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Abstract. In this paper, we introduce the System of Split Generalized Mixed Equilibrium Problem
(SSGMEP), which is more general than the existing well known split equilibrium problem and its
generalizations, split variational inequality problem and several other related problems. We propose
a new iterative algorithm of inertial form which is independent on the operator norm for solving
SSGMEP in real Hilbert spaces. Motivated by the adaptive step size technique and inertial method,
we incorporate self adaptive step size and inertial technique to overcome the difficulty of having
to compute the operator norm and to accelerate the convergence of the proposed method. Under
standard and mild assumptions on the control sequences, we establish the strong convergence of the
algorithm, obtain a common solution of the SSGMEP and fixed point of finite family of multivalued
demicontractive mappings. We obtain some consequent results which complement several existing
results in this direction in the literature. We also apply our results to finding solution of split convex
minimisation problems. Numerical example is presented to illustrate the performance of our method
as well as comparing it with its non-inertial version.
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1. INTRODUCTION

Let H be a real Hilbert space with the inner product (-,-) and the induced norm
|| - ||, and let C be a nonempty closed convex subset of H. Let f: C x C — R be a
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nonlinear bifunction, P : C — H a nonlinear mapping, and ¢ : C — RU {+oc0} a
proper lower semicontinuous and convex function. The generalized Mized Equilibrium
Problem (GMEP) (see [29, 49]) is to find a point & € C such that

f(@,y) + (Pi,y — 2) + ¢(y) — ¢(&) > 0, for all y € C. (1.1)

The set of solutions of (1.1) is denoted by GM EP(f, P, ¢). If P =0, then the GMEP
(1.1) reduces to the following Mized Equilibrium Problem (MEP) (see [52]), find & € C
such that

f(@,y)+o(y) —o(z) >0, forall y € C. (1.2)

If ¢ = 0, then the GMEP (1.1) reduces to the following generalized Equilibrium
Problem (GEP) (see [18]), find & € C such that

f(@,y)+(Pz,y—) >0, forall y € C. (1.3)

In particular, if P = ¢ = 0, then the GMEP (1.1) reduces to the classical Fquilibrium
Problem (EP) introduced by Blum and Oettli [11], which is defined as finding & € C
such that

f(&,y) >0, forally € C. (1.4)

The EP and its generalisations are known to have wide area of applications in a
large variety of problems arising in the fields of linear and nonlinear programming,
variational inequalities, complementary problems, optimization problems, fixed-point
problems and have been widely applied in physics, structural analysis, management
sciences and economics, etc. (see, for example [11, 14, 19, 24, 47, 42]). Several algo-
rithms have been developed for solving the EP and its related optimization problems,
see [1, 4, 30, 14, 15, 20, 22, 26, 32, 37, 46, 50], and the references therein.

Let Hy; and Hy be Hilbert spaces, and let C and D be nonempty closed and convex
subsets of Hy and Hs, respectively. Let f : C xC — R, g : Dx D — R be
nonlinear bifunctions, P : C — H;, @ : D — H,, be nonlinear mappings, and
¢:C = RU{+o0}, p: D — RU{+00} be proper lower semicontinuous and convex
functions. Let A : H; — Hy be a bounded linear operator. The Split generalized
Mized Equilibrium Problem (SGMEP) (see, for example [25]) is to find a point & € C
such that

f@, )+ (P, — &)+ ¢(x) —p(2) >0, for all z € C, (1.5)
and § = AZ € D solves
9(9,y) +(Q,y — §) + ¢(y) — ¢(§) = 0, for all y € D. (1.6)

We denote the solution set of (1.5)-(1.6) by I' = {& € GMEP(f,P,¢) : At €
GMEP(g,Q,9)}. If P=@Q =0, then (1.5)-(1.6) reduces to the following Split Mized
Equilibrium Problem (SMEP) introduced by Onjai-uea and Phuengrattana [38] in
2017: Find £ € C such that

f(@,x)+ ¢(x) — d(&) > 0, for all z € C, (1.7)
and § = AZ € D solves
9(9,y) + (y) —(g) 2 0, for ally € D. (1.8)
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Also, if ¢ = ¢ =0 in (1.5)-(1.6), we have the following Split generalized Equilibrium
Problem (SGEP) (see, for example [40, 13]): Find & € C such that

f(&,z)+ (P&, — &) >0, forall z € C, (1.9)
and § = AZ € D solves
9, y) +(Qf,y —§) =0, forall y € D. (1.10)

Furthermore, if P = @ = 0 and ¢ = ¢ = 0, then the SGMEP (1.5)-(1.6) reduces to
the Split Equilibrium Problem (SEP) (see, for example [2, 16, 17]), defined as follows:
Find a point & € C such that

f(&,2) >0, for all z € C, (1.11)
and § = AZ € D solves
9(g,y) >0, for all y € D. (1.12)
Let S : C — C be a nonlinear mapping. A point z* € C is called a fixed point of S
if Sz* = 2*. We denote by F(S), the set of all fixed points of S, i.e.
F(S)={z"eC:8z" =z"}. (1.13)
If S is a multivalued mapping, i.e. S : C' — 2%, then 2* € C is called a fixed point of
S if
x* e Sx*. (1.14)
The fixed point theory for multivalued mappings can be utilized in various areas such
as game theory, control theory, mathematical economics, etc.
Recently, Onjai-uea and Phuengrattana [38] introduced the following iterative scheme

for solving SMEP and fixed point of A—hybrid multivalued mappings in real Hilbert
spaces:

Algorithm 1.1.
x1 € C,
Up = TE (I —yA* (I = TF2)A)ay,
Yn = QnTpn + (1 — ap)wy, wy, € Suy,
Tpt1 = Bnwn + (1 — Bn)zn, 2n € Syn, for allm € N

(1.15)

where {a,} C (0,1),{8,} C (0,1),{rn} C (0,00) and v € (0, 1) such that L is
the spectral radius of A*A and A* is the adjoint of the bounded linear operator
A,C C Hi,D C Hy,S : C = K(C) a A—hybrid multivalued mapping, F} : CxC — R
and Fy : D x D — R are two bifunctions. The authors established under certain
conditions that the sequence {x,} generated by the Algorithm 1 converges weakly
to a common solution of the SMEP and fixed point of the A—hybrid multivalued
mapping.

Bauschke and Combettes [9] pointed out that in solving optimization problems, strong
convergence of iterative schemes are more desirable and useful than their weak con-
vergence counterparts. Hence, the need to develop algorithms that generate strong
convergence sequence.

Very recently, Khan et al. [31] proposed the following shrinking projection algorithm
for approximating a common solution for a finite family of SEPs and fixed point for a
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finite family of total asymptotically nonexpansive mappings in the setting of Hilbert
spaces:

Algorithm 1.2.
T € 01 = C,
Un i =T (I =y AF(I =TS ) Ay,

Sn,i

Yn,i = Qn iTn + (1 - O‘n,i)SZnun,ia
Cr1 = {2 € Cp : [lyn,i — 21> < |z — 2| + 00},
Tni1 = Po, 71, n2>1,

where
en,i = (1 - an,l){Angn(Mn) + )\nMrtDn + ﬂn},

N
Dy, = sup{||zn — pl| : p € ) F(S)},

i=1
M,, and M} are positive real numbers, S; (mod N): C — C' is a finite family of total
asymptotically nonexpansive mappings, F; (mod N): C x C — R and G; (mod N) :
Q X Q — R are two finite families of bifunctions, A; (mod N) : H; — Hs is a finite
family of bounded linear operators, {r,;},{s..} are two positive real sequences,
{an:} € (0,1),v € (O%), where L = max{Ly, La,...,Ly} and L; is the spectral
radius of the operator AfA; and A} is the adjoint of A; for each i € {1,2,...,N}.
Under mild conditions on the control parameters, they obtained strong convergence
result for the proposed iterative scheme.
We need to point out at this point that the step size 7 of the above algorithms
plays an essential role in the convergence properties of iterative methods. The results
obtained by Onjai-uea and Phuengrattana [38], Khan et al.[31] and other related
results in literature involve step size that requires prior knowledge of the operator
norm ||A||. Such algorithms are usually not easy to implement because they require
computation of the operator norm ||A||, which is very difficult if not impossible to
calculate or even estimate. Moreover, the step size defined by such algorithms are
often very small and deteriorates the convergence rate of the algorithm. In practice,
a larger step size can often be used to yield better numerical results.
Based on the heavy ball methods of a two-order time dynamical system, Polyak
[41] first proposed an inertial extrapolation as an acceleration process to solve the
smooth convex minimization problem. The inertial algorithm is a two-step iteration
where the next iterate is defined by making use of the previous two iterates. Recently,
several researchers have constructed some fast iterative schemes by employing inertial
technique (e.g. see [6, 5, 7, 8, 10, 12, 27, 33, 35, 36)).
For approximating the null point of a maximal monotone operator, Alvarez and At-
touch [8] introduced the following inertial proximal algorithm:

Algorithm 1.3.

Tyl = J;:‘n(:c” + an(Tn —2p-1)), n>1

They obtained a weak convergence of the algorithm under the following conditions:
(B1) There exists p > 0 such that for all n € N, p,, > p.
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(B2) There exists a € [0, 1) such that for alln € N, 0 < v, < 0.

(B3) >°07  anlzn — 21 |? < .

Recently, authors have pointed some of the drawbacks of the summability condition
(B3) of the Algorithm 1, that is, to satisfy the summability condition, it is necessary
to first calculate a, at each step (see [36]).

Motivated by the above results and the ongoing research interest in this direction, we
introduce the notion of System of Split generalized Mized Equilibrium Problem and
propose a new iterative scheme to find a common solution of the (SSGMEP) and
fixed point problem (FPP) for multivalued mappings. We define SSGMEP as follows:
Definition 1.4. Let C; and D; be nonempty closed convex subsets of real Hilbert
spaces Hi and Hs, respectively, ¢ = 1 < ¢ < m. Let A; : Hi — Hs be bounded
linear operators, f; : C; x C; — R and ¢; : D; x D; — R, nonlinear bifunctions,
P, : C; —» Hy, Q; : D; — Hs, nonlinear mappings, and let ¢; : C; — RU {+o0},
@i : D; =& RU {400} be proper lower semicontinuous and convex functions such that
N, C; # 0 and N, D; # (. The SSGMEP is to find 2 € C = N, C; such that

fi(@, ) + (Pik,x — &) + ¢i(x) — ¢3(Z) > 0, for all z € C;, (1.16)
and g = A;& € D =N, D, solves
9:(9,y) +(Qif,y —9) + ¢i(y) — ¢i(§) 2 0, for all y € D;. (1.17)

We denote the solution set of (1.16)-(1.17) by

m m
Q={ie(\GMEP(fi,P,¢;) : Aii € [ |GMEP(g:,Qi. 1)}
i=1 i=1
If P, = @Q; = 0, then (1.16)-(1.17) reduces to the following System of Split Mized
Equilibrium Problem (SSMEP) introduced by Karahan [28] in 2019:
Find £ € C' = N>, C; such that

fi(fc,x) + ¢l($) — (bz(.’i‘) >0, for all z € Ci, (1.18)
and g = A;& € D =N, D, solves
9i(9,y) + ¢i(y) —i(9) = 0, for all y € D;, (1.19)

with the solution set given as

Qpp = {3 € (\GMEP(f;,¢:) : Aii € [\ GMEP(gi, ;)}.
i=1 i=1
Also, if ¢; = ¢; = 0in (1.16)-(1.17), we have the following System of Split generalized
Equilibrium Problem (SSGEP): Find & € C = N, C; such that

fi(@, x) + (P&, x — &) > 0, for all x € Cj, (1.20)
and g = A;& € D =N, D, solves
9:(9,y) + (Qig,y —§) 2 0, for all y € D;, (1.21)

with solution set

QOpq ={i € (\GMEP(f;,P): Aji € (| GMEP(g;,Q)}.

=1 =1
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Furthermore, if P, = Q; = 0 and ¢; = ¢; = 0, then the SSGMEP (1.16)-(1.17) reduces
to the System of Split Equilibrium Problem (SSEP) introduced by Ugwunnadi and
Ali [51], defined as follows: Find a point & € C' = N, C; such that

fi(z,z) >0, for all z € C, (1.22)
and g = A;& € D =N~ D; solves
9i(9,y) >0, for all y € D, (1.23)

with solution set

m m
Qoo ={& € (\GMEP(f;) : A& € (| GMEP(g;)}.

i=1 i=1
Remark 1.5. Observe that if m = 1, the new problem introduced reduces to the
SGMEP (1.5)-(1.6). Hence, our new problem is a generalization of SGMEP.
In this article, we introduce an inertial iterative scheme which does not require prior
knowledge of the operator norm and obtain strong convergence result for approxi-
mating a common solution of SSGMEP (1.16)-(1.17) which also solves a fixed-point
problem for a finite family of multivalued demicontractive mappings. We obtain some
consequent results which complement and generalise several existing results in this
direction in the literature.
More precisely, we consider the following problem: find z* € N, F'(S;), such that

filz®, z) + (Pix™,x — 2*) + ¢i(x) — ¢pi(2*) >0, for all x € C; (1.24)
and § = A;2 € D =N, D, solves

9" y) Q" y —y") +Yi(y) —i(y") =2 0, for all y € D; (1.25)
where S; : C; — CB(C;) is a finite family of multivalued demicontractive mappings.

2. PRELIMINARIES

Let C be a nonempty, closed and convex subset of a real Hilbert space H with inner
product (-, -) and norm || - ||. The nearest point projection of H onto C' is denoted by
Pc, that is, ||z — Pox|| < ||l —y|| for all z € H and y € C. P¢ is called the metric
projection of H onto C. It is known that Pg is firmly nonexpansive, i.e.,

|Pox = Poy||* < (Pox — Poy,z — y), (2.1)
for all x,y € H. Moreover (x — Pox,y — Pox) < 0 holds for all z € H and y € C, see
21, 39].

We denote the strong convergence and the weak convergence of the sequence {z,}
to a point x € H by z, — x and =z, — =z, respectively. For a given sequence
{zn} CH,wy(z,) denotes the set of weak limits of {x,,}, that is,

wy () = {x € H : 2,, — x} for some subsequence {n;} of {n}.
Definition 2.1. Let H be a Hilbert space. A function h : H — H is called a
contraction if there exists p € [0,1) such that

1h(x) = h()]| < pllz —yll, forallz,y € H.
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Let {h,} be a sequence of functions defined on a bounded subset K of H. Then {h,,}
is said to converge uniformly to the function h on K if, given € > 0, there exists ng
such that

[|hn(z) — h(2)|| <€, foralln>ng, z€ K.

Let {h,} (hy, : K — H) be a uniformly convergent sequence of contraction mappings.
Then there exists a sequence of real numbers {u,} C (0, 1) such that

[[fn(2) = hn(W)]] < pnllz — yl| for all z,y € K.
A subset K of H is called prozimal if for each x € H, there exists y € K such that
|z =yl = d(z, K).

We denote by CB(C),CC(C),K(C) and P(C) the families of all nonempty closed
bounded subsets of C, nonempty closed convex subset of C| nonempty compact subsets
of C, and nonempty proximal bounded subsets of C, respectively. The Pompeiu-
Hausdorff metric on CB(C) is defined by

H(A, B) := max{sup d(z, B),sup d(y, 4)},
T€EA yeb

for all A,B € CB(C). Let S : C — 2¢ be a multivalued mapping. We say that
S satisfies the endpoint condition if Sp = {p} for all p € F(S). For multivalued
mappings S; : C — 29(i € N) with N2, F(S;) # 0, we say S; satisfies the common
endpoint condition if S;(p) = {p} for all i € N,p € N2, F(S;). We recall some basic
and useful definitions on multivalued mappings.

Definition 2.2. A multivalued mapping S : C' — CB(C) is said to be

(i) nonexpansive if
H(Sz,Sy) < ||z —yl|, for all z,y € C,
(ii) quasi-nonezpansive if F(S) # () and
H(Sxz,Sp) < ||z — pl|, for all z € C,p € F(S),
(iil) nonspreading if
2H (Sz, Sy)* < d(y, Sz)? 4 d(x, Sy)?, for all z,y € C,
(iv) A—hybrid if there exists A € R such that
(L+ N H(Sz,Sy)* < (1 = N)||lz — y||* + Ad(y, Sz)* + Ad(z, Sy)?, for all z,y € C,
(v) k—demicontractive for 0 < k < 1 if F(S) # () and
H(Sx,Sp)? < ||z — pl||? + kd(x, Sx)?, for all z € C,p € F(S).

We note that 0—hybrid is nonexpansive, 1—hybrid is nonspreading, and if S is
A—hybrid with F(S) # (), then S is quasi-nonexpansive. Similarly, if S is nonspread-
ing with F(S) # 0, then S is quasi-nonexpansive. We point out that the class of
k—demicontractive mappings is more general and includes all the other types of map-

pings defined above. The best approzimation operator Pg for a multivalued mapping
S:C — P(C) is defined by

Ps(x):={y € Sz : ||z — y|| = d(x, Sx)}.
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It is known that F(S) = F(Ps) and Pg satisfies the endpoint condition. Song and
Cho [44] gave an example of a best approximation operator Pg which is nonexpansive,
but where S is not necessarily nonexpansive.

Definition 2.3. Let S : C — CB(C) be a multivalued mapping. The multivalued
mapping I — S is said to be demiclosed at zero if for any sequence {z,} C C' which
converges weakly to ¢ and the sequence {||x,, — u,||} converges strongly to 0, where
Uy, € Sz, then ¢ € F(S5).

The following results will be needed in the sequel:

Lemma 2.4. For all z,y € H, we have the following statements [23, 50]:

@) |z +yll* < 2] + 2(y, @ + );
(i) |z +yl* = l|2[1* + 2(z, y) + [ |yl|*;
(iii) [|z — ylI> = [|2]|* — 2(z,y) + [lyl[*.
Lemma 2.5. [48] For each x1,...,xm € H and aq, ..., € [0,1] with Y10, a; = 1,
the following holds:

m
la1zy + ..+ aman||* = ZainiHQ - Z aiag||z; — x|
i=1 1<i<j<m

Lemma 2.6. [43] Let {an} be a sequence of non-negative real numbers, {a,} be a
sequence in (0,1) with >~ | a, = 00 and {by,} be a sequence of real numbers. Assume
that

Ap+41 S (1 - an)a'n + anbna fOT all n Z 1’

if imsupy,_, o bn,, < 0 for every subsequence {an,} of {an} satisfying

likrr_lggf(ank+1 —ap,) >0,
then lim,, o a, = 0.

Lemma 2.7. [34] Let {a,},{cn} C Ry, {on} C (0,1) and {b,} C R be sequences
such that

ant1 < (1 —op)an + by, + ¢ for alln > 0.

Assume Yo~ |cn| < 00. Then the following results hold:
(1) If b, < Bo, for some 8 >0, then {an,} is a bounded sequence.
(2) If we have

= b
ZU” = 00 and limsup — <0,
0 n—oo On
then lim,,_, oo a, = 0.
Assumption 2.8. In solving EP (1.4), the bifunction f is assumed to satisfy the

following conditions:
(A1) f(z,z)=0for all z € C;
(A2) f is monotone, ie. f(z,y)+ f(y,x) <0 for all z,y € C;
(A3) for each T,Y,2 € Ca lirnif—>0 f(tZ + (1 - t)l’,y) < f(xa y)7
(A4) for each x € C,y — f(z,y) is convex and lower semicontinuous.
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It is known (see [53]), that if f(z,y) satisfies (A1)-(A4) then the function

F(CU’y) = f($7y) + <P-T7y - $> + ¢(y) — ¢()
also satisfies (A1)-(A4) and GM EP(f, P, ¢) is closed and convex.
Lemma 2.5. [53] Let C' be a nonempty closed closed convex subset of a Hilbert space
H. Let P: C — H be a continuous and monotone mapping, ¢ : C — R U {+oco} be a

proper lower semicontinuous and convez function, and f : C' x C — R be a bifunction
that satisfies (A1) — (A4). For r > 0 and x € H, there exists u € C' such that

1
f(uvy) + <Puay - ’LL> + ¢(y) - ¢(u) + ;<y —u,u — iL’> > Oa fOT’ all ye C. (22)
Define a resolvent function T : H — C as follows:

1
T (2) = {u eC: f(u, y)+<Pu,y—u>+¢(y)—¢)(u)—|—;<y—u,u—x) >0, forally € C}.
(2.3)
Then the following conclusions hold:
1. for each x € H, T!(z) # 0,
2. TS is single-valued,
3. T/ is firmly nonexpansive, i.e. for any x,y € H,

1T (2) = TE W) < (T (2) = T (y),x — ),

1. F(T!) = GMEP({, P.¢),
5. GMEP(f,P,¢) is closed and convez.

3. MAIN RESULTS

In this section, we present our algorithm and prove some strong convergence theorems
of the proposed algorithm for solving the SSGMEP and fixed point problems.
Let C; and D; be nonempty closed convex subsets of real Hilbert spaces H; and Hs
respectively, A; (mod m) : Hy — Hjy be a finite family of bounded linear operators
with adjoint Af, f; (modm) : C; x C; — R and ¢g; (mod m) : D; x D; — R are
two finite families of bifunctions satisfying conditions (A1) - (44) and g; is upper
semicontinuous in the first argument for each i =1,2,...,m.
Let ¢; (mod m) : C; — RU+o00 and ¢; (mod m) : D; — R U +o0 be proper lower
semicontinuous and convex functions, and P; (mod m) : C; — H; and @; (mod m) :
D; — Hj are continuous and monotone mappings. Let S; (mod m) : C; — CB(C;)
be a finite family of multivalued demicontractive mappings with constant k; such that
each I — S, is demiclosed at zero, S;(p) = {p} for all p € F(S;), and k = max{k;},
and let {h,} (hy : Hi — Hp) be a sequence of u,—contractive mappings with 0 <
i < i, < p* < 1 and {h,(x)} is uniformly convergent to h(x) for any = € K, where
K is any bounded subset of H;. Suppose that the solution set Q N(“, F(S;) # 0.
We establish the convergence of the algorithm under the following assumptions on
the control parameters:

(Bl) {671,1'}7 {5%1} c (07 1)3 Z;io Bn,i = Z;r;o 5”,2' =1

(B2) liminf, 8,,008n,: > 0, and liminf, (6,0 — k)0, > 0, for each 1 < i <m;

(B3) {an}, {&} and {~,} are real sequences in C (0, 1) such that c, +&, +v, = 1;
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(B4) limy, o0 =0 and >0 ja, =00, 0<¢1 <&, 0< <y, 0<a <7, <
b<1;
(B5) {rn.i},{sn,:} are positive real sequences such that liminf,, . r,,; > 0 and
liminf, o sn,; > 0;
(B6) Let 6 > 3 and let {¢,} be nonnegative sequence such that 0 < d < €,;
(B7) €, = o(ay), i.e., lim, ;—’:L =0, (e.g. €n = m,an = %_H)
Now, the algorithm is presented as follows:
Algorithm 3.1.
Step 0. Select initial data xg,z; € C and set n = 1.
Step 1. Given the (n — 1)th and nth iterates, choose 6,, such that 0 < 6,, < 0,, with
0,, defined by

6 _ {min{nggll, e } if 2y £ Tnot, o)
n"T;il, otherwise.

Step 2. Compute
Wy, = Ty, + O (Ty, — Tp1). (3.2)

Step 3. Compute
Zn,i = Wn — )\n,iA: (Azwn — Tg;ﬂA,wnL (33)

where
I-T?" YA;w,||? .
A= " |\!(:<17Tﬂ§$,)i>Aiw!|\2’ if Ajwn 7 T Aion, (3.4)
7 A, otherwise (A being any nonnegative real number).

Step 4. Compute
Up = ﬁn,own + er;l IBTLﬂTf'f;,LZn,Z
Yn = On,0Un + D oieq O iUni (3.5)
Tpt1 = Anhn(Tn) + EnTn + YnYn,
where v, ; € S;uy,. Set n:=n+ 1 and return to Step 1.

Remark 3.2. Observe that from (3.1) and Assumption (A6), we have
On
lim 6,||z, — zn,—1]| =0 and lim —||x, — x,—_1]| = 0. (3.6)
n—o00 n—00 (i,

We also point out that Step 1 in our Algorithm 3.1 is easily implemented in numerical
computation since the value of ||z, — ,,—1]| is known a priori before choosing 0,,.
Remark 3.3. Also, note that in (3.4), the choice of A, ; is independent of the norm

of the operator ||4;||, for each i = 1,2,...,m. The value of A does not influence the
considered algorithm but was introduced for clarity.
Now, we state the strong convergence theorem for the proposed algorithm.

Theorem 3.4. Let C; and D; be nonempty closed convex subsets of real Hilbert spaces
H, and Hy respectively, for i = 1,2,...,m. Let {x,} be the sequence generated by
Algorithm 3.1 such that Assumptions (A1)-(A4) and (B1) - (B7) are satisfied. Then
{x,} converges strongly to a point & € QNNi~, F(S;), where & = Parnr, resih(2).
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In order to prove Theorem 3.4, we first establish the following lemmas which will be
employed in the proof.

Lemma 3.5. Let {z,} be the sequence generated by Algorithm 3.1, then {x,} is
bounded.
Proof. Let
p = Parnr, res)h(p),
then p € QNN~, F(S;). From Algorithm 3.1, it follows that
||Z7L,i_p”2 = ||wn /\nzA*(A wn_T‘;qnl

< [|wn —p|| = 2Xn,i{wn — p, A7 (Ajwy, — ng;ZAzwn»
+ ALl A7 (Awn — T2 Agw,)||?

Aiwn) = pl|

::Hwn"PW2*2Ani@4(wn‘*),Aﬂﬂn‘4E$JAﬂmﬁ
+ﬁm£mangﬁwmﬁ (3.7)

By Lemma 2.4(iii), we have

= 2Ani(Ai(wn ) (ngil — D) Aswn)
= 2)\n,Z<Tgl Aiwn, — Aip — (T = D) Ajwn, (T — 1) Ajwy)
=2\ [( Ajw, — Aip, (T — . I Aw,)

(1, - I)Awm (T, — I Ajwy )]
=2\, [(T? I)

CAjw, — Aip, (TS — D) Ajwy) — (TS — ) Ajw,||?]

snz Sn,i Sn,i
= M [|ITE Avwn — Aip|? + [[(TE: | — 1) Ay, |
— T8 Aywn — Aip — (T2 — D) Awn||* = 2|[(T: | — 1) Ajw,||]

= o [[|T8 Aywn — Apl|* + (T2 — ) Ayw,|®

Sn,i

— |[Aiwn = Aipl? = 2|[(T2: | — I) Awnl]

Sn,i

= i [T Aswn — Aipl P — [|Aswn — Aipl|* = [[(T | = 1) Ajw, ||]

< A [[|Aiwn — Aipl|? — [[Aiwy, — Aipl|* = [[(TZ:, — I) Aiw|[?]

= —Anll(TE = 1) Ajwy||*. (3.8)
Hence, from (3.7), (3.8) and the definition of A, ; we get
[l2n,i = pII* < fJwn = plI? = Xl (T, = D) Agwnl|? + X[ A7 (Aswy — T Ajwy,)||?

= llwn = pI® = Ani(1 = m)l|(I = T ) Agwy|?

oy — plft LI = 79 ) A, 59)
- [ A5 =T )Awal2 '

Since 0 < 7, < 1, then we obtain
ll2n,i = pII* < JJwn — pl|*. (3.10)
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Applying Lemma 2.5 together with (3.10), we have

m
[l = pII* = 1Bn.0wn + D BT 2ni — I

i=1

Zni — pl?

< ﬁn,OHwn - pH2

Tnz

i=1

T/ i — wn||2

m

Zni — Wyl |?

<6n OHwn pH2

p||2 Zﬁn Oﬂnz

=1 =1

Tnz

(3.11)
m m
< Brollwn =PI+ Buillwn = plI> =Y BuioBuil| T 2ni — wall?
i=1 i=1

< Jwn = pl[*. (3.12)

Again, applying Lemma 2.5, we obtain

m
[1yn =PI = 16n,0n + > bnivni =l
=1

m
—plP+) 0
i=1

<6n0‘|un p‘|2+zénzHSUn7 zp nozénz

i=1

m
Jillvng —pl|* - On,0 Z5n,i||vn,i — up||?

i=1

|Unz unH2

< Snolln =PI+ bnillfttn = pII? + kid(utn, Siun))
i=1

m
- 5n,0 Z 6n,i||vn,i - Un||2
i=1

m
< Snollun = plI* + Y ni(llun — plI* + Killun — vnil )

i=1

m
- 6n,0 Z 6n,i||vn,i - un||2

=1
= [|un — plI* — Zam 1,0 — ki) |[tn — vl (3.13)

< lun = pl[*. (3.14)
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Applying the triangle inequality, we get

[wn, = pl| = |[Tn + On(2n — Tn—1) — pl|
<@g = pl| + Onllzn — 2n1]|

0
=|I$n—pl\+anai|\mn—mn_1ll. (3.15)
Since by Remark 3.2,
On,
1im 7HI" — ,’L‘n_lH = O7
n—00 Uy,

it follows that there exists a constant M; > 0 such that %Hxn — Zp—1|| £ My, for all
n > 1. Hence from (3.15), we obtain

|wn = pl| < [|lzn — pl| + an M. (3.16)
By applying (3.12), (3.14) and (3.16), we get
||-Tn+1 _p” = ||anhn(mn) +€nxn + YnYn _p”
= |lan(hn(70) = hn(p)) + an(hn(p) — ) + &n(@n — D) + Y0 (Yn — D)l
< anpin|[Tn = pl| + anllhn(p) = Il + &ullzn — 2l + Yo llyn — Dl
< anpin||zn = pl| + an||hn(p) = pl| + &nllzn — pl|
+ Y (|[Tn — pl| + an M)
= O‘nunHmn _pH + O‘thn(p) —pll+ (- an)Hmn _pH + anyn M
< otz — pl| + anl|hn(p) — pl| + (1 — an)l|zn — pll + 0y Mi
= (anp” + (1 = an))|lzn — pl| + anllhn(p) = pl| + anym M
|hn(p) =PIl | WM
:1_n1_* n — nl_*{ }
(1 —an(l = p")llzn = pll + an(l = p*) e e
By the uniform convergence of {h,} on K, there exists My > 0 such that
||Pn(p) — pl| < Mo,

for all n > 1. Hence, we have

* * M2 ’V’I’LMI
lener =2 € = (1= a1 = )l —pil + (= ) {720 + 2L

< (U= an(l=p")llzn = pll + an(l = p")M*,

where M M
M*Z:SUP{ 2*+’Yn 1}.
neN 1- 18 1- ,LL*
Setting
Qp = Hxn _pH> by 1= an(l - M*)M*’ cn =0,
and

On = an (1 —p").
By Lemma 2.7(1) and our assumptions, it follows that {||z, — p||} is bounded and
thus {z,} is bounded. Consequently, {wy},{zn,i}, {un} and {y,} are all bounded.
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Lemma 3.6. The following inequality holds for all p € QN (2, F(S;) and n € N:

20 (1 — p7)
|ng1 —plf* < (1 - m)”fn — |l

200(1 — ){2( o, M, + 3Movyn(1 — ap) 6

(1 - an,u*) 1-— ,U*) 2(1 _ 'u*) ;n||xn - xn71||
1

+ m@n(!’) — Dy Tnt1 — p>}
Yol = an) [ o, Tn(l=7)[|[( = TE )Aiwn|*
(1) { ;Bﬂ A7 (I = T3 ) Avwn| 2

Sn,i

m m

+ > G000 = i)l ltm — vl + D BBl T 2ni = wall?}-

i=1 i=1

Proof. Let p € QN (-, F(S;), then by the Cauchy-Schwartz inequality and Lemma
2.4(ii), we get

||wn, —p||2 = |[zn + On(zn — 2p-1) —p||2

= llzn = plI> + 02|20 — Tall® + 20, (20 — p, @0 — Tno1)
< lzn —p||2 +972L||$n - xn71||2 + 20, ||z — zp—1|lllzn — pl|
= [z = plI* + Oullzn — @aoa||(Onl|zn — n—1ll + 2||z0 — pl|)
< lzn = pII* + 3Mabn |z — 2|

O,
= ||xn_p||2+3M2ana7||zn_zn—lH7 (317)

where My := sup,, en{||zn — ||, Onl|zr — 2n-1]|} > 0.
By applying Lemma 2.4, (3.13), (3.11), (3.9) and (3.17), we obtain

[|Zny1 — p||2 = |lanhn(n) + Entn + Ynln _pHQ
= [lan(hn(2n) = P) + &n(zn — P) + Yulyn — P)II°
< én(@n = p) + Y (yn — P)|I* + 200 (hn(20) — P, Tns1 — )
< & llen = plI? +vallyn — plI? + 260y llzn — pllllyn — pll
+ 20, (hp () — D, Tpte1 — D)
< & len = plI? + Yallyn — pII> + Eavalllzn = plI* + [lyn — pII°)
+ 20 (hn(Tn) — Py Tng1 — P)
= &n(&n + )llzn = pII° + 9 (i + E)llyn — pII?
+ 2, <hn(xn) — D, Tpy1 — p>
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< &a(1 = an)lfzn = 9l + (1 — an){ Buollwn — pII

m
+ Z@w(”wn _pH2
i=1

Tn(1 =T )||(I = T9 ) Ayw,|[* Uil
- n - n,i 5n _ki n — Ung 2
HA*( — 79 ) Ay |2 ) E 0 ,( ,0 M v ,||

s ‘
i i=1

—Zﬂnoﬂmn £ s — wal?}

+ 2an<hn(xn) = hn(p); Tnt1 — p) + 205 (hn(p) — P, Tni1 — p)
< &1 —an)llzn —p||2

(1 — )| ng:“)A wn||4
i=1 "

Zﬁn OBnill T 2ni = wnl 2}

m

_Z(Snz n,0 — Hun

+ 2anun‘|xn = plll|zny1 — pll
+ 2an<hn(p) — D, Tp41 — p>
< &1 — an)|fzn — plf?

O,
(1 = ) { e = pIP + 3Maay | — o

N Tl =m)l[( - 72,9:”)Awnll4
_Zﬂn,i ||A*(I ng

i=1 Sn, z)Alwn||2
- Z(Sn i\Yn,0 — Hun Un,i
—Zﬂnoﬁmll R '—wn\lz}+an#*(|\xn—pl\2+|lwn+1—p||2)

+ 20‘n<hn (P) = P, Tng1 —p)
= ((1 = an)? + anp?)|lzn = plI* + np*|[zns1 — pl?
On
+ 3an7n(1 - an)M27HfL'n - xnle
Qp
—)|[(I =T ) Aswn||*

+ 205 (hn(p) — P, Tny1 —P) — Tn(l — ay {Zﬂn ||A* (I-T¢ . )82710 |2

m

+Z5nz( n,0 = ki)l|un _Unl|‘2+25n05nz” i ? '_wn||2}'

i=1
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This implies that

lzn+1 = plf?

(1 — 20, + a2 + a,p*)
B (1 —anpp*)
+ ﬁ{i”%(l - an)Mzo%Hfﬂn = @1+ 2(hn(p) — P, Tt —p>}
_M{Zﬁ (1= 7)|[( = Tffl,)A wn |

(01— o) 2P AT T, A

Sn,i
+Z§n1 n,0 — Hun

( — 20, + app*) 2 o
= T =PI+ ———=|lzn
Tl =8l + |
(67% en
{890 = ) Mo o — s 420 (p) = P ss — )

Jr
(1—a u*)
— Tn)H(I Tg: ) Aywnl|*
{Z/Bnl >k 9gi
l—a nt*) [|AX(I —T5: ) Aw,l|?

Sn,i

llzn = plI*

! i = wnl )

—pl]?

=1

m

+Z5nz n,0 — Hun vn,i|2

+Zﬂnoﬁm|| -_wn”z}
20, (1 — ) )
< (71 -= 77 _
<( <1fanm>)”% 7l
2@7},(1— *) (7% 3M2’yn(1—an)0
M. — ltn — dn—
(1—anu){2(1—u) T LU
D, Tpy1 — >}

p) =

- — m)ll(1 = T ) Aswnl[*
B {Z ||A*(I T9: ) Asw, |2

=1

Sn,i
m

+Z($’”(”O_ )|, — Unz|‘2+25noﬁnz|| i P '_wnHZ}»

i=1 i=1
where
Mj := sup{||z, — p||* : n € N}.
Hence, the proof is complete.
Lemma 3.7. Let p € QN(i~, F(S;). Suppose {xn,} is a subsequence of {x,} such
that iminfy_, oo (||Zne+1 — pl| = |20, —pl]) = 0, then z,, — z* € QN2 F(S;), i.e.
we(zn) COQNNL, F(S:).
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Proof. From Lemma 3.6, it follows that
=TI =T A wnk“

'Ynk ank e Tnk Sny, i
/6 * 7
(1 = o, %) Z"” AT = T¥), ) Aiwn, |2
20, (1 — p7)
< (1- T o, — oI
(1_a’ﬂk:u’)
200, (1 — p*) Q.
2 Nk ng
—|zn — M.
longss = o + = S s My

3M2’ynk(1 — O‘nk) enk
2(1 - /’6*) Qny,
1
+ 7<hn (p — Dy Tng+1 — P }

(1 — /L*) k ) E+ >
By the hypothesis of Lemma 3.7 and the fact that limy_, o, = 0, we obtain
’}/nk Oznk Z Tnk Tnk)H(I ng,tk ,)A wnkH
(1= amepr®) 2= P8 AT — T8, ) Ao, I

—1 Sny, i

—0as k — oo.

Since 0 < a < 7, <b< 1,
lerr;O O, =0, Bni >0
foralli=1,2,...,m and ||AF(I — Tfik)i)AiwnkH is bounded, it follows that
lim ||(I — T9’ DAiwn,|[=0 foralli=1,2,....m

k— o0
and this implies that
lim ||A7(I =T )Aw,,|| =0.
k—o0

Snp i

By similar argument, it follows from Lemma 3.6 that
lim [T zp,i—wn,||=0 and  lim ||t — vn, || = 0.
k—o0 kot k— oo

Also, it follows from (3.19), (3.20) and Algorithm 3.1 that

1Zngi — Wy || = [|Any i Af (Ajwny, — ngnkAzwnkH — 0 as k — oo,

|[tny, —wn || < B0l [wn, — wnk”""Zﬁnk,” Znyi—Wny || — 0as k — oo,

i=1

Tnk i

||ynk - unk” < 6ﬂk,0||u’ﬂk - unkH + Zénkﬂ;ankJ‘ - unk“ — 0 as k — oo.
=1
By Remark 3.2, we get

Hwnk - mnk” < ||xnk - xnk“ + enkank - xnk—1|| —0as k — oo.
Also, from (3.21) - (3.24), we obtain

||ynk _‘rnk” - 07 ||unk _xnkH —0 and ||y’ﬂk _wnkH — 0.
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(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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Thus,

Zn+1 = Zog | = [ln, hn(Tny,) + i Tag + Yo Unie — Tyl

< Oénchh’n(xnk) - xnk” +£nk||xnk - x"k” +’ynlc”ynk - w”k” — 0.
(3.26)

Let 2* € wy,(x,), then by (3.25) u,, — z* as k — oo. By the demiclosedness of
I—S;, it follows from (3.20) that «* € F(S;) for all i = 1,2,..., m. This implies that
z* € (X, F(S;). Next, we show that z* € (-, GMEP(f;, P;, ¢;). We first show
that «* € GMEP(f1, P, $1), where f1 = f,,,Pr = Py, and ¢1 = ¢, for some
k > 1. Note that, for a finite family of generalized mixed equilibrium problems, the
indexing fi1 = fn,, A = P, and ¢1 = ¢y, results from the modulo function k¥ =1
(mod m) and the corresponding term of the infinite sequence {z,} would then be
{xn, }. Similarly, we can have fo = f,,, P» = P, and ¢2 = ¢,,; for some j > 1. Let
tng,i = Tfikzn“, then by (3.20) and (3.24) it follows that wy, (tn, i) = We(zn,). By
the definition of Tfnlk we have that

fl(tnk,ivy) + <P1tnk,i7y - tnk,i> + ¢1(y) - ¢1(tnk,i) + <y - tnk,i,tnk,i - an,i> Z 0

Nkt

By the monotonicity of Fy(z,y) := fi(z,y) + (Pix,y — z) + ¢1(y) — ¢1(x), we have

<y - tnk,i;tnk,i - an,i> Z fl(yatnk,i) + <P1yatnk,i - ?J> + (bl(tnk,i) - ¢1(y)

Tng,i

Since z* € wy(ty,), then it follows from (3.20), (3.21), liminfy oo 7y, > 0 and
Condition (A4) that

fily,z*) + (Pry, ™ —y) + p1(z*) — ¢1(y) <0 for all y € Cy.
Now, for fixed y € Cy, let y, := ty + (1 — ¢)* for all ¢ € (0,1). This implies that
y¢ € C1. Then by Conditions (Al) and (A4), we have
0= fi(ye ye) + (Prye, ye — ye) + 01(ye) — O1(we)
<t{f1(ye,y) + (Prye,y — ye) + d1(y) — d1(ye)}
+ (=) {f1(ye, x*) + (Prys, =™ — i) + d1(z") — d1(ve) }
<t{f1(ye,y) + (Prye,y — ye) + d1(y) — d1(ye) }-

Hence,

S1(ye, y) + (Pryey — ye) + é1(y) — ¢1(ye) = 0.
Moreover, letting ¢ — 0, by Condition (A3) we get

Hi@y) +(Pia,y —2%) + ¢1(y) — d1(2") 20 forall y € Oy,

which implies that «* € GMEP(fy,P1,$1). Following similar argument, we can
show that z* € GMEP(fy, P2, ¢2) where fo = f,,,P» = P,, and ¢2 = ¢y,
for some j > 1. Hence, z* € (o, GMEP(f;, Pi,¢;). Next, we show that
Ajz* € Nit, GMEP(g;,Qi, ¢;). Reasoning as above, we first show that A;z* €
GMEP(g1,Q1,¢1), where g1 = gpn,, @1 = Qn, and @1 = @,, for some [ > 1. By
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(3.24), we have that wy,(wy,) = w,(zy,) and since A; is a bounded linear operator
foralli=1,2,...,m, we have

Set gn,,i = Ajwp, — ngi,,iAiwm' Then it follows that A;wy,, —gn,; = Tg;lriAiwn” and
from (3.18) we have '

lim ¢, ; =0 foreachi=1,2,...,m. (3.28)
=00

From the definition of T¢) s we obtain

g1 (Aiwm — Qnyis y) + <Q1(Aiwnl - qnm)» Yy—= Aiwm + qnui>

+ ¢1(y) — o1(Aswn, — Qny i)

1
+

(y — Aiwn, + qnyis AiWn, — @nys — Ajwy,) >0 forally € Dy, (3.29)

Snl,i

Since g; is upper semi-continuous in the first argument, then G defined by

Gi(z,y) == g1(2,y) +(Quz,y — 2) + ¢1(y) — p1(2)

is also upper semi-continuous in the first argument. Hence, taking lim sup of inequality
(3.29) as | — oo and using (3.27) (3.28), we obtain

g1(Ax™,y) + (QrAix™,y — Aix™) + ¢1(y) — p1(Ax™) >0 for all y € Dy,

which implies that A;z* € GMEP(g1,Q1,¢1)-

Similarly, we can show that A;a* € GMEP(g;,Q;, ;) for each i =1,2,... m.
Consequently, we have that A;2* € ([, GMEP(g;,Q;, ;).

Hence, z* € QN -, F(S;) as required.

Now, we present the proof of Theorem 3 as follows.

Proof. (Proof of Theorem 3.4) Let # = Ponnym | r(s,)h(2), then it follows from Lemma
3.6 that

2ol =1 1,

312 < (1=
lnss =2 < (1= 72— P
20, (1 — p* fo7 3Mov, (1 — ) 6,
( :u*){ . M3+ 27 ( . )7”:1:"717”_1”
(1 —anp*) L2(1—p*) 21 —p*)  an
1 N .
gy @) = Enn - &)} (3.30)

Now, we claim that the sequence {||x,, — £||?} converges to zero. To establish this, by
Lemma 2.6, it suffices to show that lim supy,_, . (hn, () — &, 2,41 — &) < 0 for every
subsequence {||z,, — ||} of {||x, — Z||} satisfying

lian inf ([, 41 — 21| = [fom, — 31]) > 0.
k—o0
Now, suppose that {||x,, — &||} is a subsequence of {||z,, — Z||} such that

lim inf ({[2n, 11 — &[] = |Jen, —2|[) = 0.
k— o0
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Then, by Lemma 3.7, we have that w,{z,} C QN ", F(S;). It also follows from
(3.25) that w,{un} = we{z,}. By the boundedness of {x,, }, there exists a subse-
quence {xnk]} of {x,, } such that Ty, = z and

lim (hp, (2)—2,xn, —2) = lmsup(hn, (£)—2F, Tn, —Z) = limsup(hy, ()=, un, — ).
J—ro0 7 E k— o0 k—o00

Since & = Ponnyr | r(s,)7(%) and {h, ()} is uniformly convergent to h(x) on K, then
it follows that

limsup(hy,, (&) — &, 2, — &) = lim (hy, (&) — 2,2, —2) = (W(&) — 2,27 — &) <0.
k—o0 J—00 J J

Combining (3.26) and (3.31), we have

limsup(hp, (&) — 2, Tp, 41 — &) < limsup(hn,, (&) — &, 2, —2) = (W(Z) — 2,21 — &) <0.
k—o0 k—o0

(3.32)
Applying Lemma 2.6 to (3.30), and using (3.32) together with the fact that
lim,, 00 Z—Zﬂxn—xn_lH = 0 and lim,,, a;, = 0, we deduce that lim,_, « ||z, —Z|| = 0

as required.

By the properties of the best approximation operator, we have the following conse-
quent result.

Corollary 3.8. Let C; and D; be nonempty closed convex subsets of real Hilbert
spaces Hy and Hj respectively, A; (mod m) : H; — Hj be a finite family of bounded
linear operators with adjoint Af, f; (mod m) : C; x C; — R and g¢; (mod m) :
D; x D; — R are two finite families of bifunctions satisfying conditions (A1) - (A4)
and g; is upper semicontinuous in the first argument for each i = 1,2,...,m. Let
¢; (mod m) : C; - RU+oo and ¢; (mod m) : D; — R U +oo be proper lower
semicontinuous and convex functions, and P; (mod m) : C; — H; and @; (mod m) :
D; — H, are continuous and monotone mappings. Let S; (mod m) : C; — P(C;)
be a finite family of multivalued mappings such that P, is k;—demicontractive with
k = max{k;} and suppose I — Ps, is demiclosed at zero for each i = 1,2,..., m, and
let {hn} (hn : Hi — Hip) be a sequence of p,—contractive mappings with 0 < p, <
pn < p* <1 and {h,(z)} is uniformly convergent to h(x) for any x € K, where K is
any bounded subset of H;. Let {x,} be a sequence generated as follows:

Algorithm 3.9.
Step 0. Select initial data zg,z; € C and set n = 1.
Step 1. Given the (n — 1)th and nth iterates, choose 6,, such that 0 < 6,, < f,, with
0,, defined by

. n—1 €n :
b, = mln{n+0—1’ Mn—2n 1] }’ i 7 o (3.33)
#ﬁl, otherwise.
Step 2. Compute
Wy = Ty + On (T, — Tpp1)- (3.34)

Step 3. Compute

) Sn.i
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where
(-T2} ) Aiwn|* . .
2 fA; T9: A
Mg i { AT A A Aitn # T8 Ajon, (3.36)
A, otherwise (A being any nonnegative real number).

Step 4. Compute
Up = ﬁn,Own + er;l /Bn,ini Zn,i

Tn,i
Yn = 5n,0un + ZZL 5n,ivn,i (337>
Tny1 = anhn(l‘n) +&nTn + YnYn,

where v, ; € Pg,(uy). Set n :=n+ 1 and return to Step 1.

Suppose that the solution set Q N2, F(S;) # 0, and suppose Assumptions (A1)-
(A4) and (B1) - (B7) are satisfied. Then the sequence {z,,} generated by Algorithm
3.9 converges strongly to a point & € QN (2, F(S;), where & = Ponnr | r(s)M(E).
Proof. Since Pg, satisfies the common endpoint condition and F'(S;) = F(Ps,) for
each i = 1,2,...,m, then the result follows from Theorem 3.4.

If we set P, = Q; = 0in (1.16)-(1.17), we obtain the SSMEP (1.18)-(1.19). In [28], the
author proved a weak convergence theorem for solving (1.18)-(1.19) and fixed point
problem for a nonexpansive mapping. However, setting P; = ; = 0 in Theorem 3.4
we obtain a strong convergence result for approximating a common solution of the
SSMEP (1.18)-(1.19) and fixed point of finite family of multivalued demicontractive
mappings. Hence, the following result complements the result in [28].

Corollary 3.10. Let C; and D; be nonempty closed convex subsets of real Hilbert
spaces Hy and Hj respectively, A; (mod m) : H;y — Hs be a finite family of bounded
linear operators with adjoint Af, f; (mod m) : C; x C; — R and g; (mod m) :
D; x D; — R are two finite families of bifunctions satisfying conditions (A1) - (A4)
and g; is upper semicontinuous in the first argument for each i = 1,2,...,m. Let
¢; (modm) : C; = RU+4o00 and ¢; (mod m) : D; — R U 400 be proper lower
semicontinuous and convex functions and let S; (mod m) : C; — CB(C;) be a finite
family of multivalued demicontractive mappings with constant k; such that each I—.S;
is demiclosed at zero, S;(p) = {p} for all p € F(S;), and k = max{k;}. Let {h,} (h,, :
H, — Hj) be a sequence of p,—contractive mappings with 0 < p, < p, < p* <1
and {h,(z)} is uniformly convergent to h(x) for any x € K, where K is any bounded
subset of Hy. Let {z,} be a sequence generated as follows:

Algorithm 3.11.
Step 0. Select initial data xg,z; € C and set n = 1.
Step 1. Given the (n — 1)th and nth iterates, choose 6,, such that 0 < 6,, < 0,, with
0,, defined by

: n—1 €n :
é _ min { n+0—1" J|zn—Tn_1]| }7 if T 7& Tp—1, (3 38)
n — .
#ﬁl, otherwise.

Step 2. Compute
Wy = Ty + On (T, — Tpp1)- (3.39)
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Step 3. Compute

Zn,i = Wn — )\7171'142< (A,wn — ng,t,LAlwn% (340)
where
I-TS ) Aswn]|? . ;
M 1= 4 AT YA i Aiton L8 Asn, (3.41)
A, otherwise (A being any nonnegative real number).

Step 4. Compute
Un = ﬁn,Own + Z:il ﬂn,ini Zn,i

Yn = 5n,0un + Z:il 5n,ivn,i (342)
Tn+1 = anhn<xn> + gnxn + YnYn,

where v, ; € S;u,. Set n:=n+ 1 and return to Step 1.

Suppose that the solution set Q4 , N2, F(S;) # 0, and suppose Assumptions (A1)-
(A4) and (B1) - (B7) are satisfied. Then the sequence {z,} generated by Algorithm
3.11 converges strongly to a point & € Q4 , N[i~; F(S;), where

&= Pa, ,nnm, F(s)(E).

Setting ¢; = ¢; = 0 in Theorem 3.4, we obtain the following consequent result
for approximating a common solution of the SSGEP and fixed point problem for
multivalued demicontractive mappings. The result generalizes and complements the
results in [13].

Corollary 3.12. Let C; and D; be nonempty closed convex subsets of real Hilbert
spaces Hq1 and Hj respectively, A; (mod m) : H;y — Hs be a finite family of bounded
linear operators with adjoint Af, f; (mod m) : C; x C; — R and g¢; (mod m) :
D; x D; — R are two finite families of bifunctions satisfying conditions (A1) - (A4)
and g; is upper semicontinuous in the first argument for each ¢+ = 1,2,...,m. Let
P; (mod m) : C; —» Hy and Q; (mod m) : D; — Hsy be continuous and monotone
mappings and let S; (mod m) : C; — CB(C;) be a finite family of multivalued
demicontractive mappings with constant k; such that each I — S; is demiclosed at
zero, S;(p) = {p} for all p € F(S;), and k = max{k;}. Let {h,} (h, : H — Hy) be
a sequence of u,—contractive mappings with 0 < p, < p,, < p* < 1 and {h,(z)} is
uniformly convergent to h(x) for any z € K, where K is any bounded subset of Hj.
Let {z,} be a sequence generated as follows:

Algorithm 3.13.
Step 0. Select initial data xg,z; € C and set n = 1.
Step 1. Given the (n — 1)th and nth iterates, choose 6,, such that 0 < 6,, < 0,, with
6,, defined by

: n—1 € :

g, = [min{Ft men ) e A (3.43)

= )
R"T;il, otherwise.

Step 2. Compute
Wy = Ty + On (T, — Tpp1)- (3.44)
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Step 3. Compute

Zn,i = Wp — )\n,iAz{ (Azwn - Té];ﬂAzwn% (345)
where
=TS ) Aswn]|? . s
A, = ) Tt Ay A 2 T Aion, (3.46)
A, otherwise (A being any nonnegative real number).

Step 4. Compute

Up = ﬁn,Own + Z:ll /Bn,iTyf;i Zn,i
Yn = 5n,0un + 2111 6n,ivn7i (347)
Tny1 = anhn(xn) + &nTn + Ynn,

where v, ; € S;u,. Set n:=n+ 1 and return to Step 1.

Suppose that the solution set Qp o N(iv; F(S;) # 0, and suppose Assumptions (A1)-
(A4) and (B1) - (B7) are satisfied. Then the sequence {z,} generated by Algorithm
3.13 converges strongly to a point & € Qp o N[~ F(S;), where

= PprQﬂﬂ:’L-nzl F(Sb)h(j)

Putting ¢; = ¢; = 0 and P; = @; = 0 in Theorem 3.4, we obtain the following
consequent result for approximating a common solution of the SSEP and fixed point
problem for multivalued demicontractive mappings. The result complements the re-
sults in [31, 51] and generalises as well as improves the results in [38, 40].
Corollary. Let C; and D; be nonempty closed convex subsets of real Hilbert spaces
Hy and Hs respectively, A; (mod m) : Hy — Hs be a finite family of bounded linear
operators with adjoint Af, f; (mod m): C; xC; — Rand ¢g; (mod m): D;xD; — R
are two finite families of bifunctions satisfying conditions (A1) - (A4) and g; is upper
semicontinuous in the first argument for each i = 1,2,...,m. Let S; (mod m) : C; —
CB(C;) be a finite family of multivalued demicontractive mappings with constant
k; such that each I — S; is demiclosed at zero, S;(p) = {p} for all p € F(S;), and
k = max{k;}. Let {h,} (h, : Hi — Hi) be a sequence of u, —contractive mappings
with 0 < pe < p < p* < 1 and {h,(z)} is uniformly convergent to h(z) for any
x € K, where K is any bounded subset of H;. Let {z,} be a sequence generated as
follows:

Algorithm 3.15.
Step 0. Select initial data xg,z; € C and set n = 1.
Step 1. Given the (n — 1)th and nth iterates, choose 6,, such that 0 < 6,, < 0,, with
0,, defined by

: n—1 €n 1
0, = {mln{n+01’ Zn—n 1] }’ if @ # Tn-1, (3.48)

R"T;il, otherwise.
Step 2. Compute
Wy = Ty + On (T, — Tpp1)- (3.49)
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Step 3. Compute

where
(IT=TZE ) Aswn || . s
A o= 4 AT AP if Agwn # T3 Aiton, (3.51)
A, otherwise (A being any nonnegative real number).

Step 4. Compute
Un = Bnown + 21wy BTl 20
Yn = On,0Un + Doy O iUni (3.52)
Tp+1 = Anhn(Tn) + EnTn + YnYn,
where v, ; € S;uy. Set n:=n+ 1 and return to Step 1.

Suppose that the solution set Qg0 N(;~, F(S;) # 0, and suppose Assumptions (A1)-
(A4) and (B1) - (B7) are satisfied. Then the sequence {z,} generated by Algorithm
3.15 converges strongly to a point & € Q9o N[, F(S;), where

& = Po, oo, F(si(2).
4. APPLICATION AND NUMERICAL EXAMPLE

4.1 Split Convex Minimization Problem. In this subsection, we apply our result
to study the following system of split convex minimisation problem: Find

T e ﬂ F(S;) such that & = arg Hélél(Fl(l‘) + 0;(z) + ®;(x)), (4.1)
i=1 e
such that
At = arg min (Gi(y) + ¥i(y) + i(y)), (4.2)
Yy i

where C; and D; are nonempty closed and convex subset of H; and Hs respec-
tively. Moreover, F;, ®; : C; — R and G;,1I; : D; — R are four convex and lower
semicontinuous functionals, ©; : C; — R and ¥; : D; — R are convex continu-
ously differentiable functions and A; : H; — Hs is a bounded linear operator. Let
filz,y) = Fi(y) — Fi(z), gi(z,y) = Gi(y) — Gi(z), P, = vO,,Q; = V¥,, where VO,
and VV; denote the gradient of ©; and ¥; respectively, and let ¢; = ®; and ¢; = II;.
Then the system of split convex minimisation problem (4.1)-(4.2) can be formulated
as the following system of split generalized mixed equilibrium problem:

find 2 € N, F(S;), such that

Fi(z) — Fi(&) + (VO;&,x — T) + ®;(x) — ®;(2) > 0, for all x € C;, (4.3)
and § = A;2 € D =N, D, solves
Gi(y) — Gi(2) + (V¥;2,y — 2) + IL;(y) — (&) > 0, for all y € D;. (4.4)

Hence, Theorem 3.4 provides a strong convergence result for solving a system of split
convex minimisation problem (4.1)-(4.2).

4.2 Numerical Example. In this subsection, we provide a numerical example to
compare the performance of our proposed Algorithm 3 with its non-inertial version.
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Example 4.1. Let H; = Hs = R with the usual norm. For ¢+ = 1,2,...,5, let
C; = [~4,0] and D; = [~10 — ,0], then we have that C = (\_, C; = [~1,0] and
D = ﬂ?zl D; = [-11,0]. Define P, = Q; = 0,¢; = ¢; = 0, and for each z,y € C;
define f; : C; x C; — Hy by fi(x,y) = iz(y — x) and define g; : D; x D; by g;(u,v) =
(104 i)u(v — u), for each u,v € D;. Define A; : Hy — Hs by A;x = % for all z € Hy,

then Afy = ¥ for all y € Hs. It can be verified that

i
T9 Ajx=————— forallz e H
sni 0T 2+ 2(10 4 i)sn orate !
and
T/ x—L for all z € Hy

S T
Define S; : C; — CB(C;) by

g, JImma 0l @ e[=5,-1); ws)
' {0}, ze[-1,0]. ~

It is easy to see that S; is quasi-nonexpansive and thus O—demicontractive with
F(S;) = {0}, for each i =1,2,...,5.

Next, we find a common solution & € C for the following system of generalized mixed
equilibrium problems:

fi@@, ) + (P2, x — ) + ¢i(x) — ¢s(2) >0, forallzeC;, i=1,2,...,m.

Since ¢; = 0 and P; = 0, then we find a point & that has to be a solution of the
inequality i%(z — &) > 0 for all € C;. This problem has a unique solution & = 0.
Then it follows that the point § = A;Z = 0 will be a solution for the following system
of generalized mixed equilibrium problems:

gl(g,y) + <Q1g)y - g> + wl(y) - (p’b(g) > 07 for all ye Dia 1= 172a sy M.

That is, § = 0 solves the inequality (10 + i)g(y — ¢) > 0 for all y € D;. Hence, we
obtain that & = 0 is a common solution for the system of split generalized mixed
equilibrium problem and fixed point problem, that is, 0 € QN (.2, F(S;).

Let hn(gj) = (n;})zv 6n,0 = %Ha Bn,i = %7 5n,0 = %_H7 6n,i = ﬁ’ Qp =
3%; bn = Yn = %(1 — :%n)v €= ﬁ and 0 =4, r,; = Sy, = o in Algorithm 3.1
for each n € N. It is easy to check that f;, g; and the control parameters satisfy all
the conditions in Theorem 3.4.

We choose different initial values as follows:

Case Ia: xo = 16,21 = 3;

Case Ib: xg = 55,21 = 6;

Case Ic: xg = 15,21 = 61;

Case Id: v = —15,x1 = 61.

Using MATLAB 2017(b), we compare the performance of our Algorithm 3.1 with its
non-inertial version. The stopping criterion used for our computation is |z,+1 — p| <
10~3. We plot the graphs of errors against the number of iterations in each case. The

figures and numerical results are shown in Figure 1 and Table 1, respectively.
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F1GURE 1. Top left: Case Ia; Top right: Case Ib; Bottom left: Case
Ic; Bottom right: Case Id.
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TABLE 1. Numerical results

Alg. 3 Non-inertial
Alg. 3
Case Ia CPU time (sec) | 0.0013 0.0015
No of Iter. 49 63
Case Ib CPU time (sec) | 0.0017 0.0022
No. of Tter. 79 84
Case Ic CPU time (sec) | 0.0014 0.0023
No of Iter. 82 273
Case Id CPU time (sec) | 0.0016 0.0020
No of Iter. 79 84
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