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1. INTRODUCTION

Let (X,]| - ||) be a Banach space. We consider the following problem

%(MQ w [u— u(0)])(t) = Ault) + f(t,ur), t > 0 (1.1)
u(s) = ¢(s), s € [—h,0], (1.2)

where p,(t) = 11(’517_&0[) for a € (0,1), the state function u takes values in X with the
history state u; € C([—h,0]; X) defined by u.(s) = u(t + s),s € [—h,0], A is a closed
linear operator on X, and the nonlinear function f is defined on [0, T] x C([—h, 0]; X).

Here pq * v, for v € Lj, (RT; X), denotes the Laplace convolution, i.e.,

(0 +0)(0) = [ pralt = s)o(s)ds

Equation (1.1) is known as a fractional differential equation (FrDE) with Caputo’s
fractional derivative of order a.

Nonlocal differential equations like (1.1) have recently been proved to be valuable
tools in mathematical physics to model dynamic processes in materials with memory.
They are also employed to describe anomalous diffusion processes (see an explanation
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in, e.g., [12, 14]). As mentioned in [12], by replacing u, with another locally inte-
grable kernel, one can use the linear part of (1.1) to express many processes involving
subdiffusion, superdiffusion and ultraslow-diffusion.

Stability is the first of all the considered questions in the system analysis and
synthesis of modern control theory. In this paper, we adopt the following concept
of weak asymptotic stability. Denote C;, = C([—h,0]; X) the space of continuous
functions on [—h, 0] with values in X. Then Cj, is a Banach space endowed with the
norm

[zlle, = sup [lz(s)].
s€[—h,0]

Let X(p) be the solution set of (1.1)-(1.2) with respect to the initial datum . Assume
that 0 € £(0), that is (1.1) admits zero solution. The zero solution of (1.1) is said to
be weak asymptotically stable if

(1) It is stable, i.e., for every € > 0 there exists § > 0 such that if |p|c, < ¢ then
|utle, < e for all u € X(y);
(2) Tt is weak attractive, i.e., for each ¢ € Cj, there exists u € X(p) such that
lutle, — 0 ast — +o0.
We refer to [4, 10] for recent studies related to weak asymptotic stability for differential
equations.

Let us give a short description on our work. We prove the existence result by using
the fixed point theory for condensing maps, which requires the nonlinearity function f
satisfy a regular property expressed by the Hausdorff measure of noncompactness. It
should be noted that, in our setting, the function f may have a superlinear growth. To
analyze the weak asymptotic stability of solutions, we first prove a new Halanay type
inequality. This inequality will be used to prove the stability of solutions. Then we
employ the fixed point argument for condensing maps to show the weak attractivity.

The rest of our work is organized as follows. In the next section, we recall some
notions and facts on the fractional resolvent theory given in [13] and the measure of
noncompactness proposed in [8]. We also give a representation for solutions of (1.1)
in the form of variation of constant formula. Section 3 is devoted to the existence
results in case the nonlinearity has a superlinear growth. In Section 4, we give the
main result, where some sufficient conditions for weak asymptotic stability of solutions
will be shown. The last section presents an application of the obtained results to a
class of partial differential equations.

2. PRELIMINARIES

Let (X, || -]|) be a Banach space. In the sequel, we denote by C([0,T]; X) the space
of continuous functions on [0,7] with values in X, and by LP(0,T;X),p > 1, the
space of functions on [0, T] taking values in X, which are p-th power integrable in the
sense of Bochner. A subset D C LP(0,T; X) is said to be integrably bounded if there
exists v € LP(0,T) := LP(0,T;R") such that

VfeD, |f@#) <v(t) for ae. t €[0,T).

In our presentation, the notation £(X) stands for the Banach space of bounded linear
operators on X. For brevity, we also use || - || for the norm in £(X). A family
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{V({#)}i>0 C L(X) is said to be norm-continuous if the map t — V(t) € L(X) is
continuous on (0, co).

2.1. Resolvents. Consider the equation

(o e T~ w(O))(0) = Ault) + (1, 0), > 0, (21)

where 4 (t) = F(’Tija) and A is the generator of a Cy-semigroup S(-) such that
S]] < M, vt > 0.
Using [19, Lemma 3.1], we have

t
u(t) = Sa(t)u(0) + / (t—5) 7 Palt — ) f(5,us)ds,t >0, (2.2)
0
where
So(t)x = o(0)S(t40)x db, (2.3)
0
Po(t)z =« 00a(0)S(t“0)xdf,Vz € X, (2.4)
0
with ¢, being a probability density function defined on (0, 00), that has the expression
— 1 = n—1pgn—1 F(na + 1) :
Pa(0) = o nz::l(—l) 0 —— . sinnma, 6 € (0,00).

Based on (2.2), one has the following definition of integral solutions for (1.1).
Definition 2.1. A function z € C([—h,T]; X) is called an integral solution of problem
(1.1)- (1.2) on the interval [—h, T] iff u(s) = ¢(s),s € [—h,0] and
¢
u(t) = Sa(p(0) + [ (t= 5" Pt~ 9)f(s, ) ds,

0
for any ¢ € [0,7].
For ¢ € Cy, we define the space

Co ={u e C([0, T} X) : u(0) = (0)}.

as a closed subspace of C([0,T]; X). If v € Cy,, we have the function v[g] : [-h,T] —

X defined by
o(t) if —h<t<0,
t) =
olel®) {v(t) it t € [0, 7).
Then, clearly

v(t+0), 6ec[-t0].
Now we consider the operator F : C, — C,, given by

F(0)(t) = Sa(t)e(0) + /O (t =) Palt — 5)f(s,v[p]s)ds. (2.5)

vlgl(8) = {WH)’ Sh—t<0<—t,
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It is clear that if v is a fixed point of F then v]p] is an integral solution to (1.1)- (1.2).
Let E, g be the Mittag-Lefller function given by

o0 Zn
Ea = = 5 R, 0, 0.
5(2) HZ:OF(an+ﬂ) zeRa>0,8>

We now recall some basic results, which will be used in the sequel.

Lemma 2.1. Assume that k : [0,T] — RT is a continuous and nondecreasing func-
tion. Then, the function ¥ : [0, T] — RT defined by

t
(k) (t) = / (t —8)* 1k(s)ds
0
is also continuous and nondecreasing.

Proof. Let € > 0, we have
t+e t
S(k)(t+e€) — X(k)(t) :/0 (t+e— s)a_lk(s)ds—/o (t —5)* 1k(s)ds
€ t+e
= / (t—i—e—s)“_lk‘(s)ds—i—/ (t+e—5)*"1k(s)ds

0 €

7/ (t — s)* 1k(s)ds.

0

By putting y = s — €, ones get

S(k)(t+e)—2(k)(t) = /Oﬁ(t +e—5)*k(s)ds + /0 (t— 1) k(y + €)dy
- /t(t —5)271E(s)ds
0
- / (t+ € — 5)°(s)ds +/ (t — )2~ (h(s + €) — k(s))ds
0 0

>0,
thanks to the fact that &k is a continuous and nondecreasing function. The proof is
complete. 0
Lemma 2.2. Assume that A is the generator of a Co-semigroup {S(t) }1>0 in X such
that |S(t)|| < M fort>0. Then
) ISa()l < M, [Pa(®)]l < £2L for allt > 0;

it) If S(t) is compact fort > 0, then Sy (t) and Py (t) are also compact fort > 0;
iii) If S(-) is norm-continuous, so are S (-) and Po(-);

)

iv) If the semigroup S(-) generated by A is exponential stable, i.e.,
IS#)|| < Me=Pt for some 3 > 0, then

[Sa ()]l < MEq(=pt%),
[Pa(®)ll < MEq,q(—=pt%),
for allt > 0.
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Proof. The proof of the first and second statements can be found in [19], while the
third statement was proved in [16]. The last one was shown in [2]. O

It is known that, if A is a bounded operator then (see, e.g., [9])
Sa(t) = Eq1(t%A), Pa(t) = Eq,o(t*A),
where the series are understood in £(X).

In our proofs, the following inequalities will be used.

Lemma 2.3. ([18, Corollary 2]) Suppose that 8 > 0,b > 0 and o is a nonnegative,
nondecreasing and locally integrable function on [0,T]. If v is nonnegative and locally
integrable on [0,T] with

v(t) <o(t)+ b/ot(t — 5)7Yu(s)ds, Vt € [0,T],

then v(t) < o(t)Eg 1 (bT(B)t?) for all t € [0,T].
Lemma 2.4. ([17, Lemma 2.1]) If the continuous function w(t) > 0 for t € R, and
satisfies that

w(t) <ci+ce sup  w(§),t €0, +00),
t—7(t)<E<t

w(t) = [y(t)t € [~0,0],
where Y(t) is a bounded and continuous function and o is a given positive constant.
The coefficients satisfy that ¢c; >0 and 0 < ¢y < 1, and —o <t —7(t) <t. Let

Mo = sup [(&)l.
~0<E<0

Then we have

C1
t) <
w()_l—CQ

Further, ift ligl (t —7(t)) = +00, then for any given € > 0, there exists
— T+

+ My, t > 0.

t, = t*<M0,6) >ty

such that
C1

].—CQ

w(t) < +e, t >t

Lemma 2.5. ([7, Lemma 13]) Let a bounded measurable function w : [0,T] — R
satisfy the integral inequality

w(t) < B (—nt*)w(0) + /O (t = 8)* ' Eau(—n(t = 5)%) (K +muw(s)) ds,
where K > 0,0 <m <n. Then
w(t) < Eaj ((—n+m)t*) w(0) + K/O (t = 8)*Ea,a ((=n+m)(t —5)*)ds.

Let BC(R™) be the space of continuous and bounded functions on R*. We are now
in a position to prove the following Halanay type inequality, which play an important
role in our analysis.
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Proposition 2.6 (Halanay type inequality). Let v be a continuous and nonnegative
function satisfying

v(t) < Ea1(=nt")vo

+/ (t— s)o‘flEo@a(—n(t —5)%) (/@ +/{¢ sup v(§)> ds, t >0,
0

£€[s—h,s]
'U(f) = 1/1(5)7 5 € [_h,O],
forn >0,k > 0,0 >0 such that k + £ < n, ¥ € C([—h,0);RT). Then

n—kK
v(t) < ————vg+ sup ¥(&). 2.6
ey AL N ©) (2.6)
Proof. We first claim that, if w € C([—h,00); RT) satisfies

w(t) <a(t)+b sup w(§), t>0
£e[—h,t]

where a(-) is nondecreasing and 0 < b < 1, then

w(t) < (1—0b)"ta(t)+ sup (), forallt > 0. (2.7)
§€[—h,0]

The reason of this assertion is similar to that in Lemma 2.4. Using the same arguments
as in Lemma 2.5, we get

v(t) < Ea1(=(n = O1%)vo

r sup o(©) [ (t= 9" Eaa(—( — Ot - 9)%)ds. (2.8)
£€[—h,t] 0
< Ban(=(n=0")o + = sup w(©)(1 = Baa(~(n = 1) (29)
n ge[—ht]
Svo—i—L sup  w(§), (2.10)

n—14 ce[—h,t]

thanks to the fact that E, 1(—(n — £)t*) <1, and the relation
d
ZrPaa(=1t") = —t* P By o(—1t%), Vv > 0,t > 0.
Hence we are able to apply (2.7) with

K
n—14
to conclude that v(-) satisfies inequality (2.6). The proof is complete. 0

a(t) =wvg, b= <1

)

2.2. Measures of compactness and condensing maps. Let FE be a Banach space.
Denote by B(FE) the collection of nonempty bounded subsets of E. We will use the
following definition of measure of noncompactness (see, e.g. [8]).
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Definition 2.2. A function ¢ : B(E) — R is called a measure of noncompactness
(MNC) on E if
(o Q) = () for every Q € B(E),
where €0 denotes the closure of convex hull in £. An MNC 4 is said to be:
(i) monotone if for each Qg, Q2 € B(E) such that Q¢ C 1, we have
P (€0) < P(Eh);
(ii) nonsingular if ¥/({a} U Q) = () for any a € E,Q € B(E);
(iii) algebraically semi-additive if ¥(Qg + Q1) < ¥ (Qo) + ¢ (£21) for any
Qo,Q € B(E),
(iv) regular if ¢(£2) = 0 is equivalent to the relative compactness of .

An important example of MNC satisfying all properties, is the Hausdorff MNC
X(-) defined as follows

x(2) = inf{e > 0: Q has a finite £ — net}.

We also define two useful MNCs on E = C([0,T; X).
For given L > 0 and D C C([0,T7]; X), put

wr(D) = tes[lépT]e_th(D(t)), where D(t) := {z(t) : « € D}, (2.11)
modr(D) = lim sup max lx(t) — 2(s)]]. (2.12)

0—0 e p t,s€[0,T],|t—s|<d

According to [8, Example 2.1.2, 2.1.4], wr and mody are MNCs which satisfy all prop-
erties stated in Definition 2.2, except for regularity. In addition, for D C C([0,T]; X),

e wr(D) =0 iff D(¢) is relatively compact for all ¢ € [0, T];

e mody(D) = 0 iff D is equicontinuous.
Let

x7(D) = wr(D) + mody(D),

then xr is a regular MNC on C([0,T]; X).
Indeed, if x7 (D) = 0 then wy(D) = mody (D) = 0. This implies that D(¢) is relatively
compact for all ¢ € [0,7] and D is equicontinuous. Hence D is relatively compact due

to the Arzela-Ascoli theorem.
We are now in a position to recall a basic estimate based on the Hausdorff MNC.

Proposition 2.7. ([3]) Let D C L*(0,T; X) be such that

(i) D is integrably bounded,
(ii) x(D(t)) < q(t) for a.e. t € [0,T], where g € L*(0,T). Then

x(/otms)ds) g4/0tq<s>ds,

here /OtD(s) ds :{ /OtC(s)ds Ce D}.

In order to prove the solvability of our problem, we make use of the fixed point
principle for condensing maps.
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Definition 2.3. A continuous map F : Z C E — E is said to be condensing with
respect to an MNC ¢ (¢)—condensing) if for any bounded set {2 C Z, the relation

P(R2) < P(F(Q))
implies the relative compactness of Q.

Let v be a monotone nonsingular MNC in E. We have the following fixed point
principle.

Theorem 2.8. ([8, Corollary 3.3.1]) Let M be a bounded convexr closed subset of

E and let F : M — M be a -condensing map. Then Fix(F) := {& = F(x)} is
nonempty and compact set.

3. EXISTENCE RESULTS

Consider the operator W : LY(0,T; X) — C([0,T]; X) given by

t
WO = [ (6= 5" Palt = 9)f(5)ds. (31)
0
Then the solution operator has the following representation
F(0)(t) = Sa(t)p(0) + W o Ny (v)(t),

where W is defined by (3.1) and N¢(v)(t) = f(t,v[¢]:) for v € Cy,. The following
results was proved in [11].

Proposition 3.1. Let S(-) be norm continuous, i.e., the map t — S(t) is continuous
on (0,00). The operator W defined by (3.1) has the following properties:

(1) If Q@ C LY(0,T; X) is integrably bounded, then W(Q) is equicontinuous in
C([0,T]; X). In addition, if A is a generator of a compact Cy-semigroup,
then W(QY) is relatively compact in C([0,T); X).

(2) If {fn} € LY(0,T; X) is a semicompact sequence (i.e it is integrably bounded
and the set {f,(t)}5, is relatively compact for almost every t € [0;T]) then
{W(fn)} is relatively compact in C([0,T]; X), moreover the weak convergence
fn — f in LY(0,T; X) implies the strong convergence W(fn) — W(f) in
([0, T; X).

Concerning the formulation of problem (1.1)-(1.2), we give the following assump-
tions.

(A) The Cy-semigroup {S(t)}+>0 generated by A is norm-continuous and globally
bounded, i.e., there is M > 1 such that

IS()al| < Mlal|, ¥t > 0,Vz € X.

(F) The nonlinear function f : [0,T] x C;, — X is continuous and satisfies:
(1) the growth condition

1F (o)l < m(&)¥([|v]lc, ), Vt € [0,T],v € Cp,

where ¥ : RT — RT is a continuous and nondecreasing function and
m : [0,T] — R* is a continuous function;
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(2) if S(+) is non-compact then for any bounded set Q C Cj,, we have
X(f(t,92)) < k(t) sup x(2(0)),
0e[—h,0]

where k € L'(0,T) is a nonnegative function.

Remark 3.1. Let us mention that the assumption (F)(2) will be satisfied if f is
completely continuous or Lipschitzian with constant % (see [1]).

The next lemma will be used to show the condensivity of F.

Lemma 3.2. Let the hypotheses (A) and (F) hold. Then
t
xr(F@) < (1 sup [ (¢ 9)" e IRt - 9)k(s)ds ) (),
tel0,7]Jo
for all bounded sets Q0 C C,.
Proof. Let 2 C C, be a bounded set. For v € €, we recall that
F(0)(t) = Sa(t)p(0) + Wo Ny (v)(t),
where .
Wo N )(t) = [ (6= 9 Palt = 9)f(s.vlel. s
0
By (F)(1), N¢(f) is integrably bounded. Thanks to Proposition 3.1, we have W o
N¢(Q) is an equicontinuous set in C,. Therefore
modT(W o Nf(Q)) =0. (32)

We now evaluate wr (W o N¢(2)). If A is a generator of a compact Cyp-semigroup,
then W o N¢(€) is compact according to Proposition 3.1. This implies

wr(Wo N¢(Q2)) = sup x(W o N¢(2)(¢)) =0.
t€[0,T]
In the opposite case, using (F)(2), we get

X(WoNg(Q)(t)) <4 sup /(t—s)“‘lllpa(t—s)llx(f(s,ﬂ[so}s))ds
te[0, 7] Jo

t
<4 sup /(t—s)“*lllPa(t—s)llk(s) sup x(Q[gl(s + 0))ds
te[0,7] J0 0e[—h,0]

t
<t sup [ (=) Palt - () sup x(r)ds,
te[0,7] /0o r€(0,s]
here we use the fact that Q[p](r) = {¢(r)} for r € [—h,0]. It follows that
t
e MX(F(Q)(t) <4 sup / (t— ) e PPyt — s)[k(s)e™ X (2(s))ds.
tel0,7]Jo
So
t
wr(F(Q)) < (4 sup / (t— s)o‘flefL(tfs)HPa(t - 5)k(s)ds> wr(Q). (3.3)
0

t€[0,T)
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Combining (3.2) and (3.3), we have the conclusion of the lemma. O

We now choose L in (2.11) such that
¢
4 sup / (t — 5)2 e L) || Py(t — )||k(s)ds < 1.
t€[0,71J0

Then by Lemma 3.2, the solution operator F is yr-condensing. Denote by | - | the
supremum norm in C([0,T];R). The following theorem states the result of solvability
for our problem.

Theorem 3.3. Let the hypotheses (A) and (F) hold. If there exists R > 0 such that
Mielle, + M{Igml ¥ ([lellc, + R) < R, (34)
then the solution set to (1.1)-(1.2) is nonempty.

Proof. In oder to apply Theorem 2.8, it remains to show that F(Br) C Bg, where
Bp is the closed ball in C, centered at origin with radius R. Let v € Bg, we have

IF@ON < Sa®lll#le, +/0 (t = 8)*H[Palt = s)lIf (s, vlels)ds

Mot
<M —— [ (t—95)""tm(s)¥ slle,)d
< Ml + g [ (6= 5 m((lolel. e, )ds
< Mjelle, + MIgm@)¥([ellc, + R).
Then it follows that
IF@)lle, < Mlelle, + MIgm|¥(lelle, + R)
< R.
The proof is complete. i

Remark 3.2. If U possesses a polynomial growth, then the condition (3.4) takes
place provided that ||p|lc, as well as |[I§m|c are small. In particular, if ¥(r) = r? for
g > 1, then (3.4) is testified with small initial data, that is, the condition on |I§m|s
is relaxed.

4. WEAK ASYMPTOTIC STABILITY

In order to analyze the weak asymptotic stability of solutions of (1.1), we replace
the hypotheses (A), (F) by the following ones.

(A*) The semigroup S(-) generated by A is norm-continuous and there exist M >
1,3 > 0 such that

IStz < Me™P*|l||, ¥t > 0,Vz € X.

(F*) The nonlinear function f : [0, +00) x C,, — X is continuous and satisfies:
(1) the growth condition

1f (¢ 0)l] < m(B)][v]le,,, VE = 0,v € Ca,
where m € L>(R") and 8 — M|m|. > 0.
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(2) there exists a function k € L>(R™) such that, for every bounded set

D C Cp, we have x(f(¢t,D)) < k(t) sup x(D(s)) a.e. t €RT.
s€[—h,0]

In order to prove the weak attractivity of zero solution, we make use of the following
properties

Lemma 4.1. Let the hypotheses (A*) and (F*(1)) holds. Then

ot
lim sup/ (t — ) Y| Pa(t — s)||m(s)ds = 0, (4.1)
T—o0 t>T Jo
¢
{= sup/ (t — )27 H|Po(t — s)||m(s)ds < 1, (4.2)
>0 Jo

for some o € (0,1).

Proof. Using Lemma 2.2(iv), we have

ot ot
/ (t—s)a_1||77a(t—s)Hm(s)dsS|m|OOM/ (t = )% Boa(—B(t — 5))ds
0 0
t
= |m|ecM T By o(—B7%)dr.
(1—0o)t
Then

ot [e'e]
sup/ (t —8)* | Palt — s)||m(s)ds < |m|ooM/ TailEa@(*ﬂTa)dT
t>T Jo (1—o)T

—0as T — .

This ensure (4.1). To testify (4.2), we see that

/(t—s)a*1||7>a(t—s)um(s)dsg |m|ooM/ (t = ) Bua(—B(t — 5))ds
0 0

oM
< MMy g me) <1,
g
thanks to (F*(1)). Thus (4.2) is fulfilled. O
Consider the following function space
BCo(RT; X) = {u € C([0, +00); X) : lim u(t) = 0}, (4.3)

t—00
endowed with the norm
[ullpc = sup [lu(?)]].
t>0

Then it is easily seen that BCy(R™; X) is a Banach space. We now define an
MNC on this space. We make use of the restriction operator 77 : BCo(RT; X) —
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C([0,T7; X) defined by mp(u) = uljo,7]. Let Q be a bounded set in BCy(R*; X). Put

Xoo(2) = sup wp(mr(2)) 4+ sup modr (7 (), (4.4)
T>0 T>0
doe(©) = Jim_ sup sup [ut)]. (45)
=0 ueQt>T

where wr and mody is given by (2.11) and (2.12), respectively. Then one can check
that Yoo, doo and x* are monotone, nonsingular MNCs on BCy(R™; X). The following
lemma tests the compactness of a subset in BCo(R™; X).

Lemma 4.2. [4] Let Q C BCy(R™; X) be a bounded set such that x*(2) = 0. Then
Q s relatively compact in BCo(RT; X).

We consider the solution operator F on the space
BCo,, = {v € BCH(RT; X) : v(0) = ¢(0)},

with the norm

[0]loc = sup [lu(E)]l-
t>0
As a consequence, we have the following result.

Theorem 4.3. Let the hypotheses (A*) and (F*) holds. Then the zero solution of
the problem (1.1)-(1.2) is weak asymptotically stable.

Proof. The idea for proof of this theorem is that, we testify the existence of a solution
in BCy,,, which implies the weak attractivity of the zero solution. Then the conclusion
follows after verifying the stability of this solution. Let us divide the proof into two
steps.

Step 1. We prove the existence of a solution in BCy,,. Considering the MNC wrp
defined in (2.11), we choose L > 0 such that

t
£+ 4sup/ (t — ) Le  EE=D P, (t — 5)||k(s)ds < 1,
>0 Jo

where £ is defined by (4.2). Let © be a bounded set in BCy ,, using the same estimates
as in the proof of Lemma 3.2, we have

Yoo () < (4sup / (t — 5) e 209 [Pyt — s>|k<s>ds) wel(@). (A7)

t>0

We are in a position to estimate do (F(£2)). For u € Q, put

z = F(u) and R = sup [lul|pc + [|¢llc,-
ue)

Then

12O < 11Sa (Bl (O)]] +/0 (t = )7 H[Palt — 5)[lm(s) S [u(s + p)l|ds, vt > 0.
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For given T' > 0, there exists 77 > T such that
ot —h >T for all t > T7.

Thus for t > Ty := o~ 'Ty > T, we get

21 < IS (@)l (0)]] +/OU (t =) H[Palt = s)lm(s) sup [lu(s+ p)lds

pE[—h,0

+/ (t =) [Palt = s)lm(s) sup ]IIH(S+P)I|d8

t pE[—h,0

< 1Sa @l O) + R/Oa (t = 5)* [ Palt = s)[lm(s)ds

t
+ sup [[u(®)] / (t = )2 [Palt — 5)|lm(s)ds.
E>T ot
This implies

sup sup [[z(t)[| < sup [[Sa(®)|[[l¢(0)]]
weD t>Ts t>T

+ R sup /OU (t = 8)*Y|Pult — 8)|m(s)ds

t>Ts

+ (Sup sup IU(€)||> Sup/ (t = ) | Palt — s)[lm(s)ds.

€D ¢>T t>Tz Jot
Let T'— oo then T5 — oo and we obtain
doo (F () < £+ doo (), (4.8)
thanks to the relations (4.1)-(4.2) and the fact that

sup [|Sa (t)[ll¢(0)[| < M sup Eq 1 (—=pt%)]|¢(0)[] — 0 as Ty — oc.
t>Ts t>To

Combining (4.7)-(4.8), we ensure that the solution operator F is x*-condensing.

It suffices to prove that F(Bg) C Bpr for some R > 0, here Bg is the closed ball
with center at origin and radius R. Assume to the contrary that for each n € N there
exists v, € BCo,, with ||vp,]lec < n such that ||z, ||ec > n for some z, = F(vy,). We
have

zZn(t) = Sa(t)p(0) + /O (t = 5)* 7 Palt — 5) (5, vnle]s)ds.
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Then

120 (O] < 1Sa (@)l (0)]] +/0 (t = 8)*H[Palt = s)If (s, vale]s) llds

< ISa@®llielle, +/0 (t = 8)* HPalt = s)[m(s)[lvalels | ds
< ISa@®llielle,
+/ (t = 8)*HPalt = 5)m(s) <|<P||ch + sup vn(p)H) ds
0 pE€[0,s]

<182 Ollelle, + lieles [ (6= )" IPalt = 5)lm(s)ds
[ (=9 Put = 9)m(s)as

= n/o (t — 8)* Y| Pa(t — s)||m(s)ds + G(t),
where .
G(t) = [Sa®llellc, + H<P||ch/0 (t = 8)* HPalt — 5)[m(s)ds,

which is uniformly bounded, thanks to Lemma 2.2(iv) and the fact that m € L'(R™).
Then

1 t 1
1< =supllzn(t)]] < Sup/ (t— s)o‘_1||73a(t — s)|lm(s)ds + — sup G(t).
n t>0 t>0J0 n t>0

Passing to the limit in the last inequality as n — 0o, we get a contradiction with
(4.2).

Step 2. We check that the zero solution is stable by showing that for all u € X(yp),
lut]loo < Oll@lle, for some © > 0. Indeed, the following estimate holds

[u@ < 1Sa@®ll+(0)] +/0 (t = 8)*H[Palt = s)[If (s, ule]s)llds
< MEa 1 (—=5t%) [ 0)]

t
+ M/ (t =) Baa(=B(t = 5)*)m(s) sup u(p)|ds
0 pE[s—h,s]

Thus

[u@®
M

< Eo1 (=Bt lle(0)]

¢
+ / (t—8)* By (=Bt —s)*)M|m|s sup Mdsﬁ’t > 0.
0 pE[s—h,s] M

Applying Proposition 2.6, we obtain

w8
M — - Mm|w

1
leO)lf + 57 sup J@(©)ll, vt > 0.
£€[—h,0]
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This implies

Mp
< | —Fr—+1 Vit > 0.
I < (5= + 1) el
Hence
[utlloo < llplle, + sup [[u(E)]
€€[0,t]
Mp
< — 41
<lles + (53 +1) Il
Mp
< |42 , Vit > 0.
The proof is complete. O

5. APPLICATION

Let © C R” be a bounded domain with smooth boundary 02. We consider the
following problem

O%u(t,z) = Agu(t,z) + k(t) f(x,u(t — h,x)),t >0, (5.1)
u(t,z) =0, z € 90Q,t > 0, (5.2)
u(s,z) = @(s,x),x € Q,s € [—h,0], (5.3)

where o € (0, 1), & stands for the Caputo fractional derivative of order a, f : R2 — R
is a continuous function and k € L?(Q).
Let
X =Co(2) ={veC(Q):v=0o0ndN},
endowed with the norm ||v|| = sup |v(z)|. Put A = A with the domain
z€Q
D(A) = {v e Co(Q) N Hy(Q) : Av € Cy(Q)}.
We denote the space C;, by C([—h,0]; X) and define f : RT x C,, — Co(Q2) as follows

ft,w)(z) = k() f(z,w(=h,z)),w € Ch.

Then system (5.1)-(5.3) is in the form of the abstract model (1.1)-(1.2). It is known
that A generates a contraction Co-semigroup {S(¢)}:>0 on X, i.e., [|S(t)]| < 1,¥t >0
(see [15]). In addition, by [5, Theorem 2.3], S(-) is a compact semigroup. Hence, (A)
is fulfilled.

It should be noted that, for the contraction semigroup S(-), either ||S(t)|| = 1 for
all £ > 0 or S(-) is exponentially stable. According to [6, Theorem 4.2.2], we have

)\1|Q‘2/N
47 ’
where \; is the first eigenvalue of (—A) in H}(€2), that is

Vu|?d
M :inf{W:uEH&(Q),u#O},
Q

IS@I < Me™*, M = exp (



852

NGUYEN NHU QUAN

and [€2] is the volume of 2. Therefore (A*) is satisfied.
Regarding the nonlinearity f: € x R — R, we assume that

|[f(@,2)| < K(2)|2], 5 € X,

for all x € 0,z € R. Then we have

1 (& w)ll < k@)l llw(=h, )|
< k@ ll=llwlle,,

for all w € Cy,.

One can check that f is continuous, thanks to the continuity of f. Hence f sat-

isfies (F*). Using Theorem 4.3, we conclude that the zero solution to (5.1) is weak
asymptotically stable.
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