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Abstract. In [6], Moudafi introduced the so-called viscosity iterative method to approximate a
fixed point of a nonexpansive mapping and proved the strong convergence of the generated sequence.
Since then, several authors extended the convergence result in different settings and for mappings
satisfying general metric conditions. Anyway, to the best of our knowledge and beside numerical
simulations, little is known about the speed of convergence of the method itself. In this paper,
we propose a step in this direction by giving an estimate for the rate of convergence of viscosity
sequences generated by quasi-nonexpansive mappings in the setting of g-uniformly smooth Banach
spaces.
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1. INTRODUCTION

Iterative methods for approximating fixed points have a long story and their study
had been one of the most prolific field in fixed point theory in the last decades. For
a comprehensive introduction on the topic, we refer to books [2] and [4]. Despite
the intensive literature on the subject, very little had been written about the rate of
convergence of the generated sequences. One of the first results in this direction had
been given by Baillon ad Bruck in [1] (see also [3] for a simpler proof) and it can be
expressed as follows.

Theorem 1.1. Let X be a Banach space with a closed, convex and monempty set
C, let X € (0,1) be a fized parameter and let T : C — C be a nonexpansive map
with nonempty fized point set Fix(T). Fiz xg € C and let {x,} be defined by the
Krasnoselskii iteration
Tpg1 = Ap + (1 = N Tz, (1.1)
Then the rate of asymptotic stability is given by
diam(C)

Ty, — Tx,| < .
len nll < 7A(1 = A\)n
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In [1], the authors conjectured that a similar results holds for the Krasnoselskii-
Mann (or segmenting Mann) iteration, generated by the inductive step

Tpt1 = nZp + (1 — )Ty,

where {ay,} C (0,1) is a real sequence. The conjecture was then positively solved in
2014 by Cominetti, Soto and Vaisman (see [5]). Their proof exploits some properties
of special functions together with an identity for Catalan numbers.

Focusing on other classical results, Halpern and viscosity iterations had been widely
studied in literature for several classes of mappings and in different settings and
their importance resides on the strong convergence to a fixed point of the produced
sequence.

The aim of this article is to provide a convergence rate of the iterative viscosity ap-
proximation for quasi-nonexpansive mappings in a g-uniformly smooth Banach space
X. Our result shows that the convergence rate depends not only on the smoothness
of X (i.e., on ¢), but also on the coefficient of the contraction used in the viscosity
approximation.

2. PRELIMINARIES

2.1. Uniformly smooth spaces. We briefly recall some facts and notations regard-
ing Banach spaces and, in particular, g-uniformly smooth spaces which will represent
the natural setting for our results .
Let (X, -||) be a Banach space and let J : X — 2% be the normalized duality
mapping given by
J(x) = {f € X" (a, f) = ||l|* and || f]|" = [l[]},
where (-,-) denotes the usual duality pairing. In the sequel, we shall denote single-

valued duality mappings by j. Given ¢ > 1, we shall use J; to denote the generalized
duality mapping given by

Jo(z) = {f € X"+ (2, f) = ||z " and || f||" = [|=[|"*}.
We recall the following relation
Jq(@) o= ||| 772 ().
The modulus of smoothness p : [0, +00) — [0, +00) is defined by

ptt) = sup { LIy <1 o < ).
X is said to be uniformly smooth if lim p(t)/t = 0 and ¢-uniformly smooth (with
g > 1) if there exists a constant ¢ with the property that p(t) < ct9.

We cite Hilbert spaces, Sobolev spaces W™ 4(€), as well as Lebesgue spaces LI(€)
and 1%, with ¢ € (1,00), as examples of g-uniformly smooth Banach spaces. Also
every superreflexive Banach space admits an equivalent renorming for which it is ¢-
uniformly smooth (see [7]). For a proof of previous facts and for more examples, we
refer to [9].

The following proposition summarizes some useful properties of g-uniformly smooth
spaces, we refer to [13] and the book [4] for a proof and discussions.
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Proposition 2.1. Let ¢ > 1 and let (X, || - ||) be g-uniformly smooth. Then
(1) X is a reflexive Banach space,
(2) The generalized duality mapping is single-valued and norm to norm uniformly
continuous. Moreover j,(Az) = N71j,(z) for any A > 0.
(3) There exists a constant K, > 0 such that

lz +yll* < |21 + q(y, Jq(2)) + Kqllyll? (2.1)
(4) If ¢ > 2 then X is 2—uniformly smooth.

2.2. Nonexpansive maps and iterations. Let C' be a nonempty, convex and closed
subset of the Banach space X. Recall that a self-mapping T': C' — C' is said to be
non-expansive if
ITe ~ Tyl < llz—yll  VayeC

and quasi non-expansive, whenever the above inequality holds when y = Ty is a fixed
point of T. We shall use Fiz(T') to denote the fixed point set of 7. Throughout the
paper we assume that Fix(T) is not empty.

The viscosity approximation method of selecting a point in Fiz(T') was first intro-
duced by Moudafi [6], who proved the following.
Theorem 2.2. In a Hilbert space H, let C C H be closed, convex and nonempty
and let T, f : C — C be a nonexpansive mapping with a fized point and a contraction
respectively. Define {x,} by z1 € C and

Tnt1 = Anf(2n) + (1 — an)Tay,.

Suppose that {c,} satisfies the conditions

(M1) limy,— o0 vty = 0;

(M2) >0 oy, = 005

(M3) lim, oo |1/, — 1/p—1| = 0.
Then {x,} converges strongly to the unique solution p € Fix(T) of the variational
inequality

(I-fip,p—p)>0 Vp € Fix(T). (2.2)

In other words, p is the unique fized point of the map Ppiy(1)f-

Later, Xu improved the above result by generalizing it to the setting of uniformly
smooth Banach spaces:
Theorem 2.3. [16] Let X be a uniformly smooth Banach space and C C X be closed,
convex and nonempty, let T, f and {x,} as in the previous theorem and suppose that
{an} satisfies conditions (M1),(M2) and the following
(M3*) either Y 07 | |ang1 — ap| < +00 or limy, oo a1 /oty = 1.
Then {x,} converges strongly to the unique solution p € Fixz(T) of the variational
inequality

(I =1)b,jgp =) =20  Vpe Fiz(T).

Remark 2.4. We stress that conditions (M1),(M2) and (M3*) allow the natural

choice oy, = n%rl, which is excluded by (M1)-(M3). Further remarks on the necessity
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of conditions (M1)-(M3) and (M3*) and their role in optimization can be found in
[14], [15],[10] and [11]. See [12] also for a recent on finding zeros of nonexpansive,
accretive mappings in Banach spaces.
The following lemma is used in the original proof of Theorem 2.3.
Lemma 2.5. [14] Assume {ay} is a sequence of nonnegative real numbers such that
Gnt1 < (1 - ’Yn)an + Ons n >0,
where {y,} is a sequence in (0,1) and 0, is a sequence in R such that
(1) limp—yo0 ¥ = 0;
(2) o0ii ¥ = 003
(3) limsup,,_, o 8 /v <0 or Y07 1 |6n] < .
Then lim,,_, a, = 0.

For the convergence rate we also need a lemma due to Chung which can be found
in [8].
Lemma 2.6. (Chung, cf. [8, Lemma 4, p. 45]) Assume a nonnegative sequence (uy,)
satisfies the condition

c d
Up+1 S (1 — E) Unp, + W, n > 0, (23)
where d > 0, p > 0, ¢ > 0 are constants. Then
Up < d(c—p)~In7P +0(n7P), if ¢ > p,
u, =0 (n"“logn), if ¢ = p,
up, = 0 (n™°9), if ¢ < p.

3. MAIN RESULTS

Theorem 3.1. Let g € (1,2] and k € [0,1) be given. Let (X, -||) be a g-uniformly
smooth Banach space, C' a nonempty, closed and convex subset of X, T : C — C a
quasi-nonexpansive map with Fix(T) # 0, and f : C — C a k-contraction. Suppose
that there exists p € Fix(T) such that

(I = f)p:dg(y —p)) =0 (3.1)
fory € T(C). Then the viscosity iteration with initial guess x4 € C and
Tn+1 :anf(ajn)+(1*an)Txna n=12---, (32)

converges strongly to p, which also solves (2.2), whenever {a,} C (0,1) satisfies the
conditions (M1) and (M2) of Theorem 2.2. Moreover, if a, = = for n > 0, we have

the convergence rate:
0] < 111) if kK <
n q

— 7 . /4q
|zn — Bl < O<(10g17j)11 ) if k=

n

0 () if k>

Q=

Q= Q=
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Proof. By following a standard argument, it holds that

lzn — Bl < max{[lzy - pl, (1 — &) M| F(B) - BII}-
Consequently, the sequences {x,,}, {Tzy,}, {f(x,)} are all bounded.
Applying (2.1) to (3.2) arrives at

[#ns1 = BI? = [[(1 = an)(Tzn — D) + e (f(2n) = D)
<N = ) (Txn = )|+ gon(f (20) = P, Jg (1 — ) (T, — P)))
+ Kgllan (f(zn) = )|
< (1= an) Ty = pl|? = gan(l = an) U = £)B, jo(Tn — D))
+gon (1= an) " f(2n) = FONTen — BT + ol Ky f(20) — BI|
< (1= ) an — Pl + grom (1 — )T |z, — 5|7
+a%Kq2gr1>||f(xk) - pll.

Setting un i= [, — p|7 and Ky = K, supysy [1f (x) — 1l we get
Uni1 < (1= )T (1 = an (1 — Kq))uy, + f(qagl. (3.4)
Since (1 — a,,)?7 ! <1 — (¢ — 1)a, and since
(1= (¢ = Dan)(1 = an(l = rq)) =1 = (1 = K)ay, + (¢ = 1)(1 = kg)as,
(3.4) is reduced to
tns1 < (1= q(1 = R)an)un + (= (1 — kQ)o2un + Kyal  (35)

An easy application of Lemma 2.5 to (3.5) immediately implies that u,, — 0, namely,
T, — P in norm.
Now if k < % (i.e., kg < 1), then we infer from (3.5) that (noting a2 < ad)

Unt1 < (1 —q(1 — K)a)up + dgad. (3.6)

where d; == (¢ —1)(1 — kq) Sup,,>; un + K,. In particular, if a,, = 1. we may rewrite
(3.6) as

q(1 — k) dq
SIPYRE -

Since kg < 1, which is equivalent to ¢(1 — k) > ¢ — 1, we can apply Lemma 2.6 to the
case where ¢ :=¢(1 — k), p:=¢—1 and d := d, to get

Uy < dg(1 — kg)n~ ™Y 4 o(n=(0=1),
This proves the first case of (3.3).
Next assume xq > 1; then (3.5) is reduced to

Uni1 < (1—q(1 = K)ay)u, + K al. (3.8)

In particular, if a;, = 1, we obtain from (3.8)

o< (1-20=) B a9

nd
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Further, if kg = 1, then ¢(1 — k) = ¢ — 1. Applying Lemma 2.2 yields
u, = O(logn/n?™1).

This proves the second case of (3.3).
Finally, if kg > 1, then ¢(1 — k) < ¢ — 1, and we can again apply Lemma 2.2 to get

Uy = O(1 /=R,
This proves the third case of (3.3).
Corollary 3.2. Let X,C,{ay} and T be as in the previous theorem. Fiz u € C' and
let {z,} be the Halpern iteration defined by z1 € C and
Znt1 = apu+ (1 — ap)Tx,.
Suppose that the following inequality is satisfied for some p € Fix(T),
(p—ujgly—p) >0  VyeT(C).

Then {z,} converges strongly to p. Moreover, if a, = %, then we have the convergence
rate:

— 1) sup,>; ||zn — |7 + K||u — p|9]"/9 1
o i < L= oo I+ Kol AP

n@D/a n(ql)/q) (3.10)

forn > 1.

Proof. We take the contraction f in Theorem 3.1 to be f(x) = u and thus x = 0. It
turns out that (3.7) is reduced to (recalling o, = 1/n)
dy

na’

q

Ung1 < (1 - E) U + (3.11)

where

dq = (¢ —1)sup|lzn — p[|* + Kqllu — p||*.
n>1

Applying Lemma 2.2 (the case of ¢ > p with ¢ = g and p = ¢—1) to (3.11) immediately

yields
dp 1
Uy < a1 +o0 (nq1> .

This is equivalent to (3.10).
Remark 3.3. We remark that condition 3.1 can be lowered by assuming existence
of p € Fiz(T) such that

(I = f)p,jg(zn—p)) >0, neN.
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