet differentiable) in int(dom(f)), then Vf is norm-to-weak* continuous (resp.
continuous) in int(dom(f)) (see also [7]).

Let E be a real Banach space and f:F — (—o0,400] a strictly convex and
Gateaux differentiable function. The function Dy : domfx int(dom(f)) — [0, +00),
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defined by
Dy(z,y) = f(x) = f(y) = (Vf(y),z —y), (1.3)
is called the Bregman distance with respect to f (see [14]).

Remark 1.1. If E is smooth Banach space and f(x) = ||z||* for all x € E, then
we have Vf(z) = 2Jz for all x € E where J : E — E* is the normalized duality
mapping. Hence Dy(x,y) = ¢(z,y) = |z|* = 2(x, Jy) + lyll*, ¥ 2,y € E. Also if E
is Hilbert space, then D¢(z,y) = ||l — y||?, Vz,y € E.

Observe that from (1.3), we have for any x € domf and y, z € int(dom(f)).

Dy(x,z) = Dy(x,y) + Dy(y, 2) + (x =y, Vf(y) = Vf(2)). (1.4)
which is called the three point identity.
As an extension and generalization of the normally 2-generalized hybrid mapping, Ali
and Haruna [3] introduced a generic 2-generalized Bregman nonspreading mapping in
a real reflexive Banach space. A mapping T : C' — C' is called generic 2-generalized
Bregman nonspreading mapping if there exist aq, as, as, 1, B2, 83,71, 72, 01,02 € R
such that (i) Y20 (e + 8;) > 0, (i) 0_, a; > 0 and
(iii) a1 Dy (T?x, Ty) + ao Dy (T, Ty) + a3 Dy (x, Ty) + 1Dy (T?z,y)

+ [oDy(Tx,y)+ BsDy(z,y) (1.5)

+ 61 (Df(y7 T2'T) - Df(ya ,I)) + 52 (Df(ya T.Z‘) - Df(ya :E)),
for all z,y € C. such mapping is called (a1, as, as, 1, B2, 83,71, V2, 01, 02)-generic 2-
generalized Bregman nonspreading mapping. See, for example, [[2],[4],[21]], the other

mappings which the generic 2-generalized Bregman nonspreading mapping contained
as special cases in the Banach spaces.

Remark 1.2. If E = H is a real Hibert space, then Df(z,y) = |z — y||* and
consequently the generic 2-generalized Bregman nonspreading mapping reduces to
(o), by, o, 81, B%, B5) normally 2-generalized hybrid in the sense of [19] where

A ! !
o] =Q1 —71, Qg =Q2 — 72, g =a3+71+72

and
By = P1— 01, By = P2 — 082, By =P34+ 01+ do.

With regards to the generic 2-generalized nonspreading mappings, the following
results were proved, see [5] for details.

Lemma 1.1. Let f: E — R be a Legendre function which is uniformly Fréchet dif-
ferentiable on bounded subsets of E. Let C be a nonempty subset of int(dom(f)) and
T:C — C be a generic 2-generalized Bregman monspreading mapping. If x, — p,
(xy, — Txy) — 0 and (x,, — T?x,) — 0 as n — oo, then p € F(T).

Lemma 1.2. Let C be a nonempty subset of int(dom(f)) and T : C — C be a generic
2-generalized Bregman nonspreading mapping. If F(T) # 0, then T is quasi Bregman
NONETPAnSsive.
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Motivated and inspired by the above results, we prove that the sequence defined
by the proposed algorithm converges strongly to the common fixed point of generic 2-
generalized Bregman nonspreading mappings which in turns, solved some equilblirium
problems in a real reflexive Banach space. Our result improved and generalized the
results of Takahashi et al.[28]. In fact, a numerical example shows that a sequence
generated by hybrid inertial algorithm which is corollary to our main result converges
faster than that of Takahashi et al.[28].

2. PRELIMINARIES

Let E be a real reflexive Banach space with norm || - || and E* the the dual space of
E. Let f: E — (—o0,+0o0] be a proper, lower semi-continuous and convex function.
The Fenchel conjugate of f is the convex function f*: E* — (—o00,+00| defined by

f* (@) = sup{(a*, @) — f(z) : € E}.
Observe that the Young-Fenchel inequality holds:
(%, 2) < f(z) + f*(2"), Ve € E, 2" € E".

It is well known that if f : E — (—oo0,+00] is a proper, convex and lower semi-
continuous, then f* : E* — (—o0,+00] is proper, convex and weak* lower semi-
continuous function; see for example [26].
A sublevel of f is the set of the form levir := {z € E: f(z) <r} for r € R.
A function f on E is coercive [16] if every sublevel of f is bounded, equivalently
f(@) = +oc.

llzll =00
Let B, :={z € E : ||z <r} for all * > 0 and Sg := {z € E : ||z[| = 1}. A function
fon FE is said to be
(i) strongly coercive [30] if

@ = 400
lfl—+oc ||z

(ii) locally bounded if f(B,) is bounded for all » > 0.

(iii) locally uniformly smooth ([30]) if V r > 0, the lim;_,o ‘”t(t) =0, where
oy : [0,400) — [0, +00] is the function defined by
or(t) = sup (ef(z+(1-a)ty)+(1-a)f(z—aty) - f(z)) x (a(l-a)) ™"
z€B,,yeSE,a€(0,1)
for allt > 0.

(iv) locally uniformly convex (or uniformly convex on bounded subsets of E ([30]))
if V r,t > 0 the p.(t) > 0, where p, : [0,+00) — [0,+00] is the gauge of
uniform convexity of f, defined by

pr(t) = inf )(Oéf(x)+(1—04)f(y)—f(aiv+(1—a)y)) x (a(l-a))™!

©,y€ By |lz—y|=t,a€(0,1
for allt > 0.
The following result is proved in [30].
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Lemma 2.1. [30]. Let E be a reflexive Banach space and let f: E — R be a con-
tinuous convex function which is strongly coercive. Then the following assertions are
equivalent
(1) f is bounded on bounded sets and uniformly smooth on bounded sets;
(2) f* is Fréchet differentiable and f* is uniformly norm-to-norm continuous on
bounded sets.
(3) domf* = E*, f* is strongly coercive and uniformly convex on bounded sets.

Let x € int(dom(f)), the subdifferential of f at x is the convex set defined by
Of(x) ={a" € E*: f(z)+ (", y —x) < f(y), Yy € E}.
Definition 2.1. (see [9]) The function f is said to be:

(i) Essentially smooth, if f is both locally bounded and single-valued on its
domain;
(ii) Essentially strictly convex, if (0f) " is locally bounded on its domain and f
is strictly convex on every subset of domf;
(iii) Legendre, if it is both essentially smooth and essentially strictly convex.

-1

Remark 2.1. Let E be a reflexive Banach space. Then we have:

(i) f is essentially smooth if and only if f* is essentially strictly convex (see [9]
Theorem 5.4);
(i) (2)~" =0
(iii) f is Legendre if and only if f* is Legendre (see [9],Corrolary 5.5);
(iv) If f is Legendre, then Vf is a bijection satisfying Vf = (Vf*)~1,
ranVf = domV f* = int(dom(f*)) and ran Vf* = domV f = int(dom(J)),
(see [9], Theorem 5.10).

Various examples of Legendre functions were given in [8, 9] . One important and
interesting Legendre function is I%H |I” (1 < p < 00) when E is a smooth and strictly
convex Banach space. In this case, the gradient V f of f coincides with the generalized
duality mapping of E, i.e, Vf = J, (1 < p < 00). In particular, Vf = I the identity
mapping in Hilbert spaces.

Definition 2.2. [12, 18] Let E be a Banach space. The function f : E — R is said
to be a Bregman function if the following conditions are satisfied:

(i) f is continuous, strictly convex and Gateaux differentiable;
(ii) the set {y € E: Dy(x,y) < r} is bounded for all x € E and r > 0.

The following result can be found in [1] [see also [13], [18]]

Lemma 2.2. Let E be a reflexive Banach space, let f : E — R be a strongly coercive
Bregman function and let Vy be a function Vi : E x E* — [0,400) associated with f
defined by
Vi(x,2*) = f(z) — (x,2") + f*(«") Ve € E, 2" € E". (2.1)
Then the following assertions hold:
(i) Vi(z,2*) = Dy(z, Vf*(«*)) Vo € E,2* € E*.
(i) Vi(z,a*)+ (y*, Vf*(z*) — z) < Vy(z,2* + y*) Vo € E, 2* € E*.
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Also from equation (2.1), it is obvious that Dys(z,y) = Vi(z,Vf(y)) and Vy is
convex in the second variable. Therefore for ¢t € (0,1) and z,y € E, we have
Dy(2, VI (t9f() + (L - OVF(W) < Ds(z,0) + (1 — ODy(zy).  (22)
A Bregman projection [11] of = € int(dom(f)) onto the nonempty, closed and convex
set C' C domf is the unique vector P(Jj (x) € C satisfying
Dy(PL(w),x) = nf{D;(y,2) : y € C}.
The following is well-known concerning Bregman projections
Lemma 2.3 ([13]). Let C be nonempty, closed and convez subset of a reflexive Banach

space E. Let f: E — R be a Gateaur differentiable and totally convex function and
let x € E. Then

(a) z = P(J;J; if and only if (Vf(x) — Vf(2),y —z) <0,y € C.

(b) Dy(y, Phx) + Dy(Plx,x) < Ds(y,2) Vo € E,y € C.

Lemma 2.4. [23] Let E be a Banach space and let g : E — R be a convex function
which is uniformly convex on bounded subsets of E. Let r > 0 be a constant,

B.:={zeFE:|z||<r}, B :={z*€E*:|z"]| <r}
let p, and p} be the gauges of uniform convezity of g and ¢g* respectively. Then,
(i) for any x,y € B, and o € (0,1),
glax + (1 —a)y) < ag(z) + (1 - a)g(y) — a(l — a)p, ([l —yl[)
(ii) for any x,y € By, pr(|lx —yl) < Dy(z,y)

(iii) If in addition g is bounded on bounded subsets and uniformly conver on
bounded subsets of E, then for any x € E,y*,z* € B} and a € (0,1),
Vo(z,ay™ + (1 —)z") < aVy(z,y") + (1 — a)Vy(z,27) — a(l = a)pr((ly" — 2*[));

(iv) If in addition g is bounded on bounded subsets, uniformly conver and uni-
formly smooth on bounded subsets of E, then for any x € E,y*,2* € B},
prllz”™ =) < Dy(a™,y7).
Let f : E — (—o0,+00] be a convex and Gateaux differentiable function. The
modulus of total convexity of f at x € int(dom(f)) is the function
vp(z,.)  int(dom(f)) x [0, 4o00] — [0, +0]
defined by
vp(z,t) = inf{Dy(y,x) : y € domf,|ly — x| = t}.
The function f is totally convex at z if vy(x,t) > 0 whenever ¢t > 0. The function f
is called totally convex if it is totally convex at every point = € int(dom(f)) and is
said to be totally convex on bounded sets if vy(B,t) > 0, for any nonempty bounded

subset B of E and t > 0, where the modulus of total convexity of the function f on
the set B is the function Vy : int(dom(f)) x [0, 4o00] — [0, +00] defined by

Vi(B,t) = inf{v¢(z,t) : . € BNdomf}.
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Lemma 2.5. [25] If z € int(dom(f)), then the following statements are equivalent:
(i) The function f is totally convex at x;
(ii) for any sequence {y,} C domf,

Jm  Dy(yn,z) =0= lim |y, —zf =0
Lemma 2.6. [29] Let f : E — (—o0,+00] be a Legendre function such that V f* is
bounded on bounded subsets of int(domf*). Let x € int(dom(f)). If {Ds(x,xn)}nen
is bounded, then so is the sequence {Tp }nen -

Lemma 2.7. [22] Let E be a Banach space and let g : E — R be a Gateauz differen-
tiable function which is uniformly conver on bounded subsets of E. Let {x,}nen and
{Yn}nen be bounded sequences in E. Then the following are equivalent.

(1) limy 00 Dy (2, yn) = 0;
(2) limy, o0 (|20 — g = 0.

Lemma 2.8. [24] Let f : E — (—o0,+00] be a Legendre function. Let C be a
nonempty closed convex subset of int(domf) and T : C — C be a quasi -Bregman
nonexpansive mapping. Then F(T') is closed and convez.

The equilibrium problem with respect to a bifunction g : C' x C' — R is to find a
point € C such that g(x,y) > 0 for all y € C. Denote the set of solutions of the
equilibrium problem by EP(g), i.e

EP(g)={z e C:g(xz,y) >0Vy e C}.

Numerous problems can be reduced to finding solution of the equilibrium problem
among which can be found in physics, optimization and economics. To solve equilib-
rium problems, some of the methods been proposed include that of Blum and Oettli
[10] and Combettes and Hirstoaga [15].
To solve equilibrium problem, the bifunction g : C' x C' — R is assumed to satisfy the
following conditions as can be seen in [10]:

(A1) g(z,z) =0 VxeC.

(A2) g is monotone that is, g(z,y) + g(y,x) <0 Va,y € C.

(A3) hmsupt%oo g(lL’ + t(Z - l‘), y) < g(xa y)’ V.’ﬂ, Y,z € C.

(A4) The function y — g(x,y) is convex and lower semi continuous.

The resolvent of the bifunction g [15] is the operator T} : E — 2 defined by
1
Te={zeC:g(@y) + (Vfr-Vfzy—2)20 WyeC}

Lemma 2.9. [24] Let E be a real reflexive Banach space and C be a nonempty closed
convex subset of E. Let f : E — (—o0,+00] be a Legendre function. If the bifunction
g: C x C — R satisfies conditions (A1) — (A4), then the following hold:

(i) T is single-valued;
T, is a Bregman firmly nonexpansive operator;

(i)
) F(T,) = EP(g);
¥

(iii
(iv) EP(g) is closed and convex;
(v) Forallxz € E and p € F(T,) one has D¢(p, Tyx) + Dy (Trx,z) < Dy (p, x).
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3. MAIN RESULTS

In this section, E is consider to be a real reflexive Banach space. We proposed
a hybrid inertial algorithm for noncommutative generic 2-generalized Bregman non-
spreading mappings with equilibrium in Banach spaces. We then prove that the
sequence generated by such algorithm converges strongly to the common element of
the set of fixed points of such mappings and the set of solutions of the equilblirium
problem in the space.

Theorem 3.1. Let f: E — R be strongly coercive, Legendre, uniformly Fréchet dif-
ferentiable and totally convex function which is bounded on bounded subsets of E. Let
C be a nonempty, closed and convex subset of int(domf) and g : C x C — R be a
bifunction satisfying (A1) — (A4). Let S,T : C — C generic 2-generalized Bregman
nonspreading mappings such that F = F(S)N F(T)N EP(g) # 0. Let {z,} be a
sequence generated by

rg, 21 € C

Up = Ty + ln<xn - xnfl)

Yn =V f* (anvfun + BnV fon + ’anfwn)

Zn =Ty, Yn (3.1)
Cn = {p eC: Df(pazn) < Df(paun)}a

Qn={peC:(Vfxy —Vfr,,x, —p) >0}

Tpt1 = Péann(fﬂl) n €N,

where
Uy =V (0, VSup + (1 —6,)VfTu,),
with the real sequences {an}, {Bnt, {1} {0n}, { \n} C[a,b] C (0,1) and
an + Bn+m = 1.
Then {x,} converges strongly to z = P;E(u), where Pff(u) is the Bregman projection
of E onto F.

Proof. We first guarantee that the sequence {z,} is well defined. From the definition
of Cy,, we see that Dy(p, z,) < Dy(p,uy) if and only if
D¢ (tun, 2n) + (Vi — Vzp,p — uy,) <O0.

Thus, it is an evident that both C,,, @, and C, N Q,, are closed and convex. Also,
since the mappings S and T are generic 2-generalized Bregman nonspreading with
nonempty fixed point sets then by Lemma 1.2, they are quasi nonexpansive. Hence
by Lemma 2.8, both S and T are closed and convex.
We let z € F = F(S)NF(T)N EP(g) # 0 so that

D¢ (z,vn) D¢(z, V(6. V fSun + (1 — 0,)V fTuy))
0nDy(2,Supn) + (1 —6,)Dy(2, Tuy)
5an(Z, un) + (1 - 6n)Df(Zv Un)
Df (Z, un)

INIA
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Similarly,

Dy (z,wp) Di(z, VAV fS?u, + (1 — N,V FT?uy,))
MDy(z,S%u,) + (1= N\p) Dy (2, T?uy,)
AnDy(z,un) + (1= An)Dy(2, up)

Df(Z, Un)

INIA

Also,

Df(Z,yn) Df(zaanvfun+5nvan+7nvfwn))
aan(Zv un) + ,Ban(Z, Un) + 7Df(27 wn)
anD¢(z,un) + BDy(2,un) + 0Df (2, up)

Dy(z,un).

[VANVAN

Using (b) of Lemma 2.3, we obtain

Df(zv Zn) = Df(zv TTnyN))
S Df(zvyn) _Df(Trnynayn)
< Df(zaun)'
This implies, z € C,, . Thus F C C,,. Now, we show that ¥ ¢ C,, N Q,, Vn € N
and we do this by induction. For n = 1, we see that F C C1; N Q; since F C C; and
@1 = C. Suppose for some k > 1, F C Cy N Qf then there exists 11 € Cr N Qx
such that x4+ = Pékaxl. Thus, from the property of Bregman projection we have

(Vi — Vi, p—op1) >0,
for all p € C), N Qy and since F C Cy N Qy, we have
(Vizgsr — Vfzi, 2 — xp41) >0,

for all z € F. This implies F C Cx4+1 N Qk+1 and therefore F C C,, N Q,, Vn € N.
Hence, the sequence {z,} is well defined.

Next is to show that the sequence {z,} is bounded. We know from the definition of
Q@ that z,, = P(J;;nxl. Using (b) of Lemma 2.3, we get

Di(zp, 1) = Df(Pg;nthl)
< Dy(z,71) — Dy(z,25)
< Df(z,21) V2 €F C Qp.

This implies that the sequence {Df(z,,x1)} is bounded. Thus, by Lemma 2.6, the
sequence {z,} is bounded too.
Also, since z,, = P(’;nacl and Z,11 C @, then using (1.4), we have that
0 S <Vfll'n — VfJC], Tp+1 — I’n>
= Df(xn-i-lvxl)_Df(xn-i-lvxn)_Df(xmxl) (3-2)
Dy (xny1,21) — Df(xp, 21).

IN
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This implies that Dy(zn,21) < Dg(xpt1,21). Thus, the sequence {Dy(zy,x1)} is
monotone increasing and since it is bounded then lim,, o Df (2, x1) exists.
From (3.2), we see that

Df(anrh mn) S Df($n+1u ‘Tl) - Df(fl?n, x1)~
Using the fact that lim, oo Dy¢(zy,21) exists, we get that

lim D¢(zpq1,2,) =0.

n—oo

Thus, by Lemma 2.7
HILH;O |Znt1 — xnl = 0. (3.3)
Using (3.1) and (3.3), we obtain
lim |z, —uy| =0. (3.4)

n—oo

This implies {uy} is bounded. Also, using (3.3) and (3.4) we get
nh_)n;o |Zn+1 — unll = 0. (3.5)

Thus, by Lemma 2.7, lim,,_, o0 Dy (Zpn+1,un) = 0.
Since 2y 41 C Cp, it implies Dy (2n41, 2n) < D(@ni1, Un).
Thus, limy, e D¢(2n41,2n) = 0. Therefore,

nILH;O |Znt1 — 2znl| = 0. (3.6)
Using (3.5) and (3.6) we get
nh_}I{.lo llun, — 2|l = 0. (3.7)

Hence, we obtain that the
lim ||V fu, — Vfz,|| =0and lim Dy(z,,u,) =0.
n—oo n—oo

From the definition of z, and (b) of Lemma 2.3, we obtain

Df(znvyn) = Df(Trnymyn)

Df(zvyn) - Df(z’zn)

Dy(z,un) — Dy(z, 2)

Dy(zn,un) + ||V fun — Vzu |||z — un| = 0 as n — cc.

IN A IA

Thus, by Lemma 2.5
Jim [z, —ya| = 0. (3.8)

From (3.7) and (3.8), we get

nlggo [un = yall = 0. (3.9)
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On the other hand,

Df(Zv Yn) = Df(z, V[V fun + BV fo, + 70V fwn])
Vi (Zv anV fun + BnV fon, + 7V fwy)

< anVi(z,Vuy) + B.Vi(z, Vo) + 7 Vi (2, V)
o Bnpr(IV fun =V fon)|| (3.10)
= aan(Za un) + /Ban(zv Un) =+ 'Yan(Za wn)
< aan(Z, un) + 5an(Z, un) + 'Van(Za un)
an Bl (IV £ (un) = V f(vn)])
= Dy(z,un) — anBupy (IV f(un) = V£ (va)l])-
Thus,
Dy (2,yn) < Df(2,un) = anBupy ([[V f(un) = V f(0n)]])- (3.12)
Similarly,
Dy (z,yn) < Dy(z,un) = anynpy (IV f(un) = V fwn)]]). (3.13)
These imply that
anBupy (V£ (un) = VF(wa)ll) < Dy(z,un) = Dy(2,yn) (3.14)
and
an Yy ([IV f(un) = Vf(wn)l) < Dy(2,un) = Dy(2,yn)- (3.15)

Using the property of p¥ and the fact that ay,, Bn, Vs € [a,b] C (0,1), taking limit as
n — oo of (3.14) and (3.15), we have

T [V7) - Vi@ =0, Jim [Vf(u) - Vi) =0.  (316)
Also,
D¢(z,vn) = Dys(z,Vf*(6,VfSun+ (1 —6,)VTuy,))
< 0,Dy(z,Sup) + (1 —6,)Dys(z, Tuy)
— (1= 0,)pr(IVfSun — VTuy||) (3.17)
< Dyg(z,up) — 6n(1 = 0n)pr(IVfSuy — VTuy,|)).

This implies,
61— 6,002 IV fSttn — VTull) < Dy(2,u0) — Dy(z,00).  (3.18)
Similarly,
M (1= X)) oIV fS%u, — VT?u,||) < Dy(2,un) — Dy(z,wy,). (3.19)

Using the property of p: and the fact that d,, A, € [a,b] C (0,1), taking limit as
n — oo of (3.18) and (3.19), we get

lim [V f(Sun) = Vf(Tup)|| =0,  lim IV £(S*un) — Vf(T?u,)|| =0.  (3.20)
This implies,
lim |[Su, — Tun|| =0, lim [|S%u, — T%u,|| = 0. (3.21)
n—oo n—oo
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Using (3.16) and (3.20), we get
i [V(u) = VATu)| =0, Tim [Vf(u,) - VAT?0)|=0.  (3.22)

Thus,

lim |lu, — Tu,|| =0, lim |u, — T?u,| = 0. (3.23)
n—oo n—oo
From (3.21) and (3.23), we can deduce that
lim |Jup — Sun|| =0, lim |ju, — S*u,| = 0. (3.24)
n— oo n—oo

By the boundedness of {u,} and reflexivity of E, there exists a subsequence {u, }
of {u,} such that u,, — u. Thus, it follows from (3.23), (3.24) and Lemma 1.1 that
u € F(S)N F(T). Also, using (3.7), we see that z,, — w. Since z, = T, vy, then
from the definition of T}, we get

1
g(zn7y)+7<szn_vfynay_zn>207 VyEC

Tn

Hence

1
g(znkvy)+T<vfznk_nynkay_znk>207 VyEC

ng

Using (A2), we get

1
< 7<vfznk_vfynkay_znk>
n
1
< f”vfznk =V fyn, ||||y — Rnyg H Vy € C.
n

Taking limit as k — oo of the above inequality and with use of (A4) and the fact that
Zn, — U, we get g(y,u) < 0. Define y =ty + (1 —t)ufor 0 <t <1 and y € C. Since
u,y € C then y; € C' which yield that g(y:,u) <0.

Using (A1) we see that

tg(ye,y) + (1 —t)g(ye, u)
tg(ye, ).

0=g(y,y) <
<

Thus, g(y:,y) > 0. Now letting ¢t — 0 and using (A3) we see that g(u,y) > 0 for any
y € C. This implies u € EP(g). Hence u € F.
Also, from (3.4), we have x,, — u. Now put v = ij_-:rl. Since 11 = Péannxl and
v € CpNQyp, we get Dy(zpi1,21) < Dy(v,21).
Since Dy(.,x) is lower semi continuous and convex and thus weakly lower semi con-
tinuous on int(domf) then from the fact that z,, — u, wee see that

Dy(u,z1) < liminf Dy (z,,,21) < Df(v, 21).

k—o0
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From the definition of v, we can conclude that © = v and the sequence x,, — v.
We finally show that z,, — v. Now using the three point identity

limsup D¢ (z,,v) = limsup[Dg(x,,z1) + Dy(x1,v) + (Vfzy — Vv, a, —x1)]
n—oo n— oo

IN

limsup[D¢ (v, z1) + Dy¢(z1,v) + (Vfri — Vv, z, —x1)]

n— oo

= limsup[(Vfv—Vfr1,v—21) — (Vfv— Ve, x, — 1))

n— oo

= limsup(Vfv -V fry,v—x,) =0.

n— oo

Thus, we obtain lim,, s Df(xmv) = 0. Hence by Lemma 2.6 we get =, — v as
n — oo. This completes the proof. U

As a consequence, in view of Remark 1.2, the following results are obtained by
applying Theorem 3.1.

Corollary 3.1.1. Let C be a nonempty, closed convex subset of a real Hilbert space
and g : C x C — R be a bifunction satisfying (Al) — (A4). Let S,T:C — C be
normally 2-generalized hybrid mapping with f(z) = ||z||* such that

F=FS)NF(T)NEP(g) #0.
Let {x,,} be a sequence defined by

Xo, 21 € C

Up = Tp + ln (T — Tp1)

Yn = QplUpn + BpUn + Yawn

Zn = Trnyn .
Cp={p€C:zn —pl* < lun —p[*},
Q” = {pe C: <LL’1 _xnaxn_p> Z 0};
ZTn41 = Pc,ng, (r1) n €N,

where
Up = 0 Sup + (1 — 0,)Tup,
Wy, = S Uy, + (1- )\n)T2un
with the real sequences {a,},{Bnt, {1t {0n}, { \n} C [a,b] C (0,1) and
ap + Bn+vm =1
Then {x,} converges strongly to z = Pr(u), where Px(u) is the metric projection of
E onto F.

Proof. By remark 1.2, the generic 2-generalized Bregman nonspreading mapping re-
duces to normally 2-generalized hybrid mapping in Hilbert space i.e. there exists
af, b, of, B, Bh, B € R such that
A |IT%z = Ty|* +  abf|Te - Ty||* + agllz — Ty|*
+ BT —yl” + Bol| T —yl* + Bsllz —y|* <OV 2,y € C,
where
o) = =71, Ay = — Y, a5 =az+ 71+ 72
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and
BL=P1—01, By=P2— 0y, B3=7P3+01+0
satisfying
3 3
(i +8) = (w+B)>0
i=1 i=1
and

3 3
Za; = Zai > 0.
i=1 i=1

Thus, by Theorem 3.1 we see that the sequence {z,,} converges strongly to z = P »(u).
This completes the proof. O

Corollary 3.1.2. Let C' be a nonempty closed convexr subset of a real Hilbert space
and Let S,T : C — C be normally 2-generalized hybrid mapping with f(z) = ||x|?
such that F = F(S)NF(T) # 0. Let {z,} be a sequence defined by

Tg,x1 € C
Up = Tp + ln(xn - xnfl)

Con={p€C:lyn —pl* < llun —pl?},
Qn = {p eC: <Z‘1 — Tn, Tn _p> Z 0}7
Tpt1 = PC'nﬂQn (Il) n e N,

where
Up = 0 Sty + (1 = 6,)Tup,
Wy = M S%uy + (1 — X)) T?u,
with the real sequences {a,},{Bnt, {1t {0n}, { \n} C [a,b] C (0,1) and
ap + B+ =1

Then {x,} converges strongly to z = Pr(u), where Px(u) is the metric projection of
E onto F. This completes the proof.

A numerical example

Here, we present a numerical example to show that the convergence of a sequence
generated by our inertial algorithm (3.25) in corollary 3.1.2 is faster than that of
(1.1) which does not involve the intertial condition. Let E = R and C' = [0,2]. Let
S, T : C — C be defined by

2
Sx=Txr = 0, z€10,2)
1, z=2.
Observe that for the choice of real numbers
Oé:(XQZOé:),:(Sl:l

and
Br=P2=P3 =71 =7 =0 =—1,
we see that
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(1) S0, o > 0;

(2) 3% (0s + Bi) > 0; and

(3) h(z,y) <0, for all z,y € C, where

h(z,y) = a1(T?x — Ty)? + az(Tz — Ty)* + as(x — Ty)”
+B1(T%x — y)* + Bo(Tx — y)* + B3(x — y)?
~71(Ty = T%2)* + 71(Ty — 2)* = 12(Ty — Ta)* + 7(Ty — x)*
— 01 (y —T?%2)? +61(y — )% — oy — Tx)? + do(y — ).
Therefore, S and 1" are generic 2-generalized Bregman nonspreading mappings, see

[3] for details.
It is clear that S and T are such that 0 € F'(S) = F(T). Thus, 0 € F(S) N F(T).

Taking

n
2n+1

{an} = (b} = e} = {on) = (B} = () = {10} = {6} = { } c(0,1)

and {l,} = {ﬁ C (0,1), it follows from (1.1) and (3.25) that a sequence {x,}
generated by the following algorithms

z1 €[0,2];
) 5t Tns 0 €10,2)
Yn = g (@n +1), 2 =2;
C’nz{ze[O,Q]:zg"E"Tﬂl"}; (3.26)

Qn=A{2z€10,2]:z>ap};
Cann:{Ze[O,ﬂianzg%};
Tn+1 :Pcann(xl) = %7 n> 1;

and respectively,

xg,x1 € [0,2];
Un = Tn + 37435 (Tn — Tn—1);

_ ) e, un €10,2)
Yn 2n11 (un—l— 1), Uy = 2;
Co={pel0,2):p< tafta};
Qn:{pe [072] :ng(;n};
CoNQn=1{pel0,2:a, <p< tnfinl,

Up 11 .
xn""l = PCann (xl) = ”21}", n Z 17

(3.27)

converge strongly to 0 € F(S)N F(T). Clearly from Figure 1 below our inertial algo-
rithm which is a corollary to our main result converges faster than that of Takahashi
et al. [28] which does not involve the inertial condition.
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Comvergence of the sequence x(n) generated by (33)
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FIGURE 1. The graph of sequence {x,,} generated by (3.26) (respec-
tively, (3.27)) versus number of iterations n := 1,2,---,30, with
initial choices of 21 = 1.5000. and x5 = 1.0000.
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