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1. INTRODUCTION

In the study of nonlinear operators in ordered Banach spaces having an invariant
cone, it is often convenient to make use of minorants, majorants and the special
concept of the derivatives in order to establish the existence of non-zero fixed points.
Krasnosel’skii has provided in [10] many other interesting fixed point theorems. These
theorems and their generalization state that if such an operator is approximatively
linear at 0 and 400, and the spectral radius of the linear approximations are oppositely
located with respect to 1, then it has a fixed point. See [Theorems 1 and 2] in [2],
[Theorem 7.4] by Amann [1], and [Theorem 4.9] by Krasnosel’skii [10], where the
maps are supposed to be monotone. The spirit of hypotheses in this work aries in
many results in the literature. Theorem 7.B in [12] state that if a positive mapping
T has a linear minorant having an eigensubsolution, then T has eigensolutions.

The main goal of this paper is to study completely continuous maps in ordered
Banach spaces having an invariant cone and give sufficient conditions on minorants
and majorants which yield the existence of at least one non-zero fixed point. We
are interested in giving some fixed point theorems that complete the results obtained
in [12] motivated by the works cited above and inspired from the works in [3], [5],
[6], [4] and [8] where the main assumptions are on the behavior of the operator at
0 and co. More precisely, we will assume that the mapping T has an asymptotically
linear minorant h and has a right differentiable at zero majorant g or vice visa and
existence of the fixed point is obtained under additional conditions about the positive
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spectrums of the derivatives. The proofs are based on the fixed point index theory,
developed in [7] and [9].

The paper is organized as follows. Section 2 gives some preliminaries. Section 3
is devoted to prove new fixed point theorems for positive maps having approximative
minorant and majorant at 0 and oo in specific classes of operators. Applications
to the existence of solutions to a ¢—laplacian boundary value problem with mixed
boundary conditions are presented in the last section.

2. ABSTRACT BACKGROUND

We will use extensively in this work cones and the fixed point index theory; so
let us recall some facts related to these two tools. Let X be a real Banach space
endowed with a norm || - ||, and let L(X) = L(X, X) be the set of all linear continuous
mappings from X into X. A nonempty closed convex subset C' of X is said to be a
cone if (tC) C C for all t > 0 and C N (—C) = {0x}. It is well known that a cone
C induces a partial order in the Banach space X. We write for all z,y € X : z <y
fy—zeC v<yify—a2eC,y#zandz LAyify—a ¢ C. Notations =, >
and % denote respectively the reverse situations. We said that the cone C is solid if
int(C) #  and is said to be normal with a constant nc > 0 if for all u,v in C, u <X v
implies |lul| < ne vl
Let C beaconein X and let L: X — X.

Definition 2.1. The mapping L is said to be positive if L (C) C C. In this case,
a nonnegative constant p is said to be a positive eigenvalue of L if there exists u €
C ~ {0x} such that Lu = pu.
Definition 2.2. Let A be a nonempty set and let B be an ordered set. A map
g : A — B is said to be a majorant of the map f : A — B if f(z) < g(x) for all
x € X. Minorant is defined by reversing the above inequality sign.
Definition 2.3. Let L : X — X be a positive mapping. L is said to be
i) increasing if for all u,v € X, v < v implies Lu < Lv,

) lower bounded on C if Ly = inf {||Lul|, v € C and |ju|| =1} > 0,
iii) upper bounded on C if L}, = sup {||Lu||, v € C and |lu| =1} > 0,

) up-bounded below on C,| (for ug a fixed element of C*), if for every u € C*, a
positive number «. and a natural number n can be found such that L™u = a ug,
v) up-bounded on C, (for ug a fixed element of C*), if for every u € C*, a positive

numbers «, 5 and a natural number n can be found such that o ug < L™u =<

BB uo,

vi) C—normal if for all u,v € C; u < v implies ||Lu|| < ||Lv||.

Remark 2.4. Strongly positive operators are the simplest examples of ug—positive
operators where ug is an arbitrary interior element of the cone C.

Definition 2.5. Let Li, Ly : X — X be positive maps. We write L1 < Lo if for all
r€C, Lix <X Lax.

Definition 2.6. A function f : Q@ € X — X is said to be bounded, if it maps
bounded sets into bounded sets, and it is said to be completely continuous, if it is
continuous and maps bounded sets into relatively compact sets. In general f is said
to be compact if it is continuous and f (Q) is compact.
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Definition 2.7.[12] A map ¢g: C — X is said to be differentiable at 2y € C along C
if there exists ¢'(zo) € L(X) such that

b 90 + 1) = 9(20) = g (@o)h] _

0.
heC,h—0 |2 ]]

We said that ¢'(zg), is the derivative of g at 2y along C, and it is uniquely determined.

The map g is said to be asymptotically linear along C' if there exists ¢'(c0) € L(X)
such that

lo(z) ~ o/ ()] _

2€Cloll—+oo [l '

Again, ¢’'(00) is uniquely determined and is called the derivative at infinity along C.
Lemma 2.8.[10] The derivative ¢'(v), (v = +oo, or xo € C), with respect to a cone
of the positive operator g is a linear positive operator.
Detailed presentation of the differentiability with respect to a cone can be found in
[10] and [12)].

Let us recall some lemmas providing fixed point index computations. Let C be
a cone in X. Let for R > 0, Cr = C N B(0x, R) where B (0x, R) is the open ball
of radius R centered at Oy, and let dCg be its boundary and consider a compact
mapping f : Cr — C.
Lemma 2.9. If fx # Mz for allx € 90Cr and A > 1 then i (f,Cg,C) = 1.
Lemma 2.10. If fz *} z for all x € OCR then i (f,Cr,C) = 1.
Lemma 2.11. If fx £ x for all x € OCR then i (f,Cr,C) = 0.
Lemma 2.12. If there exists e = 0x such that x # fx +te for all t > 0 and all
u € OCR then i (f,Cr,C) = 0.
A detailed presentation of the fixed point index theory can be found in [7], [9] and
[12].

In all this section FE is a real Banach space, K, P are two nontrivial cones in F with
P C K (it may happen that K = P) and L(E) denote the set of all linear continuous
self mapping on E endowed with the norm, ||L|| = sup || Lul||. Let C*(F) denote the

flull=1
subset of L(FE) consisting of all compact positive operators. Hereafter < is the order
induced by the cone K on FE and we set
LY(E)={L € L(E), and L(K) C P}, and
Cr(E)={L € LE(E): L is compact} .
Now, for L € LE(E), we define the subsets
AL ={\>0: there exists u € P~ {Og} such that Lu < \u},

0L ={0>0: there exists u € P~ {0g} such that Lu > Ou} .

Remark 2.13. Note that
i) 0 € ©L and if 0 € ©L, then [0,0] C OL.
ii) If A € AL then [\, +00) C AL.
iii) AL c AL and ©5 Cc ©%.
iv) If p is positive eigenvalue of L, then p € @f; N A{;.
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In all this paper, we set for L € L (E),
05 = sup 0k

and when AL is nonempty
ML = inf AL,

If L: E — FE is a bounded linear operator, then we define (L), its spectral radius by
_ : n %
ML) = T (L7

Lemmas 2 and 2 give sufficient conditions for the existence of A% and 65.

Lemma 2.14. [5] Let L € LY (E). Then the subset AL is nonempty.

Lemma 2.15. [5] Assume that K is normal and L € LY (E). Then the subset ©L is
bounded from above by r(L).

Lemma 2.16.[5] Assume that L is K—normal and L € LY. (E). Then the subset ©%
is bounded from above by r(L). Observe that if L € CL (E), then for all R > 0, the
permanence property of the fixed point index implies that

i(L,Pr,P)=i(L,Kg,K).

Lemma 2.17.[5] Let L € CE (E) and let v be a positive real number. For any R > 0,
we have

i) i(yL,Pgr,P) =1, if y05 < 1.

i1) i (yL, Pr, P) = 0, if the subset AL is nonempty and y\E > 1.
Theorem 2.18.[5] Let L € CL(E). Then, we have A5 < 0%.

For L € CE(E), ok (L) denote the set of all positive eigenvalues of L and

o, =infor(N).

Remark 2.19. We deduce from iv) in Remark 2 and Theorem 2 that for all L €
CL(E), ox(L) < [\5,0%]
Lemma 2.20.[5] Let L be a compact operator with int(K) # 0 and L (K ~ {0x}) C
int(K), and either K is normal or L is K—normal. Then Mk = 0% = r(L) is the
principal and unique positive eigenvalue of L.
Remark 2.21.[5] Note that Lemma 2 affirms that 0 cannot be an eigenvalue of L,
then for every subset P C K, with L (K) C P, we have Ak = AL and 0% = 6%
Proposition 2.22. Let & be a fized point on K (§ may be +00) and suppose that
the operator g : K — K has a Fréchet derivative on & such that g'(§) € CE(E). If

AL >0, then M@ = o7 o).
Proof. Let (A\,,) C ()\‘g(&), +oo) C Aé}_,/(g) be a decreasing sequence converging to )\5173/(5)
and (¢,) C P~ {0g} such that ¢’({)¢n = A\ndn. Consider for each integer n > 1,
P, ={ue€ P:g¢'(§)u =< \u} and note that the linearity of ¢’(£) makes of the set P,
convex and so, a cone in E which is different from the trivial one, since ¢,, € P,. We
have also, ¢'(§) (P,) C P, and so, consider the sets

AY©) = {X\>0: there exists u € P, ~ {0g} such that ¢'(€)u < u},
09 = {9 >0: there exists u € P, ~ {0g} such that ¢'(&)u = u}
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and the constants
A = inf AZ© and 0 © = sup @9 ©.

Clearly, we have 0 < )\g(g) < )\‘Z/(E) < 9%/(5) < A, and ¢'(€) admits for allm > 1 a
positive eigenvalue pu,, associated with a normalized eigenvector v,, € P,, with

0<A%© <A\© < < 09O < A,
Thus, we have lim pu,, = )\%’(5) and for each n > 1

(9'(©))" n = ng (€)tbn = 1i2ton
and the compactness of ¢’(£) leads to ¢ = lim ¢’'(£)v,, (up to a subsequence) satisfies

g &)= )\‘g(g)(b and ||| = )\%’(5) > 0. At the end, Remark 2 leads to )\‘}]3/(5) =0,
Definition 2.23.[3] An operator L € CT(E) is said to have the strongly index-jump
property at v > 0 (SLJP for short) if A5 = 65 = v.

3. MAIN RESULTS

Let T : K — K be a completely continuous mapping, the main goal of this section
is to prove fixed point theorems for the mapping 7'
Theorem 2.24. Suppose thatT" has a right differentiable at zero majorant g : K — K
such that g(0) = 0, ¢’(0) € CE(E) is lower-bounded satisfying 9%/(0) < 1. Then T has
at least one positive fixed point.
Proof. Let us prove existence of » > 0 small enough, such that for all ¢ € [0,1],
equation tTu = wu has no solution in 0K,. By the contrary suppose that for each
integer n > 1 there exist ¢, € [0,1] and u,, € 3K% such that

Up = tpTUp.

Note that v, = uy/ ||u,|| € 0K; and satisfies

< 9l (3.1)

" Quall
Thus, we have:
g(un) _ g(un) — g'(0)(uyn) + 9'(0)(un)
l[wall [[wall lunl
9(un) — g'(0)(un)
[t ] '

We set

Gn(uy) =

Clearly
Using the fact that ¢’(0) is increasing, we get:

9'(0)(vn) = ¢'(0)(Gn(un)) + ¢'(0)(g'(0)(vn)). (3.3)
Because of the compactness of ¢’(0), there exists a subsequence (v, ) such that

lim ¢’(0)v,, = v € P. In fact, we have that v > Og. Indeed, if lim ¢'(0)v,, = Og,
then because of the lower boundeness of ¢'(0), we have:

[o]| = lim [|g"(0)vn, | = Ny p > 0.
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Thus, letting & — oo in (3.3), we obtain v < ¢’(0)v and 1 € @3’;(0). This contradicts

the hypothesis 1 > 9?3/(0) and proves existence of r > 0 small enough such that for all
t € [0, 1], equation tT'u = u has no solution in 0K,.. For a such r > 0, we deduce from
Lemma 2 that

(T,K,,K)=1
and T has a positive fixed point w with ||u|| < 7. This completes the proof.
Arguing as in the proof of Theorem 3, we obtain the following result.
Theorem 2.25. Suppose that T has an asymptotically linear majorant g : K — K
such that g'(00) € CE(E) is lower-bounded satisfying Hg(oo) < 1. Then T has at least
one positive fized point.
Corollary 2.26. Let ug € K*. Suppose that T has an asymptotically linear majorant
g: K — K such that ¢'(00) € CE(E) is ug-bounded bellow satisfying 9%/(00) < 1.
Then T has at least one positive fixed point.
Theorem 2.27. Suppose that T has an asymptotically linear majorant g : K — K
such that g'(c0) € CE(E) satisfying 0%/(00) <1 and K is a normal cone. Then T has
at least one positive fixed point.
Proof. Consider the function Hy : [0,1] x K — K defined by

Hoo(t,u) = (1 )Tu + tg/(s0) ()

and let us prove existence of R > 0 large enough, such that for all ¢ € [0, 1], equation
H(t,u) = u has no solution in K g. By the contrary, suppose that for each integer
n > 1, there exist t,, € [0,1] and u,, € K, such that

Up, = (1 — t)Tup, + tng' (00)up.
Note that w, = uy/ ||u,| € 0K; and satisfies
wp = (1 —t,) (Tun/ ||unl]) + thg' (00)wy,. (3.4)
Thus, the inequality
(Tun/ [[unl]) X Gn(un) + g'(00) (wn). (3.5)
holds, where

Gy — 802) = 5/(50) ()

[[n|
combined with the normality of the cone K implies that the sequence (T'uy/ ||un||)
is bounded. Because of the compactness of g'(c0), there exists a subsequence (wy,, )
such that lim ¢’ (co)w,, = w € P. In fact, we have that w > Og.
Indeed, if lim ¢'(co)ws,, = Og, then inequality (3.5) and the normality of the cone
K imply lim (Tw,/ ||un||) = Og. This together with (3.4) leads to limw,, = Og,

contradicting ||wy, || = 1.
Therefore, letting k¥ — oo in
g'(Qwn, = g'(00) (1 = tn,)) (Tun, / [tny 1) + tnyg' (00)wny)

= 9'(00) (G (uny,)) + ¢'(00) (9 (00)wn,.)

we have w < ¢'(c0)w and 1 € @?3,(00)7 contradicting the hypothesis 9?3/(00) < 1lin
Theorem 3 and proves existence of R > 0 large enough such that for all ¢ € [0,1],
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equation Hs(t,u) = u has no solution in dKg. For such a radius R > 0, homotopy
and permanence properties of the fixed point index and Lemma 2 lead to

i(T,Kg,K) =i(Hx(0,),Kg,K) = i(Hx(1,-),Kg, K)
= i(g/(OO),KR,K)
i(g/(oo),Pp”P)
1.

This completes the proof.
Remark 2.28. Note that Remark 2 and the hypothesis Hg(oo) < 1 in the last
theorem imply that ¢’(oo) does not possess a positive eigenvector to an eigenvalue
greater than or equal to 1 and is a generalization of Theorem 4.8 given by Krasnosel’kii
in [10] where the maps and the norm are supposed to be monotone.
Corollary 2.29. Suppose that K is a normal cone and g : K — K is an asymptot-
ically linear operator such that g'(c0) € CE(E) satisfies Hf,’::(oo) < 1. Suppose that T
is a right differentiable on K such that T, < g'(c0) on K. Then T has at least one
positive nontrivial fived point.

In the fact, for all uw € K, we have

(T = ¢'(00))' (u) = T’ () + [¢/(00)]' (u) = T (u) — ¢'(00) (u) < 0.
This implies that operator T — ¢’(c0) is non-increasing on K and it follows from
above that for all u € K, (T — ¢'(00)) (u) < T(0) 4+ ¢'(0)(0) = T(0) leading to
T < T(0) + ¢’'(c0) on K which implies that L = T'(0) + ¢’(c0) is an asymptotically
linear majorant of T such that L'(c0) = ¢'(c0) and QILD,(OO) = 9%/(00) < 1. We deduce
from Theorem 3 that T has a fixed point on K.
Arguing as in the proof of Theorem 3, we obtain the following Theorem.
Theorem 2.30. Suppose thatT has a right differentiable at zero majorant g : K — K
such that g(0) = 0, ¢’(0) € CE(E) satisfying 0%’(0) < 1 and K is a normal cone. Then
T has at least one positive fized point.
Remark 2.31. Suppose, in addition, that K is solid and that ¢’(0) is strongly

positive, then the condition (‘)g(o) < 1 of the above theorem can be replaced by
r(g'(0)) < 1.

Theorem 2.32. Suppose that the cone K is a normal one with int(K) # 0 and T has
an asymptotically linear minorant h : K — K such that h'(cc) € CE(E) is strongly
positive. Suppose that T has a right differentiable at zero majorant g : K — K such
that g(0) = 0, and ¢'(0) € CL(E) satisfying 0;’;(0) <1<r(h()). Then T has at
least one positive nontrivial fized point.

Proof. We have to prove existence of 0 < r < R such that

(T, K,,K)=1and i(T, Kg, K) = 0.

In such a situation, additivity and solution properties of the fixed point index imply
that
Z(Ta Kpg~ K7K) = Z(Tv KRvK) - Z(T7KT7K) =-1

and T has a positive fixed point u with r < |lul| < R.
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Let e > 0 and let us prove existence of R > 0 big enough, such that for all ¢ € RT,
equation Tu + te = u has no solution in K. By the contrary suppose that for each
integer n > 1, there exist t, € R™ and u,, € K, such that

Uy = Tu, + tye.
Note that v, = uy/ |Ju,|| € K7 and satisfies the inequality:

h(uy,
v = (Tun/ |Jun]) = “EJ ||) . (3.6)
Thus, we have:
h(un)  h(up) — 1 n) N n
(1) _ Blot) ~ W (00) () () () o
[[n | [[un]| [[un]|
We set N o
[[n]|
Then
vp, = Hy(uy) + 1 (00)(vy). (3.8)
Using the fact that h'(c0) is increasing, we get:
h'(00)(vn) = 1 (00) (Hp(un)) + b/ (00) (h'(00) (vn)). (3.9)
Because of the compactness of h/(co0) there exists a subsequence (v,,) such that
lim A/ (c0)v,,, = v € P. Since h'(c0) is strongly positive on K and ||vy,, || = 1, then

B (c0)vy, € int (K). We deduce from Lemma 3.7 in [12] that there exists 79 > 0
small enough such that h'(co)v,, = rovn,, we obtain v > Og. Thus, letting k — oo
in (3.9), we obtain v = h/(co)v and 1 € A}]LD(OO). This contradicts the hypothesis
1< /\}ILD(OO) = r (h'(00)) and proves existence of R > 0 large enough such that for all
t € RT, equation Tu + te = u has no solution in dKg. For a such R > 0, we deduce
from Lemma 2 that
(T, Kg, K) = 0.
Let us prove existence of r > 0 small enough, such that for all ¢ € [0,1], equation

tTuw = w has no solution in JK,.. By the contrary, suppose that for each integer n > 1,
there exist t,, € [0,1] and u,, € 9K 1 such that

Uy, = tpT Uy,

Note that wy, = u,/ ||u,|| € K7 and satisfies

o= 1
Thus, we have:
g|(5n) _ g(un) ﬁu9’|(0)(un) 9'(“012(1”%). (3.11)
We set ' (n ) "(0) (un) '
_ glun)—4g Un
Clearly

wy, < Gp(un) + ¢'(0)(wy,). (3.12)
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Using the fact that ¢’(0) is increasing, we get:
9'(0)(wn) = ¢'(0)(Gn(un)) + ¢'(0)(g'(0)(wn)). (3.13)

Because of the compactness of ¢’(0) there exists a subsequence (w,) such that
lim ¢’(0)w,, = w € P. In fact, we have that v > Og. Indeed, if lim ¢’(0)w,, = Og,
then because of the compactness of ¢’(co) there exists a subsequence (wy, ) such that
lim ¢’ (c0)wy,, = w € P. In fact, we have that w > Og. Indeed, if lim ¢’(c0)w,, = 0g,
then inequality (3.12) and the normality of the cone K lead to limw,, = Og, contra-
dicting ||wp, || = 1. Therefore, letting k — oo in (3.13), we have w * ¢'(co)w. This

contradicts the hypothesis 0‘193/(0) < 1 and proves existence of r > 0 small enough such
that for all ¢ € [0, 1], equation tTu = u has no solution in 9K,.. For a such r > 0, we
deduce from Lemma 2 that

i(T, K, K) = 1.

This completes the proof.

Arguing as in the proof of Theorem 3, we obtain the following result.
Theorem 2.33. Suppose that the cone K is normal and solid and T has a right
differentiable at zero minorant h : K — K such that h(0) = 0 and h'(0) € CE(E) is
strongly positive. Suppose that T has an asymptotically linear majorant g : K — K
and g'(<) € CE(E) satisfying 9?;(00) <1< r(h(0)). ThenT has at least one positive
nontrivial fized point.
Remark 2.34. If the cone K is solid and for every u of K*, a natural number n
can be found such that [2/(0)]" u is an interior element of the cone, then the operator
1 (0) is strongly positive.
Theorem 2.35. Suppose that K is solid and T has an asymptotically linear minorant
h: K — K such that h'(c0) € CE(E) is strongly positive. Suppose that T has a right
differentiable at zero and lower bounded majorant g : K — K, such that g(0) = 0
and ¢'(0) € CE(E) satisfying 9%’(0) <1l< )\’}3/(00). Then T has at least one positive
nontrivial fized point.
Proof. We have to prove existence of 0 < r < R such that

(T, K., K) =1 and i(T, K, K) = 0.

In such a situation, additivity and solution properties of the fixed point index imply
that

(I Krp~K,,K)=i(T,Kp,K) —i(T,K,, K) = —1
and T has a positive fixed point v with r < ||u|| < R.
Let e > 0 and let us prove existence of R > 0 big enough, such that for all t € RT,
equation T'uw + te = w has no solution in 0K g. By the contrary, suppose that for each
integer n > 1, there exist t, € R™ and u,, € 0K, such that

Uy, = Tu, + the.

Note that w, = up/ ||u,| € 0K; and satisfies the inequality:

wn = (Tt |un ) = }|l|(utn||)

(3.14)
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Thus, we have
h(un) _ h(un) — B (00)(un) | h'(00)(un)

fual el Tl (349)
et () — B (00) 1)
Then
wy, = Hy(up) + B (00) (wy,). (3.16)
Using the fact that h/(c0) is increasing, we get
h'(00)(wn) = B'(00) (Hn(un)) + h'(00) (R’ (00) (wn)). (3.17)

Because of the compactness of the operator h'(cc), there exists a subsequence (ws,, )
such that lim h’(co)wy,, = w € P. Since h'(00) is strongly positive on K and ||wy, || =
1, then h'(c0)wy, € int(K); we deduce from Lemma 3.7 in [12] that there exists
ro > 0 small enough such that h'(co)wy,, > rowy, and we obtain w = 0g. Therefore,
letting k& — oo in (3.17), we have w > h/(oco)w. This contradicts the hypothesis
1< )\};(OC) and proves existence of R > 0 large enough such that for all t € RT,
equation Tu + te = w has no solution in Kg. For a such R > 0, we deduce from
Lemma 2 that
(T,Kr,K)=0.

Let us prove existence of r > 0 small enough, such that for all ¢ € [0, 1], equation
tTu = u has no solution in 0K,.. By the contrary suppose that for each integer n > 1,
there exist ¢, € [0,1] and u, € 0K such that

Uy = tpTUy.

Note that v, = u,/ ||un|| € 0K, and satisfies

< 9|(5n) (3.18)
Thus, we have:
g|(1;un) g(un) Hug’|(0)(un) 9’(“03(160 (3.19)
We set ' (n ) (0)(un) n
. glun) —g Un
G ) Tual
Clearly

Un 2 Gn(un) + 9'(0)(vn).

Using the fact that ¢’(0) is increasing, we get:

9'(0)(vn) = ¢'(0)(Gn(un)) + g'(0)(g'(0)(vn)). (3.20)
Because of the compactness of ¢'(0), there exists a subsequence (vp,) such that
lim ¢’(0)v,,, = v € P.In fact, we have that v > Og. Indeed, if lim ¢’(0)v,, = Og, then
because of the lower boundeness of ¢'(0), we have [|v]| = lim [|g’(0)vn, || > N, p > 0.
Thus, letting & — oo in (3.20), we obtain v < ¢’(0)v and 1 € @%(O). This contradicts
the hypothesis 1 > Hf, ©) and proves existence of r > 0 small enough such that for all
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t € [0, 1], equation tT'u = u has no solution in 9K,.. For a such r > 0, we deduce from
Lemma 2 that

i(T, K, K) = 1.

This completes the proof.
Remark 2.36. If in addition, the cone K is normal, then the condition )\]},/(OO) can
be replaced by r (h'(c0)) .

Arguing as in the proof of Theorem 3, we obtain the following results.
Theorem 2.37. Suppose that K is a solid cone and T has a right differentiable at
zero minorant h : K — K such that h(0) = 0, k/(0) € CE(E) is strongly positive.
Suppose that T has an asymptotically linear and lower bounded majorant g : K — K
and g'(<) € CE(E) satisfying 9%,(00) <l< /\}IL;.,(O). Then T has at least one positive
nontrivial fized point.

Arguing as in the above proofs, we obtain the following results.
Theorem 2.38. Assume that the cone K is solid and suppose that T has a right
differentiable at zero minorant h : K — K such that h(0) = 0 and h'(0) € CE(E) is
strongly positive. Suppose that T has an asymptotically linear majorant g : K — K
and g'(00) € CE(E) is strongly positive satisfying r (¢’(00)) < 1 < r (h'(0)). Then, T
has at least one positive nontrivial fixed point.
Theorem 2.39. Assume that K is a normal cone in E. Suppose the cone K 1is solid
and T has a right differentiable at zero majorant g : K — K such that g(0) = 0
and ¢'(0) € CE(E) is strongly positive. Suppose that T has an asymptotically linear
minorant h : K — K and h'(c0) € CE(E) is strongly positive satisfying r (¢'(0)) <
1 <r(h(0)). Then T has at least one positive nontrivial fizved point.
Corollary 2.40. Assume that K is a normal cone in E. Suppose the cone K is solid
and T has a right differentiable at zero majorant g : K — K such that g(0) = 0
and ¢'(0) € CE(E) has a SIJP at 7 (g'(0)). Suppose that T has an asymptotically
linear minorant h : K — K, h'(c0) € CE(E) is strongly positive and satisfying
r(g'(0)) <1 <r(h(0)). Then T has at least one positive nontrivial fived point.

4. »—LAPLACIAN BVP WITH MIXED BOUNDARY CONDITIONS

In this section, we present applications of Theorem 3 and Theorem 3 to a
¢—Laplacian bvp with mixed boundary conditions. In all this section, F is the Ba-
nach space of all continuous functions defined on [0, 1] equipped with its sup-norm
denoted ||-||, C is the normal cone of nonnegative functions in E and u € E is said
to be positive if u € C*, f : [0,1] x Rt — R™T is continuous, a : [0,1] — R* is
continuous and does not vanishes identically on any subinterval of [0,1] and ¢ is an
odd increasing homeomorphism of R. Throughout we assume that

Ja, B € R with 0 < a < 8 such that

tAo(z) =X p(tr) < t*¢(x) forallz >0 and t € (0,1). (4.1)

In what follows, 1 is the inverse function of ¢ and we have from (4.1)

téw(l‘) < (tx) < t%w(x) forall z > 0 and ¢ € (0,1). (4.2)
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Let 1+ 2~ be the function defined on RT by

w*(x)={ vy ifo<] w—<x>={ e sl

zo ifx>1 xh if x> 1.
It follows from (4.2) that for all t > 0 and > 0
U () ¥(x) < Y(tx) <P (1) P(a). (4.3)
Let F': C'— C be the operator defined for u € C by
Fu(x) =4 (f(xz,u(zx))) for all z € [0,1].

It is easy to see that F' is continuous and bounded (maps bounded sets into bounded
sets).
We set

f° = limsup <max 7¢ (f(t,u))) ,  f°° =Ilimsup <max 7¢ (f(t,u))) .
w—0  \t€[0,1] U u—+oo \t€[0,1] U

Consider the ¢p—Laplacian bvp

— (@) () = a(®) ftult), te(0,1) »

u(0) =u/(1) =0, '
and let the following linear eigenvalue problem

—u'(t) = pa(t)u(t), te(0,1)
{ w(0) = /(1) = 0. (4.5)

Let

Y ={ueC'([0,1]),u(0) = (1) = 0},
equipped with C'-norm denoted |||, (for u € Y, |lul, = max(||u],|lu’]|])). From

Ascoli-Arzéla Theorem, the embedding iy : Y — FE is compact.
Let A, N : E — E be the operators defined for h € E by

Nh(z) = /sz/J (/tl a(s)p (h(s)) ds) dt, for all z € [0,1],

Ah(z) = /j (/tl a(s)h (s) ds) dt, for all z € [0,1],

and Ay, Ny : Y — Y be the restrictions of A and N to Y.
It is easy to see that
P={ueCu(z)>xl|ul, Ve €[0,1]}

is a cone in F and Cy = CNY =i,' (C) is a cone in Y.
The proof of the following Lemma is easy, so we omit it.
Lemma 3.1. We have that
1) A is increasing on C,
2) A is lower bounded on P and ||Au|| > M~ ||uH for all w € P where

Sl (/ )
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3) A(C)CP.
4) N is increasing on C.
5) N is upper bounded on C and |Nu| < M(;' ||| for all w € C where

M —w+<||a||>/01 (/ mds)édt,

6) N is lower bounded on P and || Nu| > My |lul| for all uw € P where

My =~ <||a>/01 (/ (”>”B ds)é .

7) A and N are completely continuous operators.

Observe that u is a positive solution of (4.4) if and only if u is a fixed point of the
completely continuous operator T'= N F.
In view of Lemma 2, let us prove that A (C*) C 0 C Cy, where

O ={u€eY,u(z) >0, Vz € (0,1] and «'(0) > 0}

is an open set in Y.
Let O°¢ = F} U Fy where

Fi = {ue€ X :thereexists x €10,1], u(z) <0} and
F, = {ueX:d(0)<0}.

It is clear that Fy is a closed set in X, so let (u,) C F; tending to v in X and
(zn) C ]0,1] tending to T € [0, 1] with uy, (z,) < 0. We distinguish the following cases:

€1]0,1]; in a such situation w(Z) = limu, (z,) <0 and u € Fy,

o T
e 7 = (; in this case we obtain

u'(0) = limM <0 and u € F.

Tn

Now, let us show Ay (C3) C O. We deduce that for all h € C5,
|AR| = Ah(1) > 0 and Ah(z) > z||AR| > 0, Vz € (0,1]

and since Ah(0) = 0, then (Ah)’ (0) > 0.
If (Ah)' (0) = 0, then after two integration we get

Ah(x) = — /Oﬂf (/Ot a(s)h(s)ds) dt <0

which is impossible. So we have (Ah)’ (0) > 0 and Ah € O. That is,
A(Cy*) cOcC int(Cy).

To complete the proof, we show that A is a C'y —normal operator.
Let u1,us € Cy with uy < us, v1 = Auy and vy = Aus.
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Clearly that |lv1|ly = max (||v1]], ||v}]]) = max (vi(1),v1(0)), which implies

/0 1 ( /t " a(s)un (s) ds)
/0 1 ( /t " a(s)ua (s) ds)

= ’Ug(l)

= lelly

[o1]lx = v1(1)

IN

and

loally = v(0) = / a(s)us (s) ds

< /01 a(s)us (s)ds

= 5(0)

= |lvally -
At the end, Lemma 2 guaranties the existence of a unique positive eigenvalue of A
and we have p=! = A¢,, = f¢, . Since 0 is not an eigenvalue of A and A (C) C Cy, it
follows from Remark 2 that

,ufl = Ao =0c.

We get that A admits a unique positive eigenvalue A, = A& = 64 and M) =g
Now, we discuss the existence of at least one positive solution to the boundary value

problem (4.4).
Theorem 3.2. Suppose that ¢ satisfies

im 2@ 4 (4.6)

r——+o0 xT
then if
f°° max (M(;, )\*) <1 (4.7)

holds true, Problem (4.4) admits a positive solution.
Proof. Tt follows from conditions (4.6) , that

lim M

T—r+00 X

=1
Then
Nu = Au+ o (JJul|) at oco.

Moreover f°° max (M(;', /\*) < 1, implies that there exists € > 0 small enough and
positive constant c¢; such that
Fu) <(f*+¢e)u+c, forall ueC”.

Leading to
Tu< N((f*+e)u+cy), forall ueC”.
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We introduce the following notations
e +e,
g(u) = N(u+a).

)
I

It is clear that
g(u) = vAu+ o (Jul) at oc.
We have
lg(h) — g' () (M| = |IN (vh +c1) —yA(R)|
| A (vh +c1) + ||vh + erlle(h) — yA(R)||
= [|[yA (h) + A(er) + [|[vh + cille () —vA () ||
< [[A(c)[l + [[vh + crlllle(R) ]
<M+ vk +calllle (B) [,

where

M = / s)ds and hm e(h) =0.

h— o0

lo(h) — g/ (o)l _ erM
Tl Smn+<”+Wz>k(>“

then g is asymptotically linear along C and we have

Since

g'(0) (u) = v Au and 9%’(00) =5\ <7 max (M(;,/\*) <1

Applying Theorems 3, we deduce existence of a positive solution for Problem (4.4) .
Theorem 3.3. Suppose that ¢ satisfies

. ¢(x)
b = =1 (48)
then if
% max (M )\) (4.9)

holds true, Problem (4.4) admits a positive solution.
Proof. Tt follows from condition (4.8) that

lim M

x—0 €T

=1

Then
Nu= Au+o(||lul]|) at 0.

Moreover f°max (MJ,)\*) < 1, implies that there exists € > 0 small enough and
positive constants ¢y such that

F(u) < (f°+¢e)u+ Gu, forall ueC*,
where Gu(t) = max {¢ (f (¢, u(t)) — fOu(t),0} .

Leading to
TugN((fO—l—s)u—i—Gu), for all uwe C*.
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We introduce the following notations

v o= e
g (u) N (yu + Gu).

It is clear that
g(u) =~vAu+o(|lu]]) at O.
We have
lg(h) — g'(0)(R)|| = [IN (vh + Gh) — vA(R)]|

= [[A(vh + Gh) + [lvh + Ghlle(h) — vA(R)]|
= [yA(h) + A(Gh) + |[vh + Ghlle(h) — vA(h) ||
= [[A(Gh) | + [lvh + Ghll[le(h) ]|
< c|Gh|l + [lvh + Ghlllle(R)],

where lim ¢ (h) = 0.

. h—0
Since

lo(h) — Ok _ [[Gh] lenl
=Tl +<7+ ] >” 1

then there exists the right derivative of g along P at 0 and that ¢'(0) (u) = v Au with

0%(0) =~ A <7 max (M(Z',)\*) < 1.
Applying Theorem 3, we deduce existence of a positive solution for Problem (4.4).
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