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Abstract. Primarily this work intends to investigate the existence of best proximity points (pairs)
for new classes of cyclic (noncyclic) mappings via simulation functions and measure of noncompact-
ness. Use of different classes of additional functions make it possible to generalize the contractive
inequalities in this work. As an application of the main conclusions, a survey for the existence of op-
timal solutions of a system of integro-differential equations under some new conditions is presented.
As an application of our existence results, we establish the existence of a solution for the following
system of integro-differential equations

t
u/(t) = Fl (t7 u(t)7 ft() kl (t7 S, U(S))ds), u(tU) = u1,
t
V() = Fa(t,v(t), fio ka(t,s,v(s))ds), wv(to) = ua,
in the space of all bounded and continuous real functions on [0, +oco[ under suitable assumptions on
", Fo.
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integro-differential equation, Darbo fixed point theorem.
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1. INTRODUCTION

In 1910, Brouwer established a fundamental fixed point theorem which states that
every continuous self-mapping defined on a closed ball in R™ admits a fixed point.
Later on, Schauder extended Brouwer’s fixed point result to Banach spaces as follows.

Theorem 1.1. ([20]) Let K be a nonempty, compact and convez subset of a Banach
space X and T : K — K be a continuous mapping. Then T has a fixed point.
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Schauder’s fixed point theorem is a very useful tool for proving the existence of
solutions to many nonlinear problems, especially problems concerning ordinary and
partial differential equations, and it has a number of extensions.

Let X be a normed linear space and T : K C X — & be a mapping. Then T is
called a compact operator provided that T is continuous and maps bounded sets into
relatively compact sets.

For such mappings the Schauder’s fixed point theorem was generalized as below.
Theorem 1.2. Let K be a nonempty, bounded, closed and convex subset of a Banach
space X and T : K — K be a compact operator. Then T has a fixed point.

Another important improvement of Schauder’s theorem was presented by Darbo [7]
using the concept of measure of noncompactness. Before going into details about these
generalizations, we will recall the important notion of measure of noncompactness.
Let B(X) be a collection of bounded subsets of a metric space X.

Definition 1.1. A mapping N : B(X) — [0,+00) is said to be a measure of non-
compactness (MNC) on X if it satisfies the following axioms:

(1) N(P) =0 if and only if P is relatively compact,
(2) N(P)=N(P), P € B(X),
(3) N(PUQ) = max{N(P),N(Q)}, where P,Q € B(X).
An MNC mapping N on B(X) satisfies the following properties (see [5]):
(a) P C Q implies N'(P) < N (Q);
(b) If P is a finite set, then N'(P) = 0;
() N(PNQ) <min{N(P),N(Q)}, for all P,Q € B(X).
(d) 1f nh_)ngo N(P,) = 0 for a nonincreasing sequence {P,} of nonempty, bounded
and closed subsets of X, then P, := N;,>1 P, is nonempty and compact.
On a Banach space X', an MNC mapping N on B(X) has following properties:
(i) M(eon(Q)) = N(Q), for all Q € B(X), where con(Q) denotes the closed and
convex hull of the set Q € B(X);
(i) N(AQ) = NN (Q) for any number \ and Q € B(X);
(iil) M(P+ Q) < N(P) +N(Q) for all P,Q € B(X).
Here, we mention two well-known examples of MNCs.
Example 1.1. Let (X, d) be a metric space. The function « : B(X) — [0, 00) defined
as

a(B) =inf{e > 0 : B can be covered by finitely many sets with diameter < e},
VB e B(X)
is called the Kuratowski measure of noncompactness.
Similarly, the function y : B(X) — [0, 00) defined by
Xx(B) = inf{e > 0 : B can be covered by finitely many balls with radii < e},
VB € B(X),

is called the Hausdorff measure of noncompactness. It was introduced in [13] as a
generalization of the Kuratowski measure of noncompactness. We refer to [5] for more
interesting information related to measures of noncompactness.

We are now ready to state a famous generalization of Theorem 1.2.
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Theorem 1.3. (Darbo, (1955)) Let A be a nonempty, bounded, closed and convex
subset of a Banach space X and N be an MNC on X. Suppose that T : A — A is a
continuous mapping such that, for some r € [0,1),

N(T(K)) <rN(K), (1.1)

for all nonempty and bounded K C A. Then T has a fized point.

There are many extensions of Darbo’s fixed point problem by considering various

contractive conditions using appropriate control functions that satisfy the relation
(1.1) (see [4] for more recent new generalizations).
The main purpose of this article is to study the existence of best proximity points
(pairs) for new classes of cyclic (noncyclic) condensing operators by using the notion
of measure of noncompactness. As an application of the main conclusions, a survey for
the existence of optimal solutions of a system of integro-differential equations under
some new conditions is presented.

2. PRELIMINARIES

2.1. Proximal Pairs. Let us take two nonempty subsets P and () of a normed linear
space X. It is to be assumed that a pair (P, Q) satisfies a property, if both P and Q
individually satisfy that property. For example, we say a pair (P, Q) is convex if and
only if P and @ are convex. If ||a — b|| = dist(P, Q) for some (a,b) € P x @, then
(a,b) is called a prozimal point. The proximal pair of (P, Q) is denoted by (P, Qo)
and defined as

Po={acP: 3V Q| |a-V]|=dst(P,Q)},

Qo=1{beQ: Id €P||d 0| =dist(P,Q)}.

Notice that (FPy, Qo) maybe empty, but in particular, if (P,Q) is a nonempty,
bounded, closed and convex pair in a reflexive Banach space X, then (P, Qo) is a
nonempty pair and it is easy to see that it also closed and convex.

The pair (P, Q) is said to be proziminal provided that Py = P and Qo = Q.

A mapping T : PUQ — PUQ is called cyclic if T(P) C @ and T(Q) C P. By

extension, T' will be said noncyclic if T(P) C P and T(Q) C . The mapping T is
called relatively nonexpansive if it satisfies | T'a — Th|| < ||a — b|| whenever a € P and
b € Q. In especial case, if P = @, then T is said to be a nonexpansive mapping.
Recall that T : PUQ — P UQ is compact means that (T(P),T(Q)) is a compact
pair.
Definition 2.1. Let (P,Q) be a nonempty pair in a normed linear space X and T
ba a cyclic mapping on P U Q. A point w* € PU @ is called a best proximity point
for the mapping T provided that ||w* — Tw*|| = dist(P, Q). In the case that T is
noncyclic, then a point (u*,v*) € P x @ is a best proximity pair for T if

v =Tu*, v"=Tv", ||u"—0v"|| =dist(P,Q).

The first existence result of best proximity points (pairs) for cyclic (noncyclic)
relatively nonexpansive mappings was established in [8] (see Theorem 2.1 and 2.2 of
[8]). Their main conclusions is based on a geometric property, called prozimal normal
structure defined on a nonempty and convex pair of subsets of a Banach space X.
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It was announced in [9] that every nonempty, compact and convex pair in a Banach
space X has the proximal normal structure. Using these facts, the following existence
result was proved.
Theorem 2.1. (Theorem 3.2 of [11]) Let (P, Q) be a nonempty, bounded, closed and
convex pair in a Banach space X such that Py is nonempty. Assume thatT : PUQ —
PUQ is a cyclic relatively nonexpansive mapping. If T is compact, then T has a best
proximity point.

Before stating the same result of Theorem 2.1 for noncyclic mappings, let us recall
a Banach space X is strictly convex if for a,b,z € X and A > 0,

a+b

holds. The LP space (1 < p < co) and Hilbert spaces are examples of strictly convex
Banach spaces.
Theorem 2.2. (Theorem 4.1 of [11]) Let (P, Q) be a nonempty, bounded, closed and
convex pair in a strictly convex Banach space X such that Py is nonempty. Assume
that T : PUQ@ — P UQ is a noncyclic relatively nonexpansive mapping. If T is
compact, then T has a best prorimity pair.

We refer to [1, 19] for some existence results of best proximity points for various
classes of cyclic mappings in the setting of reflexive Banach spaces.

2.2. Simulation Functions.

Definition 2.2. ([15]) Let = : R* x RT — R be a mapping. Then = is called a
simulation function if it satisfies the following conditions:

(KSR-1) 2(0,0) = 0,

(KSR—2) E(tl,tg) <ty — ty for all ti,to > 0,

(KSR-3) if {s;} and {t;} are sequences in (0,+o0) such that lim s; = lim ¢; > 0,

J—00 Jj—o0
then limsup =(¢;,s;) < 0.
j—o0o
However de-Hierro and Samet [14] modified the above defined notion slightly and
enlarged the simulation functions family by replacing condition (KSR-3) with
(DS-3) if {s;} and {t;} are sequences in (0, +o0) such that lim s; = lim ¢; > 0 and
J—00 J—00
t; < s; then limsup =(¢;,s;) < 0.
j—o0
In a parallel development, Argoubi et al. [3] found that the condition (KSR-1) is
redundant and can be deduced from (KSR-2) and (KSR-3) or (DS-3). They redefined
the simulation function by removing the condition (KSR-1) as below.
Definition 2.3. ([3]) Let & : R™ x RT — R be a mapping. Then = is called a
simulation function if it satisfies the following conditions:
(ASV—l) E(tl,tg) < tg — t1 for all t1,to >0,
(ASV-2) if {s;} and {¢;} are sequences in (0, 4+o00) such that lim s; = lim ¢; > 0 and
J—00 J—00
t; < s; then limsup =(t;,s;) < 0.

Jj—o0
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The family of all simulation functions in the sense of Definition 2.3 will be denoted
by Zasv in the sequel. Moreover, the family of all real functions = : RT x RT — R
which only satisfy the condition (ASV-1) will be denoted by Z(4sv_1).

Here, we present some examples to illustrate the simulation functions.
Example 2.1. ([3]) Suppose a function = : RT x RT — R is defined by

Z(¢.p) =6p—q, ¥p.q € RT,

where 0 < § < 1. Then = € Z,9v.
Example 2.2. ([3]) Let ¢ : RT — R* be a mapping which satisfies limsup p(q) < 1

q—rt

for any r € R*. If a function Z1 : RT x RT — R is defined by

Z1(¢;p) = ¢(p)p — q, Vp,q € RT,

then =7 € Z49v.
Example 2.3. ([3]) If x : RT — R¥ is an upper semi-continuous mapping satisfying
k(q) < g, and a function 55 : RT x RT — R is defined with

‘:2(qap) = K’(p) —4q, vpaq € ]R+7
then =5 € Z44v.
For furthermore examples of simulation functions, we refer to [6].
Definition 2.4.A self-mapping T on a metric space (X, d) is called a Z-contraction
if there exists = € Z4gy such that

E(d(Tx, Ty),d(z,y)) >0, z,y € X. (2.1)

It was announced in [15] that every Z-contraction defined on a complete metric
space, admits a unique fixed point (see also [17, 18] for more information).

In [6] the authors generalized the class of Z-contractions by using the notion of
MNC as follows.

Definition 2.5. Let K be a nonempty, bounded, closed and convex subset of a
Banach space X and T' : K — K be a continuous operator. We say that T is a
Z n-contraction if there exists = € Z 44y for which

EWNI(T(C)),N(C)) z 0,

for any nonempty subset C of K.

In this way, the extended version of Darbo’s fixed point theorem was presented in
[6] as follows.
Theorem 2.3. Let K be a nonempty, bounded, closed and convex subset of a Banach
space X and T : K — K be a continuous operator. If T is a Znr-contraction in the
sense of Definition 2.5, then T has a fized point.

3. EXISTENCE RESULTS

Throughout this section, we assume that A is an MNC on a Banach space X and
(P, Q) is a nonempty pair X.
Also, if T: PUQ — PUQ is a cyclic (noncyclic) mapping, the set of all nonempty,
bounded, closed, convex, proximinal and T-invariant pair (M1, M3) C (P, Q) with
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dist(M;, M3) = dist(P, Q) will be denoted by Mz (P, Q). Notice that My (P, Q)
maybe empty, but in particular if (P, Q) is a nonempty weakly compact and convex
pair in a Banach space X and T is cyclic (noncyclic) relatively nonexpansive, then
(Py, Qo) € Mr(P,Q) (see [10] for more details).
We now introduce the first class of cyclic (noncyclic) mappings.

Definition 3.1. A mapping T : PUQ — P UQ is said to be a cyclic (noncyclic)
Zg-condensing operator if T' is cyclic (noncyclic) and there exists = € Zagy such
that

= (N (T(M)UT(M2))+g (N (T(M1)UT (Ma))), N (M1UM2)+9(/\/(M1UM2)))20,

for any (Mj, Ms) € M7 (P, Q) where g : [0,00) — [0,00) is a continuous function.

We are now ready to establish the first existence theorem of best proximity points.
Theorem 3.1. Let (P,Q) be a nonempty, weakly compact and convex pair in a
Banach space X and T : PUQ — PUQ be a cyclic relatively nonexpansive mapping
which is a Zg-condensing operator. Then T' has a best proximity point.

Proof. As we mentioned, (P, Qo) € M1 (P, Q) # 0.

Let us define a pair (G, H,) as Gy, = con(T(G,-1)) and H, = con(T(H,_1)),
n > 1, where Gog = Py and Hy = 9. We claim that G,,41 C H, and H, C G,
for all n € N. We have H; = m(T(H())) = m(TQo)) = m(Po) C Py = Gp.
Therefore, T(Hy) C T(Gp). So Hy = con(T(Hy)) C con(T(Gp)) = G1. Continuing
this pattern, we get H,, C G,_1 by using induction. Similarly, we can see that
Gny1 € H, for al n € N. Thus G2 C Hyy1 € G, € Hy—q for all m € N.
Hence, we get a decreasing sequence {(Gay,, Hapn)} of nonempty, closed and convex
pairs in Py x Qg. Moreover, T(Ha,) C T(Gap—1) C con(T(Gan-1)) = Ga, and
T(Gan) C T(Hap—1) C con(T(Hzp—1)) = Ha,. Therefore for all n € N, the pair
(Gan, Hap) is T-invariant.

Now if (u,v) € Py X Qg is a proximinal point, then

dist(Gop, Hap) < [|T*"u — T*"v|| < ||u — v|| = dist(P, Q).

Next, we show that the pair (G,, H,) is proximinal using mathematical induction.
Obviously for n = 0, the pair (Go, Hp) is proximinal. Suppose (G, Hy) is proximinal
and z is an arbitrary member of Gy1 = con(T(Gy)). Then it is represented as

xr = Z)\lT(xl)
=1
with z; € G, m € N, A\; > 0 and
du=1
=1

Due to proximinality of the pair (G, Hy), there exists y; € Hy for 1 <1 < m such
that ||z; — yi|| = dist(Gg, Hx) = dist(P, Q). Take

Y= Z AT ().
=1
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Then y € con(T(Hy)) = Hyy1 and
lz =yl = 11D AT () = Y NTll <Y Ml = will = dist(P, Q).
=1 =1 =1

This means that the pair (Ggy1, Hi41) is proximinal. It is worth noticing that if
N(sz U sz) + g(/\/(ng U sz)) =0

for some j € N, then N(GQJ) =0 and N(HQJ) =0, that is, T : ng UHQj — GQjUHQj
is a compact operator and the result can be concluded from Theorem 2.1, immediately.
So we assume that N (Ga, U Hoy,) + g(N (G2, U Hay)) > 0 for all n € N. In view of
the fact that 1" is a =,-condensing operator, there exists = € Z45v so that for all
n €N

E(N(Gn+1 U Hpi1) + 9N (G U Hyy1)), N (G U Hy) 4+ g(N (G U H”)>)

N(GnUH,) + gN(Gr U Hn)))

E(N(T(Gn) UT(Hy)) + gWN(T(Gr) UT(H,))), N (G U Hy) + g(N(G U H,)))
0.
(ASV-1), we get

<E(WN(Gng1UHps1) + 9N (Grgr U Hpy1)),N(Gn U Hy) + gN(Gn, U Hy,)))
<N(G,UH,)+gWN(G,UH,)) —N(Gpni1UHpi1) + gWN(Gry1 UHpi1)).
This implies that

Thus {N(G,, U H,,) + g(N(G,, U Hy,))} is a strictly decreasing sequence of positive
real numbers and so, there exists v > 0 such that

lim [N(G, UH,)+gWN(G,UH,))| =9

n— oo

v

By
0

Let v > 0 and set
ty = N(GnJrl U Hn+1) + g(N(GnJrl U Hn+1))
and
sn = N(Gp UH,) +gWN(G,U H,)).
Then {t,}, {sn} are sequences in (0, +00) such that t,,s, — v > 0 and ¢, < sp.
It now follows from (ASV-2) that
limsupE(./\/(Gn_H U Hn-‘rl) + g(N(Gﬂ+1 U Hn+1))7N(Gn U Hn) + g(N(Gn U Hn)))

n—oo
= limsup = (¢, $n) < 0,
n—roo
which is a contradiction since =(t,,s,) > 0 for all n € N. So v = 0 and this turns
that
N(ng U Hzn) + g(N(ng U Hgn)) — 0.
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Since g > 0 is continuous, we have
lim N(Ga, U Hay,) = max{ lim N(Gay), lim N(Hgn)} =0
n—00 n— 00 n— o0

and
lim g(N(ng U H2n)) =0.

n— oo

Now let - -
Goo = ﬂ Gy, and Ho, = ﬂ Hsy,.
n=0

n=0
By property (d) of MNC, the pair (G, Hoo) is nonempty, convex, compact and 7T-
invariant with dist(Geo, He) = dist(P,Q) and this ensures that 7' admits a best
proximity point. O

The next theorem is a noncyclic version of Theorem 3.1 in the setting of strictly
convex Banach spaces.
Theorem 3.2. Let (P,Q) be a nonempty, weakly compact and convexr pair in a
strictly convex Banach space X andT : PUQ — PUQ be a noncyclic relatively non-
expansive mapping which is a Z4-condensing operator. Then T has a best prozimity
pair.

Proof. By a similar argument of Theorem 3.1, let us define the pair (G,, H,) as
G, = con(T(Gp-1)) and H, = con(T(H,-1)), n > 1, where Gy = Py and Hy =
Qo. Since T is noncyclic, Hy = con(T(Hp)) = con(T(Qo)) € Qo = Hy. Therefore,
T(Hy) C T(Hy). Thus Hy = con(T(H1)) C con(T(Hy)) = H;. Continuing this
pattern, we get H, C H,_; by using induction. Equivalently, G,,+; C G, for all
n € N. Hence we get a decreasing sequence {(G.,, H,)} consist of nonempty, closed
and convex pairs in (Py, Qo) such that T'(H,,) C T(H,-1) C con(T(H,_1)) = H, and
T(G,) CT(G,_1) Ceon(T(Gpn_1)) = G, which implies that (G,,, H,) is T-invariant
for all n € N. From the proof of Theorem 3.1, we can see that (G,,, H,) is a proximinal
pair with dist(G,,, H,) = dist(P, Q) for all n € NU {0}.

Notice that if N(G;UH;)+g(N(G;UH;)) =0 for some j € N, then N(G;UH;) =0
as g > 0, which ensures that max{N(G;),N(H;)} =0. Thus T : G,UH; — G; U H;
is a compact operator and the result follows from Theorem 2.2.

Suppose N(G, U H,,) + GIN(G, U Hy,)) > 0 for all n € N. By a similar argument
of Theorem 3.1 {N(Gp41 U Hpt1) + gIN(Gry1 U Hpq1))} is a strictly decreasing
sequence of positive real numbers, so there exists v > 0 for which

1Lm N(G,UH,)+gWN(G,UH,))=".
Suppose v > 0. If we set
tn = N(Gn+1 U Hn+1) + g(N(GnH U Hn+1))

and
sn =N (G, UH,)+ gWN(G,UH,)),
we have t,, s, — v and t,, < s,, for all n € N and so by (ASV-2),

hmsupE(N(Gn-‘rl U Hn+1) + g(N(Gn-‘rl U Hn+1))7N(Gn U Hn) + g(N(Gn U Hn)))

n—oo
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= limsup E(tn, sn) < 0. (3.1)

n—oo

On the other hand by an equivalent discussion of Theorem 3.1, since T' is a Z,-
condensing operator,

Z(tn, sn) = E(N(Gn+1an+1)+g(N(Gn+1an+1)),N(GnanHg(N(Gnan)))

>0, VneN,
which is a contradiction by (3.1). Thus v = 0 and N (G, UH,)+gN(G,UH,)) =0
as n — oo. This gives, lim N (G, UH,)=0and lim g(N(G,UH,))=0asg>0.
n—oo n—oo
Thereby,

max{ lim N(G), lim ,/\/'(Hn)} _

n—oo

Now if
Goo i= ﬂ G, and Hy, := ﬂ H,,
n=0

n=0
then by property (d) of MNC, (Gw, Hso) is a nonempty, convex, compact and T-
invariant pair with dist(Geo, Heo) = dist(P, Q). It now follows from Theorem 2.2
that T admits a best proximity pair. O

In what follows we need the following classes of functions which will be used in the
sequel.
Definition 3.2. ([2]) Let F'([0,00)) be the class of all functions f : [0, 00) — [0, 00).
Then by © we denote the class of all operators

O(e;-) : F([0,00)) = F([0,00)), by f=O(f;)
satisfying the following conditions:
(i) O(f;t) > 0 for t > 0 and O(f;0) = 0;
(ii) lim O(f;t,) = O(f; lim t,);
(i) O(f+t) < O(f, ) for £ < 5.

We mention that in the original definition of the class of © which was appeared in
[2], another additional assumption must satisfy, which is as below:

(iv) O(f; max{t,s}) = max{O(f;t),O(f;s)} for some f € F([0,00)).
It is worth noticing that we do not need the assumption (iv) in our main results.

Definition 3.3. Let ¥ denote the class of all functions ¢ : [0,00) — [0, 00) which
satisfy the following conditions:

(i) % is continuous;
(ii) o(t) < tfort>0.

By ¥’ we mean the subclass of ¥ consists of ¢ : [0,00) — [0,00) which satisfies the
following additional condition

(iii) ¢ is non-decreasing.
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Here, we present the second class of cyclic (noncyclic) mappings as below.
Definition 3.4. A mapping T': PUQ — P UQ is said to be a cyclic (noncyclic)
O—1p—Z4-condensing operator if T" is cyclic (noncyclic) and there exists 5 € Z(agv—1)
such that for any (M, Ms2) € M7 (P,Q),

E<O(f;N(T(M1) UT(Ma)) + g (T(My) UT(M,))),

SO N (M U Ms) + 9N (M U M2>>>)) >0,

where f € F([0,00)),0(e;-) € ©,9 € ¥ and ¢ : [0,00) — [0,00) is a continuous
function.

We are now in a position to prove the other existence theorems for best proximity
points (pairs).
Theorem 3.3. Let (P,Q) be a nonempty, weakly compact and convexr pair in a
Banach space X and T : PUQ — PUQ be a cyclic relatively nonexpansive mapping
which is an O — 1 — Z4-condensing operator. Then T has a best proximity point.

Proof. Consider the sequence {(G,, H,)} as in the proof of Theorem 3.1 such that
N(GZn U H2n) + g(N(GQn U HQn)) > 07 Vn € N.

Since 7' is an O — ¢ — Z-condensing operator for all n € N, we obtain

2 (O N (G U ) 4 4N (G U Hs1 ).
S(O(FsN (G U Hy) + g(N (G U Hn»))
O(f: N (@n(T(G.)) Uen(T(H,)) + g(@m(T(Gy)) U on(T(H,)))).

B(O(FsN (G U Hy) + g(N (G U Hn>>))
<O(f;N(T(Gn) UT(H,)) + g(T(Ga) UT(H,))),

¢(O(va(Gn U Hn) + g(N(Gn ) Hn))))
>0.
By (ASV-1), we get

0 SE(O(f;N(Gn+1 U Hpir) + 9N (Crsr U Hoir))),

B(O(FsN (G U Hy) + g(N (G U Hn»))

<Y(O(f; N(Gn U Hy) + g(N(Gn U Hy)))
— O(f; N(Gny1 U Hpy1) + 9N (Gry1 U Hpp1)))).
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This implies
O(fs N (Gny1 U Hpi1) + 9N (G U Hyi1)))
<Y (O(f: NG U Hy) + g(N (G U Hy))))
<O(f;N(GnUHy,) +gWN(G,UH,)), VneN. (3.2)
It follows from the condition (iii) of O(e;-) that
N(Gry1 UHpi1) + 9N (Grs1 U Hny1)) < N(Gn U Hy) + 9N (Gn U Hy))

for any n € N. Therefore, {N (G, U H,) + g(N (G, U Hy,))} is a decreasing sequence
of positive real numbers. Thus there exists v > 0 such that

lim [N(G, UH,)+gWN(G,UH,))]=7.

n—oo

Suppose v > 0. By using the properties (i) of ¢ and the property (i7) of O(e;-), we
conclude that

Tim (O M (G U Hy) + g(N (G U H,))))
= 0(O(F: lim N(Gy U H,) + g(N (G U H,))))
= ¥(0(f;7))-
By (3.2), we get

O(f7) = Tm O(fsN(Gr U Hy) + g(N (G U H)
lim G(O(f:N(Gy U Hy) + gN(Gy U H,)))
= ¥(0(f;7))-

From the condition (ii) of 1, we must have O(f;~) = 0, but since v > 0, from the
condition (i) of O(e;-) we have O(f;v) > 0 which is impossible. Therefore, v = 0
and so N(Ga, U Hay) + g(N(Gap U Hap)) — 0 as n — oo. Now the result follows by
a similar discussion of Theorem 3.1. (]

By using a same method of the proof of Theorem 3.3, we obtain the next best
proximity pair result. We omit the proof since it follows similar patterns to those
given for the proofs of Theorem 3.2 and Theorem 3.3.
Theorem 3.4. Let (P,Q) be a nonemptly, weakly compact and convex pair in a
strictly convexr Banach space X and T : PUQ — P UQ be a noncyclic relatively
nonexpansive mapping which is an O — Y — Zg-condensing operator. Then T admits
a best prorimity pair.

Let A denote the class of all functions g : [0, 00) — [0, 1) which satisfy the condition

t, = 0 whenever f(t,)— 1.

This family of functions was introduced by Geraghty in [12].
The third family of cyclic (noncyclic) mappings will be presented by using the class
of Geraghty’s functions as follows.
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Definition 3.5. A mapping T : PUQ — P UQ is said to be a cyclic (noncyclic)
O — ¢ — B — Z4-condensing operator if T' is cyclic (noncyclic) and there exists = €
Z(asv—1) such that for any (M1, Mz) € Mr(P,Q),

E(w(O(f;N(T(Ml) UT(M)) + g (T(My) UT(M:))).

BO(: N (My U M))H(O(F N (M U M) + g(A (M uM2>>>>) >0,
(3.3)

where f € F([0,00)),0(e;-) € ©,¢ € ¥/, 5 € A and g : [0,00) — [0,00) is a conti-
nuous function.

We now state the following existence theorem.
Theorem 3.5. Let (P,Q) be a nonempty, weakly compact and convexr pair in a
Banach space X and T : PUQ — PUQ be a cyclic relatively nonerpansive mapping
which is an O — — B — Z,-condensing operator. Then T has a best proximity point.

Proof. Consider the sequence {(G, H,)} as in the proof of Theorem 3.1 such that
N(ng U Hgn) + g(./\/(ng U Hgn)) >0, VneN.

Since T is an O — ¢ — 3 — Z,-condensing operator, for all n € N we have
= ($OU N (G U H) + 9N (G U o))
BOU NG U )OS N (G U ) + 9N (G U ) )
=5 (VO NEmT(G)) UTom(T (1)) + (N (@om(T (Go)) U o (T ()
BO( NG U )OS N (G U ) + 9N (G U 1)) )
== (WO N (T (Ca) UT(Ha) + 9N (T(Gr) UT(H,))),

BO(f (N (Gn U Hp))))(O(f; N(Gn U Hp) + g(N(Gn U Hn))))>
>0.

By (ASV-1), we get

o

<= (w(O(fQN(Gn-&-l UHp1) +gWN(Grp U Hn+1))))’

BO(: b (G U HA SO N (G U H,) + g(N (G um)))))

<BO(f;vN(Gn U Hy)))W(O(f; N(Gr U Hy) + gWN (G U Hy))))
—(O(f; N(Gni1 U Hpy1) + 9N (Gryr U Hpp1))))-
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This implies

0 Sw(O(ﬁN(GnJrl U Hn+1) + Q(N(Gn+1 U Hn+1))))
<BO(f; ¥ (N(Gr U Hu))))Y(O(fs N(Gr U Hy) + g(N (Gn U Hy))))
<¢(O(f7N(Gn UH,)+ g(N(Gn UHy)))). (3.4)

That means

O(fiN(Gny1 UHpi1) + gN(Gry1 U Hpp1)))
<O(f; N (G, UH,) + g(N(G,, U Hy,))).

Therefore,
N(Gn1U Hyp1) + 9N (G U Hyp1)) < N(Gp U Hy) + gWN(Gr U Hy)).

Let
lim [NV(GnUH,) +gN (G UH,))| =~

n—oo

for some v > 0.
Notice that by (3.4)

QZJ(O(f,N(Gn+1 U Hn+1) + g(N(Gn+1 U Hn+1))))
1/)(O(f;N(Gn UH,)+ g(N(Gn UH,))))
< BO(fipN(Gn U Hp)))) < 1.

0<

This gives us

lim B(O(f; (N (Gn U Hy)))) = 1.

n—oo

Then by the property of 8 € A, we get
lim_ O(f:6(N(G,, U H,))) =0.

Thus we have
lim NV(G, UH,)=0

n— oo

and so, v = 0. Therefore,
lim [N(ng U Hgn) + g(N(ng U Hgn)>] =0.

n—oo
Now if we define
Goo =[] Gan and Hy, := (] Han,
n=0 n=0

then (G, Hoo) is a nonempty, compact and convex pair in a Banach space X which
is T-invariant with

dist(Goo, Hoo) = dist(P, Q).
Hence by Theorem 2.1 T has a best proximity point. O

Next we present the noncyclic version of Theorem 3.5.
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Theorem 3.6. Let (P,Q) be a nonempty, weakly compact and convex pair in a
strictly convex Banach space X and T : PUQ — P UQ be a noncyclic relatively
nonewpansive mapping which is an O — ¢ — B — Z,-condensing operator. Then T has
a best prorimity pair.

Proof. The proof follows from the proof of Theorems 3.3 and 3.5. (]

We finish this section by introducing the fourth family of cyclic (noncyclic) map-
pings and proving the existence theorems for them. To this end, we recall the following
classes of functions.

Definition 3.6. ([16]) Let T denote the class of all MT-functions y : [0, 00) — [0, 1)
satisfying the condition

limsup x(s) <1 for all ¢ € [0, c0).

s—tt
We note that if x : [0,1) — [0,1) is a non-decreasing function or a non-increasing
function, then y is an MT-function.
Definition 3.7. Let © denote the set of all functions w : [0,00) — [0, c0) satisfying:

(i) w is non-decreasing;

(ii) w(t) =0 if and only if ¢ = 0.

Definition 3.8. A mapping T': PUQ — P UQ is said to be a cyclic (noncyclic)
O — w — x — Z,-condensing operator if T is cyclic (noncyclic) and there exists = €
Z(asv—1) such that for any (M1, M) € M7(P,Q),

5<w(0(f;N(T(M1) UT(My)) + gN(T(M2) UT(M2))).

X(O(f; w(N (M1 UM2))))w(O(f; N (M1 UMsz) + g(N(M; U Mz))))) > 0,
(3.5)

where f € F([0,00)), O(e;-) € ©, g : [0,00) — [0,00) is a continuous function, y € T
and w € (.

We now state the following best proximity point theorem for cyclic O —w —x — =Zy-
condensing operators.

Theorem 3.7. Let (P,Q) be a nonempty, weakly compact and convexr pair in a
Banach space X and T : PUQ — P UQ be a cyclic relatively nonerpansive mapping
which is an O —w — x — Zg-condensing operator. Then T has a best proximity point.

Proof. Again consider the sequence {(G,, H,)} as in the proof of Theorem 3.1 such
that

N(ng U H2n> + g(N(ng U Hgn)) >0, VneN.
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Since T' is an O —w — x — =4-condensing operator, for all n € N we have

E(W(O( FiN (Gt U Hnid) + 9N (Grgr U Huin))),
X(O(f;w(N(Gn) U Hy))))w(O(f; NN (Gr) U Hy) + gIN (N (G, U Hn))))))
= :(:,u(O(f;/\/'(con(T(Gn)) Ueon(T(Hy))) + g(N (con(T(Gr)) Ucon(T(Hy))))),
X(O(f;wN(Gn) U Hp))))w (O(f; N(N(Grn) U Hy,) + gV (N(G U Hn)))))>
_ :(w(o< i N(T(Go) UT(H,) + g (T(Gr) UT(H,))))).

KON (G0 U H ) o O N (G U H) + 9N (G 0 ) )
> 0.
By (ASV-1) we obtain
w(O(f; N (Gny1 UHpi1) + 9N (Gry1 U Hopr)))
< X(O(f;wN (G U Hp)))w(O(fs N(Gr U Hy) + g(N (G U Hy))))
<w(O(f; N(Gn U Hy) 4+ g(N(Gn U Hp))))). (3.6)
Assume that
Jim w(O(fi V(G U Hy) + (N (Gn U Hp))))) =, (3.7)
for some n > 0. If n > 0, since x € T, we have
limsup x(O(f;4)) < 1 and x(O(f;v)) < 1,

t—nt

then there exists ¢ € [0,1), € > 0 such that x(O(f;t)) <4 for all ¢ € [, n +¢€).
By (3.7), let N € N be such that

n <w(O(f; N(G, UH,)+gWN(G,UH,)))) <n+e, Vn>N.
It now follows from the relation (3.6) that
w(O(fs N(Gpy1 U Hyy1) + 9N (Gnyr U Hpg1))))
< X(O(f;w(N(Gn U Hy)))w(O(f; N(Gn U Hy) + g(N (G U Hy))))
< 0w(O(fsN(Gn U Hy) + g(N (G U Hy)))), Vn = N. (3-8)

By taking the limit of the relation (3.8), we obtain 1 < ¢7, which means taht n = 0
and so

li_>m w(O(f;N(GnUH,) + gN (G UH,)))) =0.

n oo

In view of the fact that w is non-decreasing function and by the property (ii) of
O(e;+), we conclude that the sequence {N(G,, U H,) + g(N (G, U H,))} and so it’s
even subsequence, that is, {N (G2, U Ha,) + g(N(Gap, U Hay))} is a non-increasing
sequence of positive numbers. Now if nh~>nolo N (G2, UHszy,) + g(N(G2p U Hay,)) = 7 for
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some y > 0, then by the fact that w is non-decreasing and by considering the property
(91) of O(e;-), we deduce that

w(O(fs N(Gap U Hayp) + g(N (G2n U Ha2p)))) > w(O(f57)),
and hence

0= lim w(O(f; N(G2n U H2p) + g(N(G2n U Ha,)))) > w(O(f;7)), Yn €N,

n— oo

which ensures that v = 0. By a similar argument of the proof of Theorem 3.1 the
result follows. O

Here is the noncyclic version of Theorem 3.7.
Theorem 3.8. Let (P,Q) be a nonempty, weakly compact and convexr pair in a
strictly convexr Banach space X and T : PUQ — P UQ be a noncyclic relatively
nonexpansive mapping which is an O —w — x — Z4-condensing operator. Then T has
a best proximity pair.

4. APPLICATION TO SYSTEM OF INTEGRO-DIFFERENTIAL EQUATIONS

This section is dedicated to prove a result which shows the existence of optimum
solutions for a system of functional integro-differential equations.

Let o, B,p € RT with p < .. Let tg € R and X be Banach space. We denote by
C(I,X), the Banach space of all continuous mappings from I = [ty — «, tp + ] into
X, endowed with the supremum norm. Also, let By = B(u1; ) and By = B(us; )
be closed balls in X', where ui,us € X. Assume that k; : I x I x B; —» X and
F;: I x B; x B; » X, with ¢ = 1,2, are continuous mappings, and k; is k;-invariant.
Let us consider the following system:

t

u'(t) = Fl(t,u(t),/ k1 (t, s,u(s))ds), wu(to) =wus,

v (t) = Fg(t,v(t),/t ka(t, s,v(s))ds), wv(to) = ua,

where the integral is the Bochner integral. Let J = [tg — p,to + p] and define
Miy={z:J - By:xeC(J,X),z(tg) =u1}

and
Mo={y:J—=By:yecC(J,X),y(to) = uz}.

Clearly, (M, Ms) is a bounded, closed and convex pair in C(J,X). Also, for any
(u,v) € M1 x Ma, we have

[[ur = wal| < supfju(t) —v(®)|| = [[u— ],
teJ

and so, dist(M1, Ma) = [Ju; — ua].
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Now, let T': M; U Mgy — C(J, X) be the operator defined as

t T
uer/ Fl(T,u(T),/ ki (7, s,u(s))ds)dr, u € My,
t

Tu(t) (4.2)

0 to

= t T
Uy —|—/ FQ(T,U(T),/ ko(T, s,u(s))ds)dr, u € Ma.

to to

We show that T is a cyclic operator. Indeed, for u € M7 we have
t T
I7utt) = usll = || [ Filra(o), [ (e, u(s)ds)ar]
t

to 0
t T

< / |Fy(ru(r), / k(7. 5, u(s))ds) |dr

to to

SKlpa

where
t
K; = sup{||Fi(t,u(t),/ ki(t,s,u(s))ds)| : (t,u) € I x B;}, i=12.
to

Now, if we assume

B

< —
g max;e (1,2} K

we get ||[Tu(t) —uz|| < S forall t € J and Tu € My. The same argument shows that
u € My implies Tu € M.

It should be clear that w € M7 UM, is an optimum solution of the system (4.1) if
||w — Tw|| = dist(M; U Ms) is satisfied. Equivalently, w is the best proximity point
of the operator T'. Before proving the actuality of optimum solution of system (4.1),
we recall an extension of the Mean-Value Theorem.

Theorem 4.1. ([11]) Let I, J, B;, F; and k; with i € {1,2} be given as above discus-
ston, where to,t € J such that ty <t. Then

t T
uj—|—/t Fi(T,u(T),/t ki(T,s,u(s))ds)dr € u;
0 0

(¢ — to)m({Fy(r, u(r), / " ki s, u(s))ds) : 7 € [to, 8]},

to

for (i,5) € {(1,2),(2,1)}.

We give the following result which guarantees the existence of an optimal solution
for the system of equations (4.1).
Theorem 4.2. Under the aforesaid assumptions let

B

< e —
P max{Kj, Ko}

and N be an MNC on C(J,X), for which the following conditions hold:
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(1) For any bounded pair (N1, N3) C (B1, Bs), there is a mapping k : RT — R*
which is upper semi-continuous and satisfies k(t) < t such that
K(N(Nl U Ng))

N(Fl(j X N1 X Nl)UFQ(j X N2 X NQ)) < f’

(2) ||F1tu ft ki(t,s,u(s))ds) — Fa(t,v(t) ft ka(t,s,v(s))ds)||
< S(lu®) = vl = luz —wll),  V(u,v) € My x Mo.

Then the problem (4.1) has an optimal solution.

Proof. Since T is a cyclic operator, it follows trivially that 7'(M;) is a bounded subset
of My. We show that T (M) is also an equicontinuous subset of My. Suppose t,t’ € J
and © € M7. We observe that

[Tu(t) — Tu(t')]]
= ||/ Fy(7,u( / kl(T,s,u(s))ds)de/ Fl('r,u('r),/T k1 (7, s,z(s))ds)dr||

to to

CIE (e / k(7. 5,2())ds) [ dr

< K1|t —t |a
that is, T(M1) is equicontinuous too. With the same argument, one can show that
T(Ms) is equicontinuous. Now, by applying Arzela-Ascoli theorem, it follows that
the pair (M1, Ms) is relatively compact. Our aim is to prove that T is a relatively
nonexpansive and =g-condensing operator. For each (u,v) € M; x My with the help
of assumption (2), we have

uy + /t Fy(1,u(r), /T k1(7, s,u(s))ds)dr

to tO

[Tu(t) = Tu()|| =

t

—(ug+ [ Fa(r,v(7), /T ko (7, s,v(s))ds)dr)

t() tO

|F1(T,U(7'),/tT ki (7, s,u(s))ds)dr

<lug —ua]] +

_ By(r,0(r), / " ha(r, s, 0(s))ds) | dr

to

E / (lu(r) = v(r)]| = |luz = wr|))dr

ug = wall + ([ = vl = flug = wall) = [lu = vl

<|lug —uq]| +

Thereby,
[T =Tl = sup [[Tu(t) = To(®)l] < [lu — v,
te

that is, T is relatively nonexpansive.
Now suppose that the pair (N7, Na) C (Ml,./\/lg) is a nonempty, bounded, closed,
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convex and proximinal pair which is T-invariant and
dist(N1, Ny) = dist(Mq, M) (= ||uz — wi]]).
It now follows from Theorem 4.1 and assumption (1) that
N(T(N:) UT(Ns))
= max{N(T(N1)), N(T(N2))}
— max { sup{N(Tu(t) : 1 € N} }.supfN ({To(t) v € N2}>}}

teJ

~ max { sup N ({u + / Fi(ra(r), [ ha(rs.u(s)dsidr s w e Nip),

to tO

sup{/\/({u1 + /f Fy(r,v(r), /T ka(7,8,v(s))ds)dr : v € Ng})}},

to tO
and that

(T(N1) UT(N2))
sup{N ({us + (t — to)eon({ F1 (7, u(t), / ki (7, s,u(s))ds) : 7 € [to,t]H) )},

teJ to

sup{ N ({u1 + (¢t — to)con({Fs(t,v(t), /T ka(T,s,v(s))ds) : T € [to,t]})})}}
teJ

to

< max { Oitigp{u({uz + Aeon({F1(J x N1 x Ni)H}},

sup N ({us + Xeom({Fa(J x Ny x N2>}>}>}}

0<A<p
= max{p./\/(Fl(J X N1 X Nl)),pN(FQ(J X N2 X N2))}

= pN({F1(J x N1 x Ni)U Fy(J x Ny x Np)})
JEN (N U Na))

p
Thus we get

= K(N(Nl U Ng))

If we take = (t,s) = k(s)—tand g : [0,00) — [0, 00) given as g(s) = 0 for all s € [0, 00),
the necessary requirements of Theorem 3.1 are satisfied. So the operator 1" has a best
proximity point which is an optimal solution of the system of (4.1). O

Remark 4.1. It is worth noticing that in Theorem 3.1 the considered pair (P, Q) is
weakly compact, whereas the pair (By, Bs) and so, (M1, Ms) in Theorem 4.2 is not
weakly compact. We mention that the weakly compactness condition of (P, @) in The-
orem 3.1 is used to establish nonemptiness of the proximal pair (Py, Q). However, in
Theorem 4.2, ((M;)o, (Mz2)o) is nonempty, because of the fact (u1,u2) € (M1, M2).

As an application of Theorem 4.2, we obtain the next existence result of a solution
for a system of integro-differential equations.
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Corollary 4.1. Under the above notations and the assumptions of Theorem 4.2, if

Uy

= uq, then the system
u'(t) = Fu(t,u(t), [ ku(t,s,u(s))ds), u(to) = ui,

. (4.3)
V() = Fa(t,v(t), [, k2(t,s,0(s))ds),  v(to) = ur,

has a solution.
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