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1. INTRODUCTION

As a very important part of nonlinear analysis, fixed point theory plays a key
role with regards to the solvability of many complex systems from applied mathe-
matics (chemicals reactors, neutron transport, population biology, infection diseases,
economics, applied mechanics, ...). The theory itself developed quickly in many di-
rections starting from Brouwer’s fixed point theorem (1910), Banach’s contraction
principle (1922), and Schauder’s fixed point theorem for compact mappings (1930).
Krasnoselskii’s fixed point theorem for sums of operators (1955) is considered as both
an extension and a combination of these previous two results (see [7, 8, 13, 22]). It
turns out to be a powerful tool to deal with several classes of nonlinear equations of
the form Fx 4+ Gx = z, in a suitable functional setting, where F' is a contraction and
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G is compact. Actually, many boundary value problems for differential equations can
be recast in this abstract formulation.

Among the very rich and recent literature on the development of the fixed point
theory for the sums of operators, we quote, e.g., [5, 18, 24, 23]. Another fixed point
result established by Krasnoselskii in 1960 is the cone compression-expansion fixed
point theorem; it is mostly used for proving existence, and localization, and multi-
plicity of positive solutions for various nonlinear problems in some conical shells of
a Banach space (see [12, 14, 15]). During the last couple of years, its extension has
attracted many researchers (see [3, 11, 16, 17, 19] and references therein).

Note that the fixed point theory has also been greatly influenced by the parallel
progress of the research works made on the topological degree for different classes of
mappings (see, e.g., [2, 1, 16, 17]). In this regards, the pioneer works of Petryshyn
[20, 21] have initiated important steps in establishing the relationship between the
fixed point theory and the index fixed point theory.

In [10], the last two authors of this paper have developed a new fixed point index
for the sum of an expansive mapping and a k-set contraction defined in cones of
some Banach spaces. Then some fixed point theorems, including Krasnoselskii type
theorems, have been showed.

In this work, we continue to extend the theory to the sum T+ F of two mappings,
where T is an expansive mapping with constant A > 1 and the perturbation I — F' is
a k-set contraction with 0 < k < h. Our aim is to provide a new contribution to the
fixed point index theory for this class of operators, and it is twofold: first, we define
and compute a topological index and then we prove several fixed point results, by
considering the fixed point index for sums of operators defined on translates of cones.

This paper contains five sections including this introduction. In section 2, we have
collected some basic concepts and auxiliary results needed throughout the paper. The
main results are then presented in Section 3, where the fixed point index is defined
and computed. Section 4 is devoted to the presentation of some cone compression
and expansion fixed point theorems for sums of operators. In Section 5, two examples
of application to nonlinear integral equations illustrate the abstract results obtained
in Section 3.

2. PRELIMINARIES
Let (E,||.||) be a real Banach space.

Definition 2.1. (a) A closed convex subset P of E is called a cone if a P C P for all
positive real number a and P N (=P) = {0}.

(b) A cone P is called normal if there exists a positive constant N such that, for all
x,y € P, we have z < y = ||z|| < N||y||. The least positive constant IV is called the
normal constant of P.

(¢) The partial order relation in E induced by the cone P is given by x < y if and
only if y —x € P.

For some constant r > 0, denote P, = P N B,, where B, = {z € E : ||z|]| < r}
is the open ball centered at the origin with radius r. P* = P \ {0} will refer to the
punctured cone.
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Definition 2.2. Let Qg be the class of all bounded subsets of E. The Kuratowski
measure of noncompactness (MNC for short) « : Qg — [0, +00) is defined as

a(V):inf{(5>O V:U V; and diam (V;) <6, Vi:l,...,n},

i=1
where diam (Vi) = sup{||x — y||g, x,y € V;} is the diameter of V;.
The Kuratowski MNC « has the following properties (see [4]).

Proposition 2.1. (a) a(A) =0« A is compact.
(b)) AC B= a(A) <a(B).

(c) a(A+B)<a(Ad)+a(B),VA,Be Q.

(d) a(A+z)=a(A),VAEQE ,Vz €E.

(e) a(AA) = |Na(A), VA€ QEr, VI ER.

(f) If dim(E) = oo, a(B,) = 2r.

In connection with Definition 2.2, we have

Definition 2.3. Let A: D C E — F be a continuous operator. A is said to be:

(1) bounded if it maps bounded sets into bounded sets;

(2) compact if the set A (D) is relatively compact;

(3) completely continuous if it maps bounded sets into relatively compact sets;

(4) k-set contraction, for some number k > 0, if it is bounded and a(A(V)) < ka(V)
for every bounded set V' C D, and strict-set contraction whenever k < 1.

For k-set-contractions, the following proposition holds:

Proposition 2.2. [20, Proposition 2] (a) If A; : G — E is k;-set contraction, i = 1,2,
and As : A1(G) — E is kz-set contraction, then Ay + As : G — E is (k1 + ko)-set
contraction, and AzA1 : G — X is ki1ks-set contraction.

(b) A: G — E is completely continuous if and only if A is 0-set contraction.

(c)If A : G — E is L-Lipschitzian (i.e., ||[A(z) — A(y)|| < L||x — y| for z,y € G),
then A is k-set contraction with k = L.

(d) If C : G — E is completely continuous and S : G — E is L-Lipschitzian, then
C + S is k-set contraction with k = L.

Definition 2.4. A mapping T : D C X — X, where (X, d) is a metric space, is said
to be ezxpansive if there exists a constant h > 1 such that

d(Tz,Ty) > hd(z,y) forall z,ye€ D.
The following fixed point result is proved in [24, Theorem 2.1] for expansive mappings.

Proposition 2.3. Let (X,d) be a complete metric space and D be a closed subset of
X. Assume that the mapping T : D — X is expansive and D C T(D). Then there
exrists a unique point x* € D such that Tx* = x*.

The proof is based on the following self-interesting result.
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Lemma 2.4. Let (E,||.||) be a linear normed space and D C X. Assume that the
mapping T : D — FE is expansive with constant h > 1. Then the inverse of T : D —
T(D) exists and

_ _ 1
177 e =Tyl < 7llz=yl, Yo,y € T(D).

We complete the preliminaries by a useful compactness criterion, where C,(R™, R)
stands for the Banach space of bounded continuous functions on the half-line.

Lemma 2.5. [6, Page 62] Let M C C,(R™,R). Then M is relatively compact in
Cy(RT,R) if the following conditions hold:

(a) M is uniformly bounded in Cp(RT,R).

(b) The functions belonging to M are almost equicontinuous on R*, i.e. equicontin-
uous on every compact interval of RY.

(¢) The functions from M are equiconvergent, that is, given € > 0, there corresponds
T(e) > 0 such that |x(t) — 1| < e for anyt > T(¢) and x € M.

3. DEFINITION OF A FIXED POINT INDEX

Given a real Banach space (E,||.||), let Y C E be a closed convex subset. Let
Q be any subset of Y and U be a bounded open subset of Y. Consider an expansive
mapping T : Q — E with constant h > 1 and let I —F : U — E be a k-set contraction
with 0 < k < h. By Lemma 2.4, the operator T~ is %-Lipschtzian on T(£2). Suppose
that

(I-F)(U)cCT).
Then T-'(I — F) : U — Q C Y is a strict set contraction. Actually, the mapping
T~(I — F) is continuous, bounded, and for all bounded subset B C U, we have

o171 =~ F))(B)) < 7 a((I ~ F)(B)) < ~a(B).

Note further that if x # Tz + Fz, for all x € OU N Q, then x # T—1(I — F)z, for all
x € oU.

As in [10], a fixed point index of the sum 7'+ F on U N with respect to the closed
convex set Y can be defined by
i(T7YI-F),U,Y), ifUNQ#D
0, fUunNQ=0.

Theorem 3.1. The fized point index i (T + F,U NQ,Y) defined in (3.1) has the
following properties: o
(i) (Normalization) If U = Y N B(w,r), w € Q, and (I — F)x = zy for all x € U,
where zg € YN € T(Q) and ||zo — Tw|| < hr, then

(T+EFUNQY)=1.

(ii) (Additivity) For any pair of disjoint open subsets Uy,Uz C U such that T + F
has no fizxed point on (U \(U; UUz)) NQ, we have

(T+FUNQY)=i . (T+FUNQY)+i.(T+FUNQY).

i*(T+F,UﬂQ,Y):{ (3.1)
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(#i) (Homotopy invariance) The generalized fixed point index i .. (T+ H(.,t),UNQ,Y)
does not depend on the parameter t € [0, 1], where

(a) (I — H) :[0,1] x U — E is continuous and H(t,z) is uniformly continuous in t
with respect to x € U,

(b) (1 — H)([0,1] x T) < T(Q),

(c) (I—H(t,.):U — E is a {-set contraction with 0 < £ < h, for all t € [0,1],

(d) Tx + H(t,xz) # x for allt € [0,1] and xz € OU N

(iv) (Solvability) If i (T + F,UNK,Y) #0, then T + F has a fized point in U N €.

Proof. We argue as in [10, Theorem 2.1]. Properties (ii), (iii), and (iv) are conse-
quences of (3.1) and of the properties of the fixed point index for strict set contrac-
tions (see [11, Theorem 1.3.5]). It remains to check the normalization property. If
U=Y nB(w,r), then

(T - F),U,Y) =i (T '2,U,Y)=1.

For this purpose, we show that yo := T 129 € B(w,r)NQ. (I —F)(U) = {20} C T(Q)
implies that yo € Q and since T is an expansive operator with A > 1, then

Tyo —Tw|| = hllyo — |-

Then
Bllyo — wll < |Tyo — Twl = 120 — Tw| < hr,
and thus yo = T2y € U. Using the normalization property of the index [11, Theorem
1.3.5], we find that
i (T '2,U0,Y) = 1.
Finally i. (T 4+ F,UNQ,Y) = 1, as claimed. O

Remark 3.1. Let P C Ebeacone,0€ Q,and U =PnN{z € E:¢(x) < R}, where
1 is a nonnegative continuous functional on P satisfying ¢ (z) < ||z| for all x € P. If
(I — F)x = 2, for all z € U, where z9 € P and ||zo — 70|| < hR, then we can prove
as for the normalization property that

Ww(T+FUNQP)=1.

Remark 3.2. (1) Since T' and I —T have the same properties in terms of invertibility
and since I — F' is an f-set contraction with ¢ < h, one could think that the fixed
point index developed in this paper is a generalization of the one developed in [10].
Unfortunately the implication

FO)CcI-T)(Q)={I-F)U)cCT(Q)
does not in general hold. For example:
(a) Let T : [0,1] — R be such that Tz = —3e” and F : [0,4] = Ris Fo = e~ + 3.
Then, the conditions of the fixed point index developed in [10] are satisfied. Indeed,
Tisa g—eXpansive mapping and F' is a 1-set contraction. In addition
5 5€:|

F([0,4]) = [e"*+3,4] c (I - T)([0,1]) = [2, 1+ 5
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bt 1 ) 5
e
(1= F)0A) = [-4.1 - ¢ T0.a) = |55
(b) Let T': [0,1] — R be such that Tz = 2z and F : [0,5] - R is Fo = —5z + g(x),
where g : [0,5] — [—4,0] is a 2-set contraction such that the equation g(z) + %z =0

has a solution in (0, 1]. Then the conditions of the fixed point index developed in [10]

are satisfied. Indeed, T is a 2-expansive mapping and F is a f—o—set contraction. In

(2) Conversely, define two mappings T, F': [0,1] = R by Tz = %ex and Fo = —2e™7%.
Then T is a %—expansive mapping, (I — F)x =z + 2e~* is a 1-set contraction, and

- ro) = |22 e mon = |3, 3¢

2 Ze
22
It is clear that the conditions of the fixed point index developed in this paper are

satisfied, while that of the index defined in [10] are not (F is a 2-set contraction).
Moreover, the equation Fx 4+ T2 = = cannot be rewritten in the abstract form

Tx—i—ﬁx:x,

where T is h-expansive and F #0is k-set contraction with k < h — 1.

(3) These two examples show that the fixed point index we present here and the
one developed in [10] do not coincide and are not easily comparable. Even in the
case where both approaches are applicable, we will present in this work new sufficient
conditions allowing the computation of the index of the fixed point for the sum of two
operators even on translates of cones.

3.1. Computation of a fixed point index. In this section, we show that the fixed
point index can be computed in case of a translate of a cone, rather than in a cone,
and in some cases even in an arbitrary closed convex subset. A fixed point index
in translates of cones of Banach spaces is defined in [9] for completely continuous
mappings and can be extended to the case of a strict set contractions. Let P # {0}
be a cone in F and K =P+ 6 (0§ € E) a f-translate of P. Let Q C K be a subset and
U C K be a bounded open subset such that QN U # (). Since K is a closed convex of
E, the fixed point index i, (T + F,U N Q,K) is well defined whenever T : Q — FE is
an expansive mapping with constant A > 1, I — F : U — E a k-set contraction with
0<k<h (I-F)U)CT(),and x # Tz + Fz for all z € U NS, where U and OU
denotes the closure and the boundary of U in K, respectively. For two real numbers
0 < r < R, define the sets:

Kr = {zeK:|lz—0]|<r}
oK, = {zek:|z—-0|=r}
Krr = {zek:r<|z-0| <R}

Proposition 3.2. Let T': Q@ C K — E be an expansive mapping with constant
h >1 a@[ —F : K, — FE be a k-set contraction with 0 < k < h such that
tI—F)(K)+ (1 —-t)8 CT(Q), for allt € [0,1]. Assume that § € Q, | T8 — 0| < hr,
and

Tx # Max—Fz)+ (1= N0, forall x €K, NQ and 0 < X< 1. (3.2)
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Then i, (T + F, I, NQ,P) =1.
Proof. Define the line homotopy H : [0,1] x K, — E by
H(t,z) =tFz+ (1 —t)(z —0).

Then, the operator (I — H) is continuous and uniformly continuous in ¢ for each .
Moreover the mapping (I — H(t,.)) is a k-set contraction for each ¢. Actually, for any
bounded set B in K,., we have

a((I — H(t,.))(B)) = a(t(I — F)(B) + (1 —1)0) < ka(B).
In addition, T + H(¢,.) has no fixed point on 0K, N Q. If not, there exist some
xo € 0K, NQ and ¢y € [0, 1] such that
Txg+ toFxo + (1 — to)(.l?o — 9) = Xp.

Then Txg = to(xg — Fxo) + (1 — t9)0, leading to a contradiction with the hypothesis.
By properties (i) and (iii) of the fixed point index in Theorem 3.1, we get

W(T+FEKNLK) =i (T+I-0,K,NQK)=1. O

From Proposition 3.2, we capture the following two results.
Corollary 3.3. Assume that T : Q@ C K — FE is an expansive mapping with
constant h > 1, I — F : K, — E is a k-set contraction with 0 < k < h, and
(tI = F)(K,) + (1 =1)8) C T(Q), for allt € [0,1]. If 0 € Q, [|T0 — || < hr, and
Tz — 0| > ||z — Fx —0|| and Tx+ Fx # x, for allx € 0K, NQ.
Then i, (T + F, K, NQ,K) =1.
Proof. 1t is sufficient to prove that Assumption (3.2) holds. By contradiction, let
2o € K, NQand let 0 < Ay < 1 satisfy Tag = Ao(zo — Fag) + (1 — XN)b. If \g =1,
then zg — Fxg = Txo which is impossible. If 0 < A9 < 1, then
HT.Z‘O — 9” = )\0||x0 —Txg — HH < ||.%'0 —Txg — 9”,
which is a contradiction. 0
Corollary 3.4. Let T' : @ C K — E be an expansive mapping with constant
h >1 anilet I—F : K, = E be a k-set contraction with 0 < k < h such that
(I-F)K,)+(1—=t)0) C T(Q), for all t € [0,1]. Assume further that 6 € Q,
|76 — 0| < hr,
x—Fx e forall x € 0K, N,

and
Tz £ x— Fx for all x € 0K, N Q.

Then i, (T + F,IC, NQ,K) = 1.

Proof. Assumption (3.2) is readily checked for otherwise there would exist some zy €
KN and 0 < Ag < 1 such that Txg = Ao(xg — Fzo) + (1 — Ag)6. Hence
TCCO —0 = )\Q(CIL‘O — F.’l?o — 9)

Since xg— Fxzo—0 € P, then A\g(zo— Fxo—0) < 9 — Fxo—0, which is a contradiction
to our assumption. O
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Proposition 3.5. Let 6 € U C K be a bounded open subset and T : Q C K — E be
an expansive mapping with constant h > 1, I — F : U — E a k-set contraction with

0<Ek<h, and (I - F)(U) C T(). Assume further that
x—Fx#TA\x+ (1-XN0), forallzedU, A>1 and Az + (1 —N)0 € Q.
Then i, (T+ F,UNQ,K) =1

Proof. The mapping T~}(I — F) : U — K is a strict set contraction and it is clear
that

T YI—F)x—0+# Xz —6), forallz € U and A > 1. (3.3)
Owing to [9, Proposition 2.2], i (T~'(I — F),U,K) = 1. Then Equality (3.1) ends this
proof. O

Proposition 3.6. Let U C K be a bounded open subset, T : Q@ C K — E be an
expansive mapping with constant h > 1, I — F : U — FE a k-set contraction with

0<k<h,and (I-F)U)CT(Q). Assume that § € QNU,
|z — Fz —T0| < hllx — 0|, and Tz + Fz # z, for all z € OU NQ. (3.4)
Then i, (T + F,UNQ,P)=1.

Proof. According to Lemma 2.4, T-'I-F):U — K is a strict set contraction.
From the inclusion (I — F)(U) C T(Q), for all x € U, we can find some y € §2 such
that * — Fz = Ty. For all z € U, we have T~ !(z — Fx) € Q and

T(T 'z — Fz)) = v — Fu,
which implies that
| T(T~(x — Fz)) = TO| = ||z — Fx — T4)||.
Since T is expansive with constant h, we have
|T(T~ (x = Fir)) = 76| > h|T~(x — Far) — 6].
Hence
R|T Y — F)x — 0| < ||z — Fx —T4)||. (3.5)
From (3.5) and Assumption (3.4), we get
T=(I - F)z— 0] < %Hx _ Fe—T8|| < ||z — 6|, Vz € oU.
Therefore for all x € OU N
1T~ (I - F)x — 0| < ||z —6|| and T"(I — F)zx # x.

Due to [9, Corollary 2.2], i (T~Y(I — F),U,K) = 1. Equality (3.1) completes the
proof. O

In case of a cone, i.e., § = 0, Proposition 3.5 and Proposition 3.6 become
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Corollary 3.7. Let 0 € U C K be a bounded open subset and T':  C P — E be an
expansive mapping with constant h > 1, I — F : U — E be a k-set contraction with

0<Ek<h, and (I - F)(U) CT(2). Assume further that
x—Fx#T(Ax), forallz €dUNN, A>1, and Az € Q.
Then i, (T+ F,UNQ,P)=1.

Corollary 3.8. Assume that T : Q0 CP — E is an expansive mapping with constant
h>1,1—F:U — E is a k-set contraction with 0 < k < h, and (I — F)(U) C T(2).
Let 0 € QNU,

|l — Fx — TO|| < hljz||, and Tx+ Fx # x, for allz € 0UNQ. (3.6)
Then i, (T + F,UNQ,P) = 1.

The following result can be directly proved by replacing the operator A in [11,
Corollary 1.3.1] by T=Y(I — F).

Proposition 3.9. Assume that T : Q C K — E is an expansive mapping with

constant h > 1, I — F : K, — E is a k-set contraction with 0 < k < h, and

(- F)(K,) c T(). -
In addition, if T~*(I — F)(K,) C K,, then i, (T + F, K, NQ,K) = 1.

In particular, we have

Corollary 3.10. Assume thatT : Q C K — E is an expansive mapping with constant

h>1,I-F:K, — E is a k-set contraction with 0 < k < h, and (I-F)(K,) C T(2).
If0 € Q, and

|z — Fz —TO|| < hr, for all x € K,.. (3.7
Then i, (T + F,K, N Q,K) = 1.

Proof. From (3.5) and Assumption (3.7), for all x € K,., we conclude that
T~ - F)z—0| < %Hx —Fx—T0|| <.
Hence T~1(I — F)(K,) C K. O
A special situation in Corollary 3.10 is

Corollary 3.11. Assume thatT : Q C K — E is an expansive mapping with constant
h>1,1—F:K, = E is ak-set contraction with 0 < k < h, r is sufficiently large,

and (I — F)(K,) C T(Q). If further 6 € Q and

|z — Fz| < ||z — 0|, foralzeKk,, (3.8)
then T 4+ F has at least one fized point in IC, N Q.
Proof. Notice that

le — Fa—T6|| < |le— Faf + |79
< 0] +|T0]
< r|T0)
< b,
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for all r > %. By Corollary 3.10, i, (T + F,K, N Q,P) = 1. As a consequence,

T + F has a fixed point in I, N Q. O

Before giving results for zero index i,, we need an auxiliary lemma on index fixed
point of strict set contractions.

Lemma 3.12. Let K be a translate of a cone P # 0 and U be a bounded open subset
of K. Assume that A : U — K is a strict set contraction and there is wy € P* such
that

x — Az # Awyg, for all x € OU, X > 0. (3.9)
Then i(A,U,K) = 0.
Proof. Define the homotopy H : [0,1] x U — K by
H(t,z) = Az + t\owo,

for some

Ao > sup ([Jwol| 7 (|||l + [|[Az])). (3.10)
zeU

Such a choice is possible since U is a bounded subset and so is A(U). The operator
H is continuous and uniformly continuous in ¢ for each x, and the mapping H(¢,.) is
a strict set contraction for each ¢ € [0,1]. In addition, H(¢,.) has no fixed point on
OU. On the contrary, there would exist some o € OU and ty € [0, 1] such that

xo = Axo + toAowo,
contradicting the hypothesis. By [11, Theorem 1.3.5], we get
i(A,U,K)=i(H(0,.),U,K) =i(H(1,.),U,K)=0. (3.11)
Indeed, suppose that i(H(1,.),U,K) # 0. Then there exists 2o € U such that
Az + Awy = xo,
which implies that Ao < ||wo|~t(||xo]| + || Azo]|), contradicting (3.10). O

Proposition 3.13. Let U C K be a bounded open subset, T : 0 C K — E be an
expansive mapping with constant h > 1, I — F : U — FE a k-set contraction with

0<k<h,and (I—-F)U)CT(Q). Let ug € P* be such that
x— Fx # T(x — Mug), for all x € U N (2 + Aug) and A > 0. (3.12)
Then i, (T + F,UNQ,K) =0.

Proof. The mapping T-1(I — F) : U — K is a strict set contraction and in view of
(3.12), we have

x—T YT — F)x # \ug for all z €dU and X\ > 0.
By (3.1) and Lemma 3.12, we deduce that
i (T+F,UNQP)=i(T (I~ F),UP)=0. O

The following two propositions are direct consequences of Proposition 3.13; the
proofs are omitted.
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Proposition 3.14. U C K be a bounded open subset and T : Q@ C K — E be an
ezpansie mapping with constant h > 1, I — F : U — E a k-set contraction with

0<k<h,and (I—-F)U)CT(Q). Suppose further that there exists ug € P* such
that T'(x — Aug) € P, for all x € OU N (L + Aup) and

Fx Lz, forall x € OU and X > 0.
Then i, (T + F,UNQ,K) =0.

Proposition 3.15. Let U C K be a bounded open subset. Assume that T : Q — E is
an expansive mapping with constant h > 1, I — F : U — E a k-set contraction with

0<k<h,and (I —F)({U) C T(Q). Let ug € P* satisfy T(x — Aug) € P, for all
x €dUN Q4+ Aug) and X > 0. Suppose that P is a normal cone with constant N
and the following conditions hold:

FzxeK, and |Fz — 0| > N||lz — 0|, for all x € OU.
Then i, (T + F,UNQ,K) = 0.

Remark 3.3. (1) Letting 6 = 0, we obtain computations of the index in case of the
cone.

(2) Proposition 3.2 and Corollary 3.3 remain valid in the more general setting of
Y N B, R), where Y C E is an arbitrary closed convex subset and

BO,R)={z e E: |z—6| <R).

(3) Proposition 3.5 holds in the framework of any closed convex subset Y of E con-
taining 6.

4. FIXED POINT THEOREMS OF CONE COMPRESSION AND EXPANSION TYPE

Some results from the previous section are next combined to establish three fixed
point theorems of cone compression and expansion type. The proofs are based on the
properties of the topological index i,. We omit the details.

Theorem 4.1. (Homotopy version). Let E be a Banach space, P C E a cone, and
K =P+ 0 a translate of P. Let Q C K with 8 € Q. Let Uy and Us be two open
subsets of K such that § € Uy C Us. Let T : Q — E be an expansive mapping with
constant h > 1 and I — F : Uy — E a k-set contraction with 0 < k < h such that
(I — F)(Uz) C T(Q). Assume that (Uy \ Uy) N Q # O and there exists ug € P* such
that either one of the following conditions holds:

(i) v — Fx # T(x — Aug), for all z € OU7 N (L + Awg), and

x—Fx£T(Ax+ (1-X)0),

for all x € OU3, A > 1 and Az + (1 — N\)# € Q.
(i) x — Fx # T(x — Aug) for all x € OUs N (L + Aug), and

x—Fx#£TAx+ (1-MX)86),

forallz € OU1, A > 1 and Az + (1 — N\)# € Q.
Then T + F has a fized point x € (Us \ Up) N Q.
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Proof. Without loss of generality, suppose that Tx + Fax # x on 9U; N and on
0U> N, for otherwise we are finished. If condition (i) holds, by Propositions 3.5 and
3.13, we have

W (T+FUNQK) =1 and i (T+ F,UsNQ,K) =0.
The additivity property of the index yields
i (T+F,(Uz\U2NQ,K) = —1.
By the existence property of the index, the sum T+ F' has at least one fixed point in
the closed set (Us \ Up) N Q). The proof is similar in case (ii). O

Theorem 4.2. (Norm version). Let E be a Banach space, P C E a normal cone
with constant N, and K =P+ 0 a tmnslatfeof P. Let 0 € Q C K and Uy, Uy be two
bounded open subsets of K such that 0 € Uy C Us. Let T : Q@ — E be an expansive
mapping with constant h > 1 and I — F : Uy — E a k-set contraction with 0 <k <h
such that (I — F)(Us) C T(R). Assume that (Uz \ U1) N Q # O and there are ug €
P* with T(x — Aug) € P, for all X\ >0 and x € OU; N AU N (2 + Aug). Let one of
the following conditions holds:
(i) |lx — Fx —TO| < hllz — 0|, for all x €U NQ and Fx € K,

|[Fz —0|| > Nz — 0],
for all x € OU>,
(i) ||lx — Fx — T6|| < hljlz — 0|| for all x € U3 NQ and Fx € K,

|Fz — 6] > Nz -6,

for all x € OUy. o
Then T + F has a fized point z € (Us \ U1) N Q.

Proof. The proof uses Propositions 3.6 and 3.15. O

Theorem 4.3. (Order version). Let E be a Banach space, P C E a cone, and
K =P +0 atranslate of P. Let Q C K with 0 € Q, 7,8 > 0, v # 8, r = min {~, 5},
and R = max {gamma,B}. Let T : Q — E be an expansive mapping with constant
h > 1 such that |T0 — 0| < hy, and [ — F : Kp — E be a k-set contraction with
0 <k < h. Assume that K, rp N Q # 0,

(I - F)(0K,NQ) C K,
and there is
ug € P* with T(z — Aug) € P, forall A> 0,z € 0Kz N (Q+ Aug).

If further
Tr & x—Fx, foral zecdk,NQ,
Fr £ =z, forall x € 0Kg,

then T + F has a fived point x € K, p NS
Proof. The proof uses Corollary 3.4 and Proposition 3.14. O

Clearly, the following result on a cone is a particular case of Theorem 4.1.
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Corollary 4.4. Let E be a Banach space, P C E a cone, and 2 C P with 0 € Q.
Let Uy and Us be two open subsets of P such that 0 € Uy C Us. Let T : Q — E be an
expansive mapping with constant h > 1 and I — F : Uy — E a k-set contraction with
0 <k < h. Assume that (Us \ U1) NQ # 0 and

(I — F)(Usy) C T(Q).
Assume that there exists ug € P* such that either one of the following conditions

holds:
(i) v — Fx #T(Az), forall x€dUiNA>1 and Az € Q, and

(I —-F)x#T(x— Aug),

for all x € OU; N (2 4 Aug), A > 0,
(ii) t — Fx #T(A\x), forall x€dUsNQ and A > 1, and

(I—-F)x#T(z— Aug),

for all x € OUL N (Q + Aug), A > 0.
Then T + F has a fized point x € (Us \ U) NS

5. APPLICATIONS

5.1. Example 1. Consider the nonlinear equation
p(t)z®(t) —a(t) = gt x(1)), 0<t<1, (5.1)
where
(H1) p:[0,1] = RT is continuous, g : [0,1] x Rt — R™ is continuous, and for each
bounded function x on [0, 1], the superposition operator g(-,z(-)) is equicontinuous
on [0,1].
Let

;= mi t d =: t).
pr: = min p(t) and pp =: max p(t)

Assume that
(Ha) 1<pi <ps<1l+2p.
(H3) There exists R > 0 such that

p(t) — 1< g(t,x) <pR® = R, ¥(t,x) €[0,1] x [0, R+ 1] (5:2)

and
3p1 R — p1R® > py — 1. (5.3)

Remark 5.1 (Discussion of Hypothesis (H3)). (a) A sufficient condition for (#3) to
hold is that g is uniformly bounded and

3pr—1 [3p1+1
—-1< 4
0 <po <llgllo < 5 \/ oy (5.4)

where |gllo = sup  g(¢, ).
0<t<1, >0

To see this, let the functions ¢(R) = 3p; R —p1 R? and ¢(R) = p1 R* — R. Then the
function ¢ is positive on (0, \/3) and assumes 2p; as a maximum at the point R = 1.

The function v is positive increasing function over (\/%, +00). The functions ¢ and
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1 intersect at the point Ry = ,/% with ¢(Ro) = $(Ry) = ?”“T_l,/%. As a

consequence, (5.2) and (5.3) hold for all R € (Ry, Ry), where Ry = ¥~ 1(||glo) and
Ry = ¢ (p2 — 1) (actually 1 < Ry < Ry < V/3).
(b) As for the first inequality in (5.2), it suffices that it holds for (¢,z) € [0, 1] x[0, +00).

Our main existence result is

Theorem 5.1. Under Assumptions (Hi1)-(Hs), Equation (5.1) has at least one solu-
tion x € C([0,1]) such that x(t) > 1, for 0 <t < 1.

Proof. Consider the Banach space E = C([0,1],R) with the sup-norm
lzllo = mas [=(2)]
Let the cone
K={x€E: x(t) > 1}
and the conical shell
Kr=KNnB(1,R) ={zeK: ||z—1|o < R},

where R is defined in (H3). In view of Proposition 3.6, we introduce the operators
T,F:Kr— E by

(T)(t) = a(t) — p(t)a’(t)
and

(Fx)(t) = (t) + g(t, x(t)),
respectively, for ¢ € [0,1]. Then equation (5.8) is equivalent to the abstract equation

r=Tx+ Fz. -
Step 1. (a) T and F clearly map Kg into E. Moreover

1Tz = Tyllo = (3p1 — Vl|lz — yllo, Y,y € Kk,

that is T :ER — FE is expansive with constant h = 3p; — 1 > 1.
(b) If x € Kg, then ||z — 1]lo < R and
|z — Fzllp < sup g(t,u) < 400, (5.5)
0<t<1;1<u<1+R
which implies that (I — F)(Kg) is uniformly bounded. (#;) further implies that
(I = F)(Kr) is equicontinuous in £. By Arzéla-Ascoli Lemma, (I —F') maps bounded
sets of Kp into relatively compact sets. Since g is continuous, then so is (I — F).

Hence I — F : Kr — E is completely continuous, i.e., is a O-set contraction.
(c) By (5.3), for all € OKr and ¢t € [0,1], we have

[z — Fa(t) =TO(t)] = [—g(t,x(t))+p(t) -1
< pRP*—R+py—1
< (3 —1)R=hR,
ie.,
|le — Fx +T0|lo < hljx —0]lo, V€ IKg.
Step 2. We claim that
(I - F)(Kr) C T(Kr). (5.6)
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Let y € (I — F)(Kg) and z € Kg be such that y = (I — F)z.
(a) First we claim that

ICRCy—i-(I—T)(ICR). (57)
Let u € Kp and

_ sfult) +g(tx(t)
v(t) = o0 , tel0,1].

Using Assumptions (Hz) — (Hs), for all ¢ € [0, 1], we obtain the estimates

1+ g(t, (1)) Sl R gt o) _ B 1
= p(t)g”(”g\/ o) §¢ e ST

Thus, v € K and

u(t) = —g(t,z(t)) + p(t)v°(t), te][0,1].
Since y = # — Fr = —g(-,2(-), then u = y + (I — T)(v) with v € Kg, that is
uw€y+ (I —T)(Kgr), proving (5.7).
(b) To show (5.6), notice that the mapping y + (I — T) : Kg — E is 3p;-expansive.
Owing to Lemma 2.3 with D = Kx and using (5.7), we conclude that y + (I — T) has
a unique fixed point, i.e., there exists w € Kg such that

y+ (I -T(w) =w < y=T(w),

that is y € T(KRr), proving (5.6). Finally, assume that Tz +Fx # © on 9K g, otherwise
we are done. Letting U = K and Q = Kp in Proposition 3.6, we obtain

s (T-l—FJCR,K:) =1.

By the existence property of the index, the mapping 7"+ [ has at least one positive
fixed point x in Kg, solution of Equation (5.1). O

5.2. Example 2. Consider the nonlinear integral equation

“+o0
x(t) = ; G(t,s) f(s,z(s))ds, t>0, (5.8)

where f,G € C(RT x Rt RT) and t_1>1+m G(t,s) = ¢, for all positive s. Suppose that
the following conditions hold:

(M) 3Fp>0,p#1, 0< f(t,2) < a(t) +b(t)a?, V(t,x) € [0,400) x [0, +00),
where the coefficients a,b € C(RT,R™).

(H2) Assume that

M, := sup f0+oo G(t,s)a(s)ds < oo
te[0,400)

Mj := sup f0+°° G(t,5)b(s)ds < oo,
t€[0,400)

and there exist € € (0,1) and R > 11 such that

1
My + MyRP < —;E.




158 SALIM BENSLIMANE, SMAIL DJEBALI AND KARIMA MEBARKI

Remark 5.2. As example, the values M; = 21—0, My = 11—0, peR = %, and R =1
validate the inequality in Assumption (Hs).

Theorem 5.2. Under Assumptions (H1) and (Hz), the integral equation (5.8) has
at least one positive solution x € C[0,+00) such that 0 < x(t) < R, Vt > 0.

Proof. Consider the Banach space
E= {x € C(]0, +0),R) : tl}glmx(t) ex1sts}

with norm

[zl = sup |z(t)]
t€[0,4+00)

and the positive cone
P={ze€E: z(t) >0, t>0}
eR + M1 + Mng

Let Ry = and let Br = B(0, R) denote the open ball centered at
€
the origin with radius R. Consider the open sets:
1
U = Bpn{zeE: o(t) > 5 vie ),
Q = Bgr NP,

for some compact sub-interval J C [0,+00). Since R < %, then U # (). On E,
define the operators

Tz(t) = (1+e)z(t),
—+o0
Fz(t) = (1-¢e)x(t)— G(t, s)f(s,x(s))ds.
0
Then the integral equation (5.8) is equivalent to the operator equation z = T'x + F'z.
Next, we check that all assumptions of Corollary 3.7 are satisfied. First we have
T:Q— FE and

[Tz =Tyl = (1 +¢)llz—yl,

for all z,y € Q, i.e., T': Q@ — F is an expansive operator with a constant h =1 +e.
Step 1. We have [ — F': U — E is continuous, bounded mapping and for x € U,

—+o0 —+o0
G(t,s)|f(s,x(s))|ds

0 0
< M;+ M3;RP < oco.

IN

G(t,s)a(s) + b(s)s(s)ds

Hence, by the properties of the kernel GG, Lebesgue’s dominated convergence theorem
yields

+00 +oo

; G(t1,8)f(s,z(s))ds — ; G(ta, 8)f(s,2z(s))ds

< / G(t1,5) — Glta, )| f (5, 2(s)) ds,
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which tends to 0, uniformly in = € Bg, as |t; — t2] — 0. Moreover

+o0 +oo
Jm | [ G et ds— tim [ G5 f(s,a(5) ds
+oo
= lim G(t,8)f(s,x(s))ds —1| =0.
t—4o00 0

As a consequence, Corduneanu’s compactness criterion lemma 2.5 assures that for all
t € [0,400) and every bounded subset B C U, the set

{t — 0+Oo G(t,s)f(s,z(s))ds, © € B}

is relatively compact. Furthermore, the operator I — F' is written as sum of a e-
contraction and a completely continuous mapping. Thus, I — F : U — E is a e-set
contraction.

Step 2. Let y € Bg be arbitrarily chosen. For ¢t > 0, take

ey + f0+oo G(t,s)f(s, y(s))d&.

z(t) =

1+4+¢
Then R M MR
0< () < DX T B
1+e¢
ie., z € Q and
+oo
ey + G(t,8)f(s,y(s))ds = (1+e)z(t) =Tz(t), t=>0.

0

Therefore (I — F)(U) C T(Q).

Step 3. Assume that there exist some xg € OU and A\g > 1 such that A\gzg € 2 and
zo(t) — Fao(t) = T(Aozo(t)), t20.

Then

+oo

exo(t) + ; G(t,s)f(s,x0(8))ds = Xo(1 + &)xzo(t), t>0).

Hence
—+o0

G(t,s)f(s,20(s))ds = (Ao + (Ao — 1)&)zo(1).
0
Let t1 € J be such that

1+e¢

zo(t1) > 5

Since A\g > 1, we have the estimates
1+¢
5 =< zo(t1) < (Ao+ (Mo —1)g)zo(t1)
“+o0
= G(t1,8)f(s,20(s))ds
0

1+¢

< M;+ MyRP <
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which is a contradiction. By Corollary 3.7, the integral equation (5.8) has a non
trivial positive solution z in C([0, +00)) such that 0 < z(t) < R, for all = € [0, +00).
This completes the proof of Theorem 5.1. O
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