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Abstract. In this paper, we investigate a class of nonlinear fractional differential system supple-
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1. INTRODUCTION

Fractional differential equations have been of increasing importance for their deep
backgrounds in science and engineering, such as, the memory of a variety of materials,
signal identification and image processing, optical systems, thermal system materials
and mechanical systems, control system, etc., see [7, 11]. In recent years, much
attention has been focused on the study of the existence and multiplicity of solutions
for boundary value problems of fractional differential equations, see [10, 14, 13, 16, 17],
and the references therein.
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Coupled systems of differential equations have also been investigated by many
authors. Such systems appear in the modeling of many real world problems, for
example, see [3, 12]. For some recent results on the topic, we refer the reader to a
series of papers [1, 8, 9, 15, 6, 2], and the references therein.

Cui [4] studied the following differential system with coupled integral boundary
conditions

—u(t) = f(t,u(t), v(t)), —v"(t) = g(t, u(t), v(t)),

u(0) = v(0) =0, u(l) = [} v(t)dA(t), v(1)= [ u(t)dB(t),

where fol v(t)dA(t), fol u(t)dB(t) are Riemann-Stieltjes integrals. By means of pq-
positive operator, they obtained the uniqueness of solution for the above differential
system under the assumption that f, g are Lipschitz continuous functions. It should
be mentioned that the Lipschitz constant is dependant of the spectral radius corre-
sponding to the related linear operators. Therefore, their result is new and meaningful.
However, it is rather difficult to determine the value of the spectral radius.

Here, we consider the existence of solutions for the boundary value problem of
fractional differential systems with mixed fractional derivatives

CDYND + k)DL u(t) = f(t,u(t),v(t), for ae. te0,1],
(1.1)
CDgJ:l(D +k)Dg, v(t) = g(t,u(t),v(t)), fora.e. tecl0,1],

subject to the following coupled boundary conditions

u(0) =/ (0) = --- = u»2(0) = Dg, u(0) = 0,

M8

D0+U( = fog D8‘+v(s)ds, D0+U( )= u(&5) + 1o fo D0+U T)dA(T),

<.
Il
—

v(0) =0'(0) = --- = v(*=2)(0) = D, v(0) = 0,
D0+U( ) = a foa D8‘+u(s)ds, D0+U< ) = (5] +¢€o fo D0+U T)dB(T),

(1.2)

where Dg, denote the Riemann-Liouville fractional derivative of order ¢ with ¢ = «, 7,

CDﬁfl
0+

M

is the Caputo fractional derivative, D is the ordinary derivative, o > 2,
n—1<a<mn 1< <2 visa fixed number and v € [1,n — 2] (n > 3),
N5 €5 >0 (.7 = 172"")’ No,€o € [0’1)7 gj € (0’1)5 kaalaa2 >0, o € [0’1]7
fol u(s)dA(s), fol u(s)dB(s) are Riemann-Stieltjes integrals, f,g : [0,1] x R? — R
are continuous.

To the best of our knowledge, there are fewer works concerned the existence results
for fractional differential systems with coupled strip and infinite point boundary con-
ditions. In order to enrich the theoretical knowledge of the above, we investigate the
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existence of solutions for the problem (1.1)—(1.2) by using the Banach’s fixed point
theorem and the || - || norm. The relations between the linear Caputo fractional dif-
ferential systems and the corresponding linear integral systems are studied. It should
be mentioned that the Lipschitz type conditions on nonlinearities are needed in the
study of the nonlinear Caputo fractional differential systems. The proposed problem
is of quite a general nature as it covers several special cases. Thus the obtained re-
sults will be a useful and novel contribution to the existing literature on fractional
differential systems.

The paper is organized as follows. In Section 2, we present some notations, defi-
nitions of fractional calculus and give some useful lemmas. In Section 3, we discuss
the existence of solutions of the boundary value problem (1.1)—(1.2). In Section 4, we
give an example to illustrate our results.

2. PRELIMINARIES

In this section, we introduce notations, definitions of fractional calculus and present
some lemmas before stating our main results.
Definition 2.1. [7] For a continuous function y : (0, 00) — R, the Riemann-Liouville
fractional integral of order « is defined as

1

18, y(t) = m/0 (t — 5)°1y(s)ds, a >0,

where I' is the Gamma function.
Definition 2.2. [7] The Riemann-Liouville fractional derivative of order « for a
continuous function y(¢) is defined by

1 a\" [
D ylt) = — | — t—s)nmot ds, a>0,
50 = oy () [ o os, o
where I' is the Gamma function, n is the smallest integer greater than or equal to a.
Let v € [1,n — 2]. Then we have
Dgyy(t) = D™y "y(t)
= DD y(t)
= D"Ig y(t)
= DI ()
= D3+Ig-§-_’yy(t)7
where m is the smallest integer greater than or equal to 4. This implies that D Ly(t)
exists if Df, y(t) exists.
Let ACI0, 1] be the space of functions f which are absolutely continuous on [0, 1].

Forn e N:=1,2,3,---, we denote by AC™[0, 1] the space of functions f which have
continuous derivatives up to order n — 1 on [0, 1] such that f~ € AC[0,1].



916 RIAN YAN, QIANG MA AND XIAOHUA DING

Definition 2.3. [7] If y(t) € AC™[0, 1], then the Caputo fractional derivative of order
a for y(t) is defined by

1 t o
D, y(t) = m/o (t—s)"tyM (s)ds, a >0,

where I' is the Gamma function, n is the smallest integer greater than or equal to a.
Throughout, we assume that the following conditions are satisfied.

_e kK 2
(Hl) ajas < (m) .

(H2) A, B :[0,1] — R are nondecreasing functions,

1 1
0< / dA(t) <1, 0< / dB(t) <1
0 0

imf}‘l < F(l;(a)w (1 - no/olt“‘”‘ldA(t)> ;
Zsjgf’ O <150/01ta“d3(t)).

(a—7)
Lemma 2.4. [§] Let a € (0,1). Then the following assertions hold:
(i) I§, maps AC[0,1] to AC[0,1];
(ii) For each f € AC[0,1}, I Dg, f(t) = f(t) for a.e. t €[0,1].
Lemma 2.5. For 1 < <2 and hy,hs € ACI0,1], the solution of the linear system
of fractional differential equations

CDITND + k)a(t) = ha(t),  forae. te€0,1],

(2.1)
CDg_:l(D + E)y(t) = ha(t), fora.e. t€]0,1],
supplemented with the boundary conditions
2(0) =0, z(1) =a foa y(s)ds,
(2.2)
y(O) = 07 y(l) = a2 foa SC(S)dS,
is equivalent to functz’ons x,y satisfy
x(t) _1 / / (s — 7)72hy(7)drds
1 _ efkrt
B—2
kf(ﬁ ) Yo A1A2 / / / —7)P " *ho(7)drdsdt
a2A1 —k(t— s) B—2 2.3
B AA, / / / — 1) %hy(7)drdsdt (2.3)

-t —k(1=s) (g _ )82
yE AA2/ / e (s = 71)""2hy(7)drds

—k(1— s) B—2
AAQ// —7) hQ(T)deS),
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y(t) TG-1 / / (s — 7)P2hy(7)drds
1 — e_kt alAQ —k(t—s) B—
FT(G = — A4, / / / (s — 1) 2 hy(7)drdsdt
(12 —k(t—8) (o _ \B—2 2.4
—|— A4, / / / e (s = 7)°2hy(7)drdsdt (2.4)
—k(1— 5) B—2
A e / / — 1) "%hy(7)drds

S —k(1=s) (g _ )82
AQ—AlAg/O /0 e (s—1) hg('r)des),

Ny

k

+

where

1
A= (1= e ™), A=

Proof. Solving the fractional differential equations (2.1) in a standard manner, we get
—kt

1

z(t) // (s — 1) 2hy (1 )des—l-clie,
—1 k

1— —kt

y(t) 71 / / ks ’8 2h2( )deS—l—CQTe,

for some c1,c € R. Using the boundary conditions (2.2), together with (H1), we

obtain
“T (5171 e aliAQ / a / t / e (s — 1)~y (r)drdst
aZflllAz / / / — )97 2hy (r)drdsdt
_W / / e M=) (s — )72y (r)drds

A1 e / / T)ﬁ*QhQ(T)des),

_ 1 01A2 —k(t=9) (g B—2
co = T3 = A1A2/ / / — 7)P " *ho(7)drdsdt
k(t— s) B—2
AAQ/ // — 1) %hy(7)drdsdt
B2
AAQ// — 1)’ *hy(7)d7ds

AAZ// RO (5 — 1) 2y (r)drds).

Consequently, ( ), y(t) satisfy (2.3) and (2.4).
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Conversely,

e—k:t

—kt t s —
x(t) = h/o /0 eks(s—T)’B_th(T)des—i—cllT,

o —kt

0= [ [ (s - 1P halr) Lo
ytzi//essz ““ho(r)drds + cg———,

LB-1) Jo Jo k
where ¢q, ¢y are given by above equalities. Hence,

(D + K)z(t) = I ha(t) + 1, t € [0,1],

(D + k)y(t) = I ha(t) + co, t € [0,1].
First, we consider 1 < § < 2. Since hy, hy € ACI0,1], by Lemma 2.4 (i), we have
IV hy(t) € AC[0,1], j = 1,2. Thus, Dy " (D+k)a(t) and C Dy (D +k)y(t) exist.
Moreover, by Lemma 2.4 (ii), we can get

-1 —1 1—- (-1 —1 2— 2—
CDYT I (1) = LTV DI () = 1577 DS () = hy (0),

for a.e. t €10,1], 5 =1,2.

In what follows we consider 8 = 2. Then Iétlhj(t) = Ig, hi(t) € AC[0,1], j =1,2
and CDY YT hy(t) = CDLIL hi(t) = hi(t), t € [0,1]. Consequently, (2.1) holds
for 1 < 8 < 2. By simple computation, it is easy to see that x(t), y(t) satisfy (2.2).
Thus, z(t), y(t) is a solution of the problem (2.1)—(2.2). The proof is completed.
Remark 2.6. As mentioned in [8], h1,he € C[0,1] are not sufficient in the study
of the equivalence between (2.1)—(2.2) and (2.3)—(2.4). We can prove the solutions
of (2.1)—(2.2) satisfy (2.3)—(2.4) under the condition hy,hs € C[0,1]. However, we
can not prove that if hy, hy € C[0, 1], then functions x(t), y(t) satisty (2.3)-(2.4) is a
solution of the problem (2.1)—(2.2).

Lemma 2.7. Let n —1 < a <n and h € C[0,1]. The boundary value problem

Dy, u(t) = h(t), fora.e. tel0,1], (2.5)
u(0) = u/(0) = --- = u""2(0) = 0, (2.6)
D7) = S nyu(e)) +m [ Dulr)dA(). 2.7

has a unique solution

u(t) = _/0 G(t, s)h(s)ds,
where

Gt s) = % /O Gr (7, $)dA(T) + Galt, 5),

—(t— ) p (1 —s)e el g<s <t <,
Gi(t,s) = (2.8)
) i 0<t<s<lI,
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$)t 1 (1—8)*" 71 p(0)(t—5)* !
P Ar(a)r(mi) ; 0<s<t<l,

Galt,s) = (2.9)
p()t* T (A—s)* 7t
AF(a)F(a o 0<t<s<1,
0 s<5j

A:F(E(O_‘)w(l—no/o =71 A(t) ) an“ L

Proof. Applying the operator I§, on both sides of (2.5), we have

1 /t 1 -1 —2 -
u(t) = —— t—8)* Th(s)ds + 1t ot - et
0= e [ =9
for some ¢y, ¢g, -+ , ¢, € R, From (2.6), (2.7) it follows ¢o = -+ = ¢,,—1 = ¢, = 0, and
S 1 & o !
c1 = J 5-—sa*1hsds+7// t— )7 rdA(t)h(s)ds
1 j_lAr(a>/o (&= hies + g [ [Ta- (t)h(s)

1 ! a—y—1
—m/o (1— )% Lh(s)ds.

Consequently, u(t) satisfies

1 a—1
t
t)=— —_ G1(r,s)d Go(t G(t,
ult) /O(AM_ [ Gt 9a46) + @, nisyis = [ 6,9
Conversely, if u(t / G(t,s)h(s)ds, then
u(t):m/o (t— )a 1h( )d8+61ta71+62ta72+~"+cntain,
where co =---=c¢,_1 =¢, =0, and

13
(& — s)aflh(s)ds

1< 7
7KZI‘Z)¢
Jj=1

L ﬁ /01 (/:(t - s)a—v—ldA(t)> h(s)ds
1

_ m/o (1— )% Lh(s)ds.

Dy u(t) = h(t).
Moreover, u(t) satisfies (2.6), (2.7). Thus, u(¢) is a solution of the problem (2.5)—(2.7).
The proof is completed.
Lemma 2.8. Letn—1 < a <n and h € C[0,1]. The boundary value problem

Dg,v(t) = h(t), fora.e.tel0,1],

Hence,
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v(0) =v'(0)="---= U(”*Q)(O) =0,

D7v(1 Zsj v(&5) +so/ D7v(1)dB(T),

=— /1 H(t,s)h(s)ds
0

a—1

has a unique solution

where

H(t,s) = / G (r,8)dB(T) + G3(t, s),

AT (o —7) Jo
G1(t, s) is given by (2.8),

P1(s)t‘“l(1;:%?;;;(;10;)(0)(t—s)a’17 0<s<t<l1

p1 ()t (1—g)* 7~
AT(@a—7)

o =1@) (1= [ a80) ~ra-n T (472) 0o

A1:1&<1—50/ta7 LdB(t) ) Zsﬁ“ !

0

Proof. The proof is the same as that of Lemma 2.7, so it is omltted.

Lemma 2.9. Suppose that (H2) holds, and n—1 < a < n. Function Ga(t,s), Gs(t,s)
satisfy the following conditions

(i) Gi(t,s) >0, th (t,s) >0, fort,se (0,1), i=2,3.

(i) OrgtaSXlG i(t,s) =Gi(l,s), for0<s<1,i=23.

(iii) Gi(t,s) >t 1Gi(1,8), 0<t, s <1,i=2,3.

Proof. First, we prove the properties of Ga(t, s). From (H2), it is easy to see that

o(s) 1) 3 0i(€5 = )7L — )L - &)@ — 1) + (& — 8)) > 0.

s<§;

Thus, p is increasing on [0, 1]. Since
p(0) = T(@)(1— o [ 77104 ~ (o Zm >0,
0

we deduce p(s) > p(0) > 0, s € [0,1]. By simple computation, we can get Ga(t, s) > 0,
for t,s € (0,1). Note that

a—1)p(s)t* 2 (1—8)* 7" 1 p0)(a—1)(t—s)* "2

(a=D)p(s)t" 7 ( AF)((X)F(Q_%;%)( W= g<s<t<1
—Go(t
m 2( S)

(a=1)p(s)t* > (1=5)* 7"
AT (@) (a—7) ,
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we have %Gg(t, s) >0, for t,s € (0,1). Then Gs(t, s) is nondecreasing with respect
to t, Jnax Ga(t,s) = Ga(1,s), for 0 < s < 1. In the following, we will prove (iii). For
0<s<t< 1,
pls)t* (1= )27 = p(0)(t — 5)*~!
AL () (e = )
P21 = 8)7071 — po)e=I(1 - 5o
AT(@)T(a — )
L P 1= 8271 () (1 - )
- AT (@)l (a — )
= ta_lGQ<1, S)
For 0 <t < s <1, it is clear that Ga(t,s) > t*~1G5(1,s). Now, we are in the position
to prove the properties of G5(t, s). Repeating arguments similar to that above we can
get (i)—(iii). The proof is completed.
Let (X, - ||) be a Banach space with a cone K in X, and let < denote the partial
order defined by K, that is x < y if and only if y — 2 € K. A cone is called normal if

there exists M > 0 such that, for all 0 < z <y, it follows that ||z|| < M]||y||.
Let C[0,1] with the norm |ju| = Jnax |u(t)]. Then C0,1] is a Banach space.

GQ (t, S) =

Denote

P={ueC0,1] ult)>0,te01]}
Obviously, P is a positive cone in C[0,1]. Thus E = C[0,1] x C[0,1] is a Banach
space with the norm ||(u,v)||; = max{||u||, ||v||}, and P, = P x P is a cone in E.
Definition 2.10. Let P be a cone in real Banach space E and e € P\ {6}, set

E.={zeE:IX>0, -de<z<e,}
and

[z]le =inf{A>0: =Xe <z < Xe,}, VaeE,.

It is easy to see that F, becomes a normed linear space under the norm || - ||e. ||zl
is called the e-norm of the element z € E..
Lemma 2.11. [5] Let cone P be normal. Then E. is a Banach space with e-norm,
and there exists a constant m > 0 such that ||z|| < m||z|le, V z € E..

3. MAIN RESULTS

Now we are in the position to establish the main results.
In the forthcoming analysis, we need the following assumption:
(H3) There exists lg, l1,12,13,14,15 € [0,+00) such that

|f(t1,u1,v1) — f(t2, u2,v2)| <loltr — ta] + l1|ur — ua| + lo|v1 — val,

lg(t1, ur,v1) — g(t2, uz,v2)| < l3lts — ta| + la|ur — uz| + l5[v1 — val,
for any t1,te € [0, 1], u1, us,v1,v2 € R.
In view of Lemma 2.5, Lemma 2.7 and Lemma 2.8, we define an operator F as

F(u’v)(t> = (Fl(u’v)(t)’Fb(uvv)(t))’ (u7v) EE,
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where Fy, Fy : E — C]0, 1] are defined by

t)“/lG(t’s _1// m =) f(r,u(r), o(r))drdm
klrzﬁe—ls A2 AA2 / / / T (s — 1) 2g(r,u(r), (7)) drdsdt

a2illlA2 / / / = 1) f(r ul(r), v(r))drdsdt
‘W / / e P79 (s — )32 f(7,u(r), v(r))drds

A A, / / T)”g(r,u(r),v(r))dms)}ds,

/Hts efisl /S/mekm(mf 8=2g(r, u(r), v(7))drdm

+k1F I/f ks al‘jiAQ / / / —k(t=9) (s — 7)P=2g (7, u(r), v(7))drdsdt

+ [12714142/ / / eik(tis)(s — 1) 2 (1, u(r), v(7))drdsdt
—A AQ/ / T (s = )P ulr), v(n))drds
- m%) /0 e FI=o) (s — 7)5729(T,U(T),U(T))des)]dS.

Lemma 3.1. Suppose that (H1)-(H3) hold, then the fized points of the operator F
are solutions of the problem (1.1)—(1.2).
Proof. Assume that (u,v) € E is a fixed point of F'. Then

= —/ G(t,s)T1(s)ds
0

1
—/ H(t,s)T>(s)ds
0
where

9 1—eHt
Ty (t _1 / / )72 (), vl drdm + e,

e—kt

—i t mekmm—rﬁ_2 T,u(T),v(T))dTdm 1_76
TQ@_F(B_I)/O/O (=772 ur). vl ))drdm + e
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and

s aliAQ / / / =) (5 —7)P2g(r,ulr), v(7))drdsdt

agil p / / / R (5 — )82 f (7, u(r), v(7))drdsd
A1A2 / / K= (s — 7)P72 £ (7, u(7), 0(7))drds
A1A2 / / — 1) 2g(r,u(r), v(r))drds,

2= aliiAQ/ / / =) (s — )52 (r, u(r), 0(7) )drdsdt

+2*AAQ [ [ e ot e s
A1A2 / / =9 (s — 1) 72 £ (7, ul7), 0(7))drds
fm/o /0 e M= (s — )7 2g(r, u(r), v(T))drds.

Since f, g are continuous, we have Tj(t),T2(t) € C[0,1]. By Lemma 2.7 and 2.8, we
can get D§, u(t) = T1(t), Dg, v(t) = T2(t), and

u(0) =/ (0) = - = ul""2(0) = 0,
v(0) ='(0) = -~ = v""2(0) =0,

= S nule) < | rutraac)

DYu(1 Zaj v(&)) +60/ DYv(r)dB(r
Moreover, v/ (t),v'(t) exist for ¢ € [0,1] and max{|v (¢)|}, max{|v'(t)|} < o0, t € [0,1].
This, together with the condition (H3), implies that for (u,v) € E and t1,t2 € [0,1],

|f(t17u(t1)7v(t1>) - f(tz, u(t2)7v(t2))|
<lolts — tof + lifults) —ulte)| + lafo(t1) — v(t2)]

< (zo + 1y max{ [/ (B)]} + o max{|v’(t)|}> It — ta],
and

lg(t1, u(ty), v(t1)) — g(t2, u(tz), v(t2))|

< lsfty — tof + lafu(ty) — u(te)] + Is|o(tr) — v(t2)]
< (s + Lomax{[u/ (0} + &5 max{]o' (1)1} ) |t —
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hold. It follows that f(-,u(-),v(:)),g(:,u(-),v(:)) € AC[0,1]. By Lemma 2.5, we have

CDYTND + k)T (t) = f(t,u(t), v(t), for ae. t €[0,1],

CDYND + k)To(t) = g(t,ult),v(t), for ae. t €[0,1],

and
T1 (0) = O, Tl(l) = aj fOU TQ(S)dS,

T5(0) =0, To(1) = ag [y Ti(s)ds.

Hence, (u,v) € F is a solution of the problem (1.1)—(1.2).
Theorem 3.2. Suppose that (H1)-(H3) hold. Then the problem (1.1)-(1.2) has a
unique solution if

max{Ms, My}l < 1,

where
I =max{ly,la,ls,l5}, My = nax |f(t,0,0)], My = Jnax, |9(¢,0,0)],
and
a+pB a+p
M3 _ QF(OZ) (ek T (112140 T G,Q;llcf
AF(Oé — ’y)F(a + 5 —|— 1) k'(A — A]_AQ) ]{,‘(A — AlAg)
n Ala + ) n Ai(a+B) )
R(A2 — A, Ay) | k(A2 — A, Ay) )
QF(CV) k alAQUO‘*B a2A0a+ﬁ
My = (e + 5 3
AlF(a — ’Y)F(O[ —|— ﬂ + 1) k(A — A1A2) k‘(A — A1A2)

Ag(a + B) Ala+ )
+ k(A22 A Ay R(AZ = AlAQ))'

Proof. From Lemma 2.7 and Lemma 2.9, we can get

tozfl

0<t*71Gy(1,5) < G(t, s) WOW) /1 G1(7,8)dA(T) + Ga(t, s)
- 0

- Al («
ta_l’rlo ! a—y—lia—y—1 p(s)ta_l(l B S)a_,y_l
< Ry [, 49T A + A
a—1 1 1—n 1 tafvfldA(t) a1 o1
< Lo / 2L dA(L) + (ol ) -
AT (a =) Jo AT (a0 — ) AT (o — )

In the same way, from Lemma 2.8 and Lemma 2.9, we have
a—1

0<t*"'G3(1,5) < H(t,s) < ——.
~ 3( )— ( ) Alr(a—’y)
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For (u,v) € E, by (H3) and the above two inequalities, we obtain

[ F1(u, v)(t)l
S/o / / ke*™ (m — ) 72(| (7, u(r), v(7)) = £(7,0,0)| + My)drdm
alA Ag/ / / (s = 1) 2(lg(r, u(r),v(r)) = g(7,0,0)| + Mo)drdsdt
a2A1A2/ // (s =) 2(f (r,u(r),v(7)) = f(7,0,0)| + My)drdsdt
*m / / (s = 72| (7, u(r), 0(r)) = (7,0,0)| + My)drds

AlAQ/ / (s = )9 (7, u(r), ())—9(770,0)|+M2)d7ds)ds

ay AgPt1 agAyoPtt
k(B8 +2)(A? — A1 Ag) kl“(ﬁ +2)(A% — A1 Ay)

< o= 1
= AT(a— ) [( (5+2)
A A,
RO+ 1)(A2 — A Ay) | kT( + 1)(A2 A1A2)>l(”u” el
ek a2A10’8+1 A
" (F(ﬂ +2) * kD (B 4 2)(A? — A1 As) * ET(B +1)(A2 — A1A2)>M1
+(araay i
kT(8 + 2)(A2 — A1A2) KD(B+ 1)(A% — AjAp) )21

_|_

_|_

and
| Fp (u,v)(t)]
- o1 [( ek N a1 AyoPtt N as AcBH1
Ay A ;
TG DA Ady) TG ) (A - AlAg)) (el + o1
ek a1 AyoPtt A
(9 o DA e T A

( a2A0B+1 A2 )
W8+ 2)(A% — A, Ay) | RT3+ 1)(AZ — A, 43)

Ml} .
Consequently, F' maps all of F into the following vector subspace

Ee ={(z,y) € E:3A >0, =Xe(t) < (2(1),y(t)) < Ae(t), t € [0, 1]},

where e(t) = (t*71,t*~1). In view of Definition 2.10 and Lemma 2.11, E, is a subspace
of ¥ and F, is a Banach space with the norm

(@, y)lle = inf{A > 0: =Ae(t) < (2(t), y(t)) < Xe(t), t € [0,1]}.
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Hence, it suffices to consider the fixed point of F' in E.. Let (u1,v1), (uz,v2) € Ek.
Then, we have

|F1(u1,v1)( — Fi(ug,v2)(t)|

= / / / m —7)72(l1|ua (1) — ua(7)| + Lafvr (7) — va (7)) drdm
A1A2 / // “2(lafur (1) = ua(7)| + s |vr () — va (7)) drdsdt
Tk aQAZ 1 As) / / / )72 (Ifua (1) = ua(7)] + laofvr (1) — va (7)) drdsdt
T RAZ A4y A1A2 // s =) 2 (li|ur (1) = ua(7)| + lo|or (7) — va(7)|)drds
TR = A4y A1A2 /01/0 5 = 7)7 2 (s (7) = wa(7)| + Isfor (7) = va(7))drds ) ds
S/ / /Ome = )P0+ 1) [, 02) — (2, 02) o7 drdm

“1— _ )82 _ a-1
A / //(s P20y + 1)l 01) — (1, v9)|| o7 drdsdt

as A
+k(A2—1Ag/ // s = 1) 72 (L + )| (w1, v1) = (uz, vp)| 7 drdsd
A1A2// 3—7' “2(1y + 1) |[(u1, v1) — (ug, va) | tdrds

+ﬁ/ / S—T ﬁ 2(l4+l5)H(U1,’Ul) ('LLQ,'UQ)HET 1d7’d$>d
t10(a) ( - ay Aceth N as Ao th
S AT(a—l(a+ B+ 1\" T h(AZ - A,4,) " k(A2 — A, Ay)

Aa+h) | Ma+B)
W Ay T R A agy) 2 ) — ()l

= M3l||(u1,v1) — (uz,v2)||t* 1,

and
|F2 (w1, v1) (1) — Fa(u2, v2)(2)]
< t*1(a) ( k a1 Ay tB N as Agoth
S MTa—)rat3+1) HA2 — A1 4y) T R(A? — A1 Ay)

As(a+ B) n Ala+B)
k(A2 — AjAy) | k(A% — A A,

= Mal||(u1, 1) — (ug,v2) |t .

)>2l||(u1,v1) — (uz,v2)|le

The above two inequalities imply that

[ F'(u1,v1) — F(uz,v2)|le < max{Msz, Ma}l||(u1,v1) — (u2,v2)|e-
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Notice that max{Ms, M4}l < 1, the operator F' is a contraction. Hence, F' has a
unique fixed point (u,v) in E. which is a solution of the boundary value problem

(1.1)~(1.2).
We now prove the uniqueness of solution of (1.1)—(1.2) in E.. Suppose that (u,v) € E,
is another solution and let Df, u(t) = x(t), D, v(t) = y(t). Then we have

DTN (D + k)a(t) = f(t,a(t),o(t), for a.e. t € [0,1],

CDYND + k)y(t) = g(t, a(t), o(t)), for a.e. t € [0,1],

and
2(0) =0, z(1) = ay [y y(s)ds,

y(0) =0, y(1) = az foax s)ds
Let
ha(t) = f(t,a(t),v(t), ho(t) = g(t, ult),v(t)).
Then we obtain hy(t) € C[0,1], ha(t) € C[0,1]. From Remark 2.6, we have z, y satisfy
[0,

)
(2.3) and (2.4). It implies that z(t), y(t) € 1]. Since (u,v) satisfy (1.1) and (1.2),
we have

W(0) = W(0) = -+ = A" (0) = 5(0) = 7(0) = -+ = 7D (0) =0,

D= o) +m | DA,
(1) = Zsﬁ(ﬁj) + 50/0 D% (r)dB(7).

By Lemma 2.7 and 2.8, we can get

—/ G(t,s)x(s)ds, v(t) :—/ H(t,s)y(s)ds
0 0

Hence, (u,v) € E, is the fixed point of the operator F. Thus, (u,v) is the unique
solution of the boundary value problem (1.1)—(1.2) if max{M3, My}l < 1. The proof
is completed.

Remark 3.3. From the above argument, it may be favorable to consider the solution
of the boundary value problem (1.1)—(1.2) in E,. If we consider the problem in FE,
the result of Theorem 3.2 remains true except that the condition max{Ms, My}l < 1
is replaced by max{M35, Mg}l < 1, where

M; =

2 ( X ay AgBtH1 N agA1oPtt

AT(a — DB+ 2)\" T k(A2 — A Ay) " k(A2 — A1 Ay)
AB+1) N A (B+1) )
k(A2 — A1 Ay) k(A2 — A1 Ag) )’
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B 2 (ek N a1 APl N as AgPtl
I CEINCES) k(A2 — A1A2) k(A% — A1 As)
Ax(B+1) A(B+1) >
+ .
R(AZ — A A5) | R(AZ — A, Ay)
In view of the conditions o > 2, 1 < 3 <2 and o € [0, 1], we have 0®*# < ¢#*+1 and
') 1 1 1
6

ot Bt ~(@tAath-1 ~6-T(B+2)
T'(«@) 1 1 1

< << =
MNa+pB) a+p-1 27" T(B+1)
which yield max{Ms, My} < max{Ms, Mg}. Thus, Theorem 3.2 provides the same
results with weaker condition.

M

+

4. EXAMPLES

In this section, we give an example to illustrate our main results.
Example 4.1. Consider

CDEH(D + 1)Difult) = g5 (75l +sino(t)), e (0,1],

(4.1)

CDYE(D + 1)DFPo(t) = oomaerr (Tt + sinu(®)), ¢ € [0,1],

subject to the following coupled boundary conditions
u(0) = u/'(0) = --- = u»2(0) = Dg’fu(()) =0,

0.5 °° 1
Difu(l) = [0° DiFv(s)ds,  DFu(l) = 3 gzu(})+ 3} [ DiFu(r)dA(r),

j2

0(0) = /(0) = -+ = v (0) = DEFu(0) =0,

DEPo(1) = [} D§Pu(s)ds, DiPv(1) = Y sv(d) + 3 [y DiPv(r)dB(r),

—
=~

Il
ol DO

o ~—

where v = 3.5, 8 = 1.5, v = 1.5, 77;':@':2%2, & :%’j:1,27"’,770:€0
A(t):B(t):g’U:0_5’a1:a2:17k:l’

B 1 u(t)]| .
Pt ult) v®) = 35— (e 7o)
1 vl

Clearly,

1 1 1 00 - 00 -
/ dA(t) :/ dB(t) = 3, S o€t => g8 = 05412,
0 0 j=1 j=1
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F(a) ! -1 F(a) ! 1
— (1- T IgAR)) = ——— (1 — =7 14B(t) ) = 2.9079
T 7mA A) = g @A 0) ,
1—e® 2
ajaz = 1< (m) = 35212,
A=0.63212, A; = Ay, =0.10653, A = A; = 2.3667,
o8 =0.0313 < P! = 0.1768,
INE) 1 1 1
- —0.0277T < =0.0500 < = < ———— =0.3009,
T'(a+B+1) (a+pB)(a+pB—-1) 6 T(B+2)
G =0.1385 < L —025oo<1< L 07593
Lla+pB) a+B-1 7 2 "r(p+1) 7

Ms = My = 0.2876, Ms = Mg = 1.9862,

|f(t1,ur,v1) — f(t2, uz,va)

1 |u1| . 1 |U2| .
+s - :
’30\/900 T (1 Flug O U1> 301/900 + £ (1 ] T2

= ! |u1| + sinvy — |u2| — sin vy
304/900 + 1 \ 1+ |uq] 1+ |ug]

1 1 s . >
+ - +
(30\/900 Ti 30,000 1 t2> (1 lug] T2

Vo el | ; .
‘ﬁ%(h+ml1+Mﬂ+bmmmw>+4%ﬂm+m%ﬂmwm‘
< X (ua = fugl| + o1 — val) + 2t; ~ |
= 900 301/900 1 £1/900 T f2(+/900 T 3 + /900 1 1)
< i(|U1 —ug| + |v1 —v2|) + L|t1 — to|
— 900 9002 ’

lg(t1,u1,v1) — g(ta, us, v2)|

1 01| . ) 1 ( |vs)| . )
+smuy | — +sinwu
40 1600+t§<1+v1| ') 40/1600 + 2 \ 1+ [ve] ’

2 2
- 16%(””1' ol s — wa) + 2 (/1600 + 2 — /1600 + £3)
404/1600 + £31/1600 + 3
< L(\Ul — vo| + |ug —ua|) + ;hﬁl — ta].
= 1600 1600 x 800
Thus, we have
zozizlzlgzizgzil 14:15:i _ L
9002’ 900’ 1600 x 800’ 1600 ° 900’

and
InaX{Mg, M4} = 0.2876 < max{M5, Mﬁ} = 1.9862,

max{Ms, My} < 1, max{Ms, Mg}l < 1.
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Hence, by Theorem 3.2 or Remark 3.3, the boundary value problem (4.1)—(4.2) has a
unique solution.

5. CONCLUSION

We have studied the solution of the linear Caputo fractional differential system
with coupled boundary conditions. The result shows that the absolutely continuous
assumptions on hq, hy in (2.1) are needed. We have also discussed the existence and
uniqueness of solution for a class of nonlinear Caputo fractional differential system
supplemented with coupled strip and infinite point boundary value conditions. The
results specialize to several different cases for appropriate values of the parameters.
For instance, our results correspond to the ones for nonlocal infinite-point boundary
conditions if we fix a; = az =19 = €9 = 0 in (1.2). We obtain the results associated
with coupled strip and integral boundary conditions for n; =¢; =0, j =1,2,--- in
(1.2). In case we take a1 = as =1n; =¢; =0, j =0,1,---, we get the results for
a fractional-order coupled system equipped with two-point boundary conditions. At
the foundation of this paper, one can consider boundary value problems of fractional
differential systems involving p-Laplacian operator, and also can make further research
on eigenvalue problems of fractional differential systems.
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