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Abstract. In this work, we approximate a common fixed point of mappings F,G: MUN — M UN,
satisfying the conditions

(1) G(M) C M,G(N) C N,F(M)C M and F(N) C N;

(2) ||IFu— Go|| < ||lu—v| for u € M,v € N; and

(3) [[Fu— Gv|| < |lu—v| for u € N,v € M,
where M and N are nonempty bounded closed convex subsets of a uniformly convex Banach space.
We consider Ishikawa iteration associated with F' and G and von Neumann sequence associated with
Ishikawa iteration to approximate the common fixed point of F' and G. We prove convergent results
for common fixed point of F' and G. Finally, we give corollaries on common best proximity point for
cyclic mappings.
Key Words and Phrases: Nonexpansive mappings, best proximity points, fixed points, Banach
space, Von Neumann sequences.
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1. INTRODUCTION

Let X be a nonempty set. For a given function F' : X — X, a point ug € X is said
to be a fixed point of F if F(ug) = ug. Two fundamental theorems namely Banach
contraction principle and Brouwer fixed point theorem which guarantee the existence
of fixed point. Later, many authors contributed for the development of fixed point
theory and its application in other branch of Mathematics. The study of common
fixed point theorem plays crucial role in the theory of fixed point and it is attracted by
many researchers. A point u is said to be common fixed point of two self mappings F
and G, if it satisfies F'(u) = G(u) = u. In recent years, many researchers are interested
in convergent results of fixed point and common fixed point for a pair of mappings
[6, 14, 21, 20]. In [17], the author proved the convergent result of common fixed
point via Mann iteration. In [18], the authors studied the convergence of Ishikawa
iteration to a common fixed point of a pair of mappings. In [9], the author defined
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the pair of mean nonexpansive mappings and proved the existence of the common
fixed point results in Banach space settings. In [22], the authors gave approximation
methods for common fixed points of mean nonexpansive mappings in Banach spaces.
Recently, Eldred et al [3], approximated a fixed point using Mann’s iterative process
for the mapping of the form G : M UN — M U N, which satisfies (i) G(M) C M
and G(N) C N and (i) ||Gu — Gv|| < ||lu —v||, Vu € M,v € N, where M and N are
nonempty bounded closed convex subsets of a uniformly convex Banach space.

Motivated by Eldred et al [3], in this paper, we define a relatively nonexpansive
condition for the non-cyclic pair of mappings of the type ;G : M UN — M U N,
and we prove convergent results for the common fixed points through the Ishikawa’s
iteration process associated with the mappings F' and G. Finally, we provide some
corollaries on common best proximity point of a pair of cyclic mappings.

2. PRELIMINARIES

Consider M and N are non-void subsets of a normed linear space. The following
notations are used subsequently:

d(u, M) = inf{llu— vl : v € M};
Py(uw)={veM:|lu—v|| =du, M)};

dist(M,N) =inf{|lu—v| :u € M,v € N};

My ={u€ M : ||u—'|=dist(M,N)for somev’ € N};
No={veN:|u —v|| =dist(M,N) for someu’ € M}.

If M is convex, closed subset of a reflexive and strictly convex space, then Pps(u)
contains one element and if M and N are convex, closed subsets of a reflexive space,
with either M or N is bounded, then My # 0.

The following definitions and theorems are very useful to prove our main results:
First, we collect the following Ishikawa iteration sequence from [22]. Let X be a

Banach space and let F,G be mappings from X to X. Then the Ishikawa iteration
sequence {u,} of F and G is defined as

U = (1 =nn)tn + nnFuy,
Uny1 = (1= 08p)up + 6,Gop, (2.1)
where uy € X and d,,n, € [0,1].
Definition 2.1. [3] Let M and N be nonempty subsets of a Banach space X.
A mapping G: M UN — M U N is relatively non expansive if

(1) G(M) € M,G(N) C N,

(2) |Gu— G| < ||lu—7]|, for all w € M,v € N.
Definition 2.2. [23] Let (X, || - ||) be a Banach space. For every € € (0, 2], define the
modulus of convexity of || - || by

Tty
2

6X(6):inf{1—H H:x,yeBx,HﬁC—yHZe},
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where By is the unit ball of Banach space X.
The norm is called uniformly convex if dx () > 0 for all € € (0, 2]. The space (X, || -])
is then called uniformly convex space.

Definition 2.3. [22] Let X be a Banach space. The pair of mappings F,G : X — X
is said to be mean nonexpansive if

[Fu—Go|| < allu— vl + b{|lu = Ful| + [[v = Gv[|} + c{[Ju = Gv[| + [[v = Full},
for all u,v € X,a,b,c€[0,1] and a +2b + 2¢ < 1.

Remark 2.4. In Definition 2.3, for a = 1,b = ¢ = 0, then the pair of mappings
F,G: X — X is said to be nonexpansive.

Using the above definition for a pair of mappings, in [22], the authors proved the
following convergence result for a common fixed point.

Theorem 2.5. [22] Let K be a convez subset of a uniformly convex Banach space and
suppose G, F : K — K is a pair of mean nonexpansive mappings with a nonempty
common fized points set; if b > 0,0 < § < 0, < 1/2,0 < n, <n <1, then the Ishikawa
sequence {u,} converges to the common fized points of F and G.

Proposition 2.6. [8] If X is a uniformly convex space and 6 € (0,1) and € > 0, then
for any d > 0, if u,v € X are such that ||u|| < d,||v]] < d,|lu—v| > e, then there

exists 6 = 0(5) > 0 such that ||ou + (1 — d)v|| < (1 —20(5)min(0,1 — (5))d.

Lemma 2.7. [4] Suppose X be a uniformly convex Banach space. Suppose 0 < a <
b <1, and {t,} is a sequence in [a,b]. Suppose {wy},{v,} are sequences in X such
that ||wy|| < 1, ||vn]| < 1 for all n. Define {z,} in X by z, = (1 — t,)wy, + tyv,. If
lim, o0 ||2n]| = 1, then lim, o ||w, — vp]| = 0.

We prove the following result which shows that, if F, G is a pair of nonexpansive
mappings then the Ishikawa’s iteration associated with F' and G, converges to a
common fixed point of F,G. Moreover, it is useful to prove our main results.

Theorem 2.8. Let K be a nonempty bounded closed convex subset of a uniformly con-
ver Banach space X and suppose G, F : K — K is a pair of nonexpansive mappings
with a nonempty common fixed point set. Let ug € K and define

where 6,,n, € (6,1 —€), n=0,1,2,... and € € (0,%). Then

lim |lu, — Guy|| =0
n—o0
and
lim ||, — Fuy,| = 0.
n—oo

Moreover, if F(K) lies in a compact set, then {u,} and {v,} converge to a common
fixed point of G and F.
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Proof. By assumption, there exist v € K such that Gv = Fv = v. Now,

ltntr — vl = [[(1—dpn)un + 5nG((1 — 1)U, + nnFun) — vl
(1 = 6n)tn + 6, G((1 = np)tn + mnFuy) — ((1 = 8,)v + 6,0) ||

< (T =dn)llun — vl + 6n||G((1 — Nn)Un + nnFun) — F|
< (L =dn)llun = vl + 6nll(T = mn)un + nnFuy — |
= (L=dn)llun —
F6nl[(1 = mn)un + nn Fup — ((1 =) + nnv) [
< (=) llun — | + 5n(||(1 =) (Un — V)| + 10 || Futn, — Gv”)
< lun — vl

This implies that the sequence {|lu,, —v||} is nonincreasing and bounded below by 0.
Hence there exists d > 0, such that ||u, — v|| — d.
Case (i) : If ||un, —v|| = 0.

[un = Funll < lun = ol + [lv = Fun||

= |lun =0l +[|Gv = Fuy||

[un =l + o = unl.

IN

As n — oo, we get ||uy, — Fuy| — 0.
And also |lu, — v,|| = 0. Let v, = (1 — np)up, + N Fuy,. Now

[vn —vl = (1= nn)un + nnFu, — o
= [[(1 = mu)un + 00 Fup — (1= nn)v + n,0) ||

< (A =n)llun — ol + nnl| Fun — Go|

< (A =m)llun — vl + mallun — vl

= lun — .

And also
[un = Goall - < flun — vf| + [[v = Gog ||

= llun — vl + [|[Fv — Gun|
< lun = ol + lv = vn|
< lun =l + flv = un]-

As n — oo, we get ||u, — Gu,|| — 0.
From the Ishikawa’s iteration, we obtain

[tns1 — unll = 0nl|Gvn — un .

As n — oo, we get ||upt1 — un|| — 0.

Case (ii) : If ||u, —v|| = d > 0. We need to show that ||u, — Fuy|| — 0. Suppose not.
Then there exists a subsequence {uy, } of {u,} and an € > 0 such that ||u,, —Fup, || >
e > 0 for all k.

Since the modulus of convexity of § of X is continuous and increasing function we
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choose ¢ > 0 as small that (1 = cé(i))(d+ ¢) < d, where ¢ > 0.

d+¢
Now we choose k, such that ||u,, — v|| < d+ & By using Proposition 2.6,
v — “nk-H” = |lv- ((1 - 57lk)unk + (;nkG((l - nnk)unk + 77nkFUnk)) |

H(l - 67%)'” + (Snkv
*((1 - 5nk)unk + 5nkG((1 - nnk)unk + nnkFunk))”

< (1 - 5nk)||v - unk” + 6nkHFU - G((l - nnk)unk + nnkFunk)H

< (1- 5nk)(d+£) + Oy [ — ((1 - nnk)unk + nnkF“nk)H

= (=0 )d+E) +0n (1= 1) (v = tny) + 0y, (v — Fun, )|

< (1fank)(wg)+5nk(1725(L)mm{nnk,1fnnk})(mg)

d+¢
g )i 1= )@+ )

= (1 — 25(%ﬂ)min{5nknnk75nk(l - nnk)}) (d+¢).

Since there exists [ > 0 such that 2 min{d,, 7, , on, (1 — 7n,)} > 1,

- (1 — Oy + Oy — 25%5(

(1- 26(%_‘_5)111111{5%77%,5%(1 — )} @+ < (1- za(dig))(d%).
Suppose we choose very small £ > 0, we have
(1 *lé(dig»(d*@ <d,

which is contradiction. This implies that

lim ||u, — Fu,|| = lim |lu, —v,] = 0.
n—o0 n—oo
Now we prove that ||un+1 — tn|| — 0. We know that
[unt1 = unll = 0nl|Grn — uall,

where v, = (1 — 9)upn, + 9 Fuy,. Now, we define

 Upy1— U Gy, —w _ Up—
Zn = s Yn = and w, = ——.
[[urn — vl l[un — vl [un — vl
One can note that ||w,| = 1. Now,
[Gvn —vl| = [|Gv, — Foll

< vn =l
< ”(1 — N )Un + P Ftt, — UH
< A = n)un + muFun — (1= n0)0 + n0) ||
< (1 =n)[lun = vl + na | Fun — G|
< (1_77n)||un_v|‘+nn”un_UH

[[un — o
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Therefore
[Gvn — vl _ flun =] _

lynll = L.

lun —vll = flun —ol]
From the Ishikawa’s iteration, we obtain

Upt1 — U = (1 = 6,)(up — v) + 0, (Go,, — ).
Dividing by ||u,, — v||, we get

Up4+1 — U
[[un = v]|

5) (U, —v) 5. (Gu,, — v).
[un — 2| |un — 2|
Then z, = (1 — 6,)wy, + 0,Yn. Now we prove that ||z,|| — 1. Now,

|unt1 —o|l _ d

I — im LTS
A [z noo um — || d

By Lemma 2.7, ||wy, — yn|| — 0. This implies that ||u, — Gv,|| — 0. Therefore
|tens1 — un| — 0.

Since F(K) is contained in a compact set, {Fu,} has a subsequence {Fu,,} that
converges to a point z € K. Also {uy, } and {un,+1} converge to z. This implies that
{un} converges to z. And also {v,,} converges to z. Then Fu,, — z, Gv, — z. Since F'
and G are continuous, implies that Fu,, — Fz, Gv, — Gz. Therefore Fz = Gz = z,
which completes the proof. O

Let M be a convex closed subset of a Hilbert Space X. Then for v € X, we know
that Pps(u) is the unique nearest point of M to u. Also Pjs is non expansive and
distinguished by the Kolmogorov’s criterion:

(u— Ppru, Pyyu— z) >0, for all w € X and z € M.
Let M and N be two convex closed subsets of X. Suppose define

P(u) = Pp(Pn(u)) for eachu € X,

then the sequences {P™(u)} C M and {Pn(P™(u))} C N. The convergence of
these sequences in norm were proved by von Neumann [15] when M and N are
closed. The sequences {P™(u)} and {Py(P™(u))} are called von Neumann sequences
or alternating projection algorithm for two sets.

Definition 2.9. [5] Let M and N be nonempty closed convex subsets of a Hilbert
space X. We say that (M, N) is boundedly regular if for each bounded subset F' of
X and for each € > 0 there exist 6 > 0 such that

max{d(u, M),d(u, N —v)} <§ = d(u,N) <e¢, Yu € F, (2.2)
where v = Py—37(0), the displacement vector from M to N. (v is the unique vector
satisfying ||v| = dist(M, N)).

Theorem 2.10. [5] If (M, N) is boundedly regular, then the von Neumann sequences
converges in norm.

Theorem 2.11. [5] If M or N is boundedly compact, then (M,N) is boundedly
regular.
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Lemma 2.12. [4] Let M be a nonempty closed and convez subset and N be nonempty
closed subset of a uniformly convexr Banach space. Let {u,} and {z,} be sequences in
M and {v,} be a sequence in N satisfying:

(1) |Jup — vp]| — dist(M,N), and

(2) |lzn — vn|| — dist(M, N).Then||u,, — z,|| converges to zero.
Lemma 2.13. [4] Let M be a nonempty closed convex subset and N be a nonempty

closed subset of uniformly conver Banach space. Let {u,} be a sequence in M and
vg € N such that ||u, — vo| — dist(M, N). Then {u,} converges to Ppr(vp).

Proposition 2.14. [2] Let M and N be two closed and convex subsets of a Hilbert
space X. Then Py(M) C N, Py (N) C M, and ||Pyvu — Pyo|| < ||lu—o| forue M
and v € N.

Lemma 2.15. [3] Let M and N be two closed and convex subsets of a Hilbert space
X. For each u € X,

[P () = 2| < [P (u) = 2], for each = € Mo U N.
3. MAIN RESULTS

In this section, we prove convergent results for common fixed point.

Theorem 3.1. Let M and N be nonempty bounded closed conver subsets of a uni-
formly convex Banach space and suppose F,G: M UN — M UN satisfy

(1) GIM) S M,G(N)C N,F(M)C M and F(N) C N;
(2) |Fu—Go| < ||lu—n| forue M,v € N; and
(3) |Fu—Gv| < ||lu—v| forue N,ve M,
with a nonempty common fixed point set. Let ug € M, and define
Upt1 = (1 = 0p)un + 6,Goy,y vy = (L — )ty + 9 Fteg, 0ny i € (6,1 — €),

where € € (0,1/2) andn=0,1,2,....

Suppose d(un, My) — 0, then lim,,_ o ||u, — Gu,|| =0 and lim,— o ||un, — Fu,|| = 0.
Moreover, if F(M) lies in a compact set, then {u,} and {v,} converges to a common
fized point of G and F.

Proof. If dist(M, N) = 0, then My = Ng = M NN and by Theorem 2.8, we can prove
the result from the truth that F,G : M NN — M N N is a pair of nonexpansive.
Therefore let us take that dist(M, N) > 0. For a common fixed point v € N of F and
G, we get

[unsr = vl = (1 = 6n)un + 6,G (1 = na)un + 0o Fun) = ol|

=1|(1 — dn)un + 5nG((1 — N ) Up + nnFun) - ((1 —0p)v + 5nv)||

< (1 - 5n)”“n - UH + 5n||G((1 - nn)un + nnFun) - FU”

< (1= 6n)llun — vl + 0ul|(1 = np)un + mnFun — v
(1 =) |ln — vl + 80 || (1 = 1 )ty + N Ft, — ((1 — M)V + ﬂnU) |
< (1 =) |lun —v|| + 571((1 — ) [t — 'UH + 0 || Ftt, — GU”)
< lun — vl
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This implies that the sequence {||u, — v||} is nonincreasing. Then we can find d > 0
such that
lim ||lu, —v| =d.
n—oo
Suppose there exists a subsequence {uy, } of {u,} and an € > 0 such that
|ten,, — Fuin, || > € > 0 for all k.

Since the modulus of convexity of § of X is continuous and increasing function we
choose £ > 0 as small that

(1 _ ca(i))uﬂg) <d,

d+¢
where ¢ > 0.
Now we choose k, such that ||u,, —v|| < d+ €. By using the Proposition 2.6,
Hv_unk+1|| = ||U_ ((1 _6nk)unk +§nkG((1 _nnk)unk +nnkFunk))||

[(1 = 6ny)v + dnyv
_((1 - 67lk:)unk + 5nkG((1 - nnk)unk + nnkFunk))H

< (A =dn)llv—un, |l + 6n, || Fv — G((l = Ny, )Uny, +77nkFunk)H

< (1 - 5nk)(d+§) + 5%”” - ((1 - Unk)unk + nnkFu”k)H

= (L =0n,)(d+ &) + 0, [[(1 = 10y ) (v = tny,) + 1y (0 — Flan, ) |

< (=00 )(d+8) + 00, (1= 20 Jmintan, 1=, })(d+)

(1 — Gy + Oy — 25nk5(

€

d+£)min{nnk71 _nnk})(d"‘f)

= (120G min{B s G (1 =)} ) (04 €).

Since there exists [ > 0 such that 2min{d,, M, , on, (1 — 9n, )} > 1,

(1 - 26(%_1_5)min{5nknnk,5nk (1- nnk)}) (d+¢€) < (1 - za(

Suppose we choose very small £ > 0, we have

(1—lé<di£))(d+£) <d,

which is contradiction. This implies that

€

d+£))(d+§).

lim |lu, — Fuy|| = lim |lv, —u,| =0.
n—oo n—oo
Next we prove that
lim ||u, — Gu,| = 0.
n— oo
Now we define
Upt1 — U Gv, —v
Zn =757 1 Yn =7
l[tn = o] l[tn = v
and
Up — V
Wy, =

[un =l
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Here ||w,|| = 1, and since
[Gvn —vl| = |[|Gvn — Foll
< o =l
”(1 — N )Un + P Ftt, — UH
= [[(1 = mn)un + 0 Fun — (1 = nn)v + n,0) ||
< (1 =m)[lun = vl + na | Fun — G|l
< (1_77n)||un_UH + Nt _UH
= |lup — vl
Therefore
lynll = 1Gvn — || lun =l _
P T =l = um =]~
n n

From the Ishikawa’s iteration, we obtain
Unt1 — U = (1 = 0p)(Upn, — ) + 0n(Gvy — v).
Dividing by ||u, — v||, we get

un+1—v:(1_5n)(un—w) 5n(Gvn—v).
l[un — vl [un — vl [un — vl

Then z, = (1 — 6,)wy, + 0pYn. Now we prove that ||z,|| — 1. Now

lim ||z, = lim Jtner = vl _d _ 1.

n—o0 n— 00 ||un — UH d
By Lemma 2.7, we get ||w, — y,|| — 0. This implies that ||u, — Gv,| — 0. We know
that ||up+1 — tn|| = [0n]||GUn — un||. Therefore ||up41 — wn| — 0.

Since F'(M) is contained in a compact set, then {Fu, } has a subsequence { Fuy, },
that converges to a point z € M. Also {u,, } and {un,+1} converge to z. Therefore,
U, — 2. Also v, — z.

Since d(un, My) — 0, there exist {a,} C My, such that ||u, — ay| — 0. Therefore,
ap, — %, which gives that z € Mj.

Let D = dist(M,N) and choose w € Ny such that ||z — w|| = D.

So we have ||up, —w| — ||z —w|| = D, and ||u,, —w|| > ||Fun, — Gw|| = ||z — Gw|.
So ||z — Gw|| = D. By strict convexity of the norm, Gw = w.

And also ||v,, — w|| = ||z — w|| = D, and ||v,, — w|| > ||Gu,, — Fw| — ||z — Fw||.
So ||z — Fw|| = D. Again by strict convexity of the norm, Fw = w.

And we have |Gz — Fw|| < ||z — w|| = D, then |Gz — Fw|| = D. By strict convexity
of the norm, we obtain Gz = z.

And also |Fz — Guw|| < ||z — w|| = D, then ||[Fz — Gw|| = D. By strict convexity of
the norm, we obtain Fz = z. Therefore, Gz = Fz = z, theorem follows. O

Corollary 3.1. Let M and N be nonempty bounded closed convex subsets of a uni-
formly convex Banach space and suppose F,G: M UN — M UN satisfy

(1) GIM)C M,G(N)C N,F(M)C M and F(N) C N; and

(2) ||Fu— Gv|| < |lu—| forue M,v € N.

(3) |Fu—Gv| < ||lu—| foru e N,v e M.
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Let ug € My, and define
Upt1 = (1= 0p)u, + 5nG((1 — N ) Up + 77nFun)7 Ons M € (6,1 —€),
where € € (0,1/2) and n=0,1,2, ..., then

lim ||u, — Gu,l| =0 and lim |u, — Fu,| = 0.
n—00 n—oo

Moreover, if F(M) lies in a compact set, then {u,} and {v,} converges to a common
fized point of G and F.

Corollary 3.2. Let M and N be nonempty bounded closed convex subsets of a Hilbert
Space and Let G, F be as in Theorem 3.1. Let ug € My, and define

Upi1 = P”((l — Op)Up + §nGvn),

where Un = (1_nn)un+nnFun7 57177777, S (67 1—6)7 where € € (07 1/2) andn = 0, 172, ceey
then

lim |lu, — Gu,|| =0 and lim |u, — Fu,| = 0.

n— 00 n—00

Moreover, if F(M) lies in a compact set, then {u,} and {v,} converges to a common
fixed point of G and F.

Proof. One can note that P™ ((1 —Op)Un, +§nGvn) = (1—6,)upn +9,Gv,, by Corollary
3.1, the result follows. O

We illustrate the above theorem through the following example.

Example 3.1. Let (R2,|.||) with ||(u1,u2) — (v1,v2)| = /(u1 —v1)2 + (uz — v2)2.
Let M = {(0,u) € R? : w € [0,1]} and N = {(1,u) € R? : u € [2,3]}, then
dist(M,N) = \f And we define a pair of mappings F;G : M UN — M UN by

F(0,u) = (0,1), F(1,u) = (1,u) and G(0,u) = (0,u), G(1,u) = (1,2).
For( u) € M, (1,v) € N, we have

1G(0,u) = F(1,v)[| = [[(0,u) — (1, v)].
For (0,u) € M, (1,v) € N, we have
IF(0.u) = G(Lo)| = [1(0,1) = (L,2)] = V2 < [[(0,u) = (1,0)]]-

Clearly, the set {(0,1),(1,2)} is common fixed points of F' and G. Fix

3 3
5n = 17 Nn = 17 vn.

Let (0,ug) € M, then the Ishikawa iteration becomes

0,v,) = (1 - %)(O,Un) + %F(O,un)

= —(0,up) + Z(O, 1)

- (0%)+ ()
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and
0,unt1) = (1 )0 Un) + G(O )
= 1(0 up) + G( un2—3)

(08) 3o et
05+ (o 220

- 5

Using Matlab coding, we give the following table to show that the iteration {(0, w,+1)}
and {(0,v,,)}, converge to a common fixed point of F,G for a initial point

(0,u0) = (0,0.2) € M.

n (0, un+1) (0,vn)

22 (0,0.999999989893349) (0,0.999999999999954 )

23 (0,0.999999995578340) (0,0.999999999999989)

24 (0,0.999999998065524) (0,0.999999999999997)
( )
( )

25 0,0.999999999153667 (0,0.999999999999999)
26 0,0.999999999629729 (0,1.000000000000000)

41 (0,0.999999999999998)
42 (0,0.999999999999999)
43 | (0,1.000000000000000)

As a next main result, we want to approximate common best proximity pair using
the Theorem 3.1.

Definition 3.2. [12] Let (M, N) be a nonempty pair of subsets of a metric space
(X,d) and F: MUN — M UN be a noncyclic mapping. A point (p,q) € M x N is
said to be a best proximity pair for the noncyclic mapping F' if

p=Fp, q=Fq, d(pq)=dist(A, B).

Definition 3.3. [12] Let F' and G be two noncyclic mappings defined on M U N,
where (M, N) is a nonempty pair in a normed linear space X. A point (p,q) € M x N
is called a common best proximity pair for the noncyclic pair (F, Q) if (p,q) is a best
proximity pair for both F' and G, that is, p and ¢ are two common fixed points of the
mappings F' and G in M and N respectively, such that ||p — ¢|| = dist(A, B).

Lemma 3.4. [11] Let (M, N) be a nonempty, bounded, closed and convexr pair in a
reflexive and strictly convex Banach space X. Define P : My U Ny — My U Ny as

. PMO(QT) Zf S ]\7()7
Ple) = {PNO (x) if x € M. (3.1)

Then the following statements hold.
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(1) ||l — Pz|| = dist(M,N) for any v € MoUNy and P(My) C Ny, P(Ng) C M.
(2) P is an isometry, that is, |Px — Py|| = ||x — y|| for all (z,y) € My x Ny.
(3) P is affine.
Definition 3.5. [16] If My # 0 then the pair (M, N) is said to have P-property if
for any uq,us € My and v1, v € Ny

100 ) 1)

d(ug,ve) = dist(M,N)

Lemma 3.6. [1] Every, nonempty, bounded, closed and convex pair in a uniformly
convex Banach space X has the P-property.

Lemma 3.7. [12] Let (M, N) be a nonempty, closed and convex pair in a uniformly
convexr Banach space X. Then for the projection mapping P : My U No — My U Ny
defined in (3.1) we have both P|y, and P|n, are continuous.

Here we prove the convergence result:
Theorem 3.8. Let M and N be nonempty bounded closed conver subsets of a uni-

formly convexr Banach space and suppose F,G : M UN — M UN satisfy

(1) G(M)C M,G(N) C N,F(M)CM and F(N) C N;
(2) |Fu—Go| < ||lu—n| forue M,v € N; and
(3) |Fu—Gv| < ||lu—v| forue N,ve M,

with a nonempty common fixed point set. Let ug € M, and define
Un+1 = (1 - (Sn)un +6,Guy, vy = (1 - nn)un + Ny, 57“77” S (67 1- 6),

where € € (0,1/2) and n = 0,1,2,... and wp41 = Pupy1, where P is the projection
mapping defined in (3.1). Assume d(un, M) — 0. Suppose F(M) lies in a compact
set, then the sequence {(un,wy)} € M x N converges to a best proximity pair of the
mappings G and F.

Proof. Let x € My. Then we have
|Fz — GPx| < ||z — Pz|| = dist(M, N).

Therefore, ||Fx — GPz| = dist(M,N) = ||[Fx — PFz|. By Lemma 3.6, we get
GPzr = PFx. In the same way, we can prove FPx = PGz. Also by Theorem 3.1,
the Ishikawa’s iteration {u,} converges to a common fixed point z € My of G and F.
From Lemma 3.7, we know that P|y, is continuous. Then w, = Pu,, — Pz := 2’
Clearly ||z — 2'|| = dist(M, N). So we can obtain

F? =FPz=PGz=Pz="7.

Also,
G7 =GPz =PFz=Pz=7.
So the result follows. O
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4. APPROXIMATING COMMON FIXED POINT USING VON NEUMANN SEQUENCES

In the next result, we provide a stronger version to approximate the common fixed
point via von Neumann sequences.

Theorem 4.1. Let M and N be nonempty bounded closed convex subsets of a Hilbert
space and suppose F,G : M UN — M U N satisfy

(1) G(M) C M,G(N) C N,F(M)C M and F(N) C N;
(2) |Fu—Gv| < ||lu—n| forue M,v € N; and
(3) |F'u— G| < ||lu—n| forue N,ve M.

with nonempty common fized point set. Let ug € M, and define
Un+1 = Pn((l - 5n)un + 57LGUTL)7 Up = (1 - nn)un + nnFuna 6n7”7n € (6, 1- 5)7
where € € (0,1/2) and n = 1,2, ..., then
lim ||, — Fuy,| = 0.
n—oo
Moreover, if F(M) lies in a compact set and ||up, — Guy|| — 0, then {u,} and {v,}
converges to a common fixed point of G and F.

Proof. If dist(M,N) =0, then My =Nyg=MNN and F,G: MNN - MNN is a
pair of nonexpansive with

Upt1 = P”((l — Op)Up + §nG((1 — N U, + nnFun))
= (1= 6n)un + 6,G((1 = np)uy + mnFuy),

the usual Ishikawa’s iteration. So let us take that dist(M,N) > 0. For a common
fixed point v € N of F and G. Now,

luner —v|| = ”Pn((l — Op)Up + 5nG((1 — N U + nnFun)) il

< (1= én)un + 5nG((1 — N )Un + nnFun) — vl
= (1 = 0p)un 4+ 3,G((1 — ) tn + npFun) — ((1 = 6n)v + 6,0) ||
< (1= dn)llun = vl + 6 lIG((X = na)un + 1 Fuy) — Fol|
< (1 =6n)llun — [l + 0nll(L = nn)un + muFup — 0|
= (1=dn)llun — v
+6n (1 = 1) un + nnFun — ((1 — M)V + nnv) I
< (1 =d)llun — 2| + 5n((1 = M) [t — vl + 0| Fup, — GUH)
< lun — ol

This implies that the sequence {||u,, — v||} is nonincreasing. Then we can find d > 0
such that

lim ||u, —v| =d.
n—oo
Suppose there exists a subsequence {uy, } of {u,} and an € > 0 such that

|ton,, — Fup, || > € > 0 for all k.
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Since the modulus of convexity of § of X is continuous and increasing function we
choose ¢ > 0 as small that

(1- ca(d%{))(mg) <d

where ¢ > 0.
Now we choose k, such that ||u,, — v|| < d+ &. By using the proposition 2.6,
HU - Unk—H” = ||v - Pn((l - 5nk)unk + (;mcG((l - T]nk)unk + nnkFunk)) ||
< o= ((1 = bn)uny, + 0, G((1 = 1y )y, + 1y Fn,)) |
= [|(1 =dn,)v + O, v
—((1 — Opy, )Un, + 5nkG((1 — Ny )Un,, + nnkFunk))H

< (1 =0pn,)|lv— Unk” + 5nkHF'U - G((l = Ny ) Uny, + nnkFunk)H
< (1 =0p )(d+E) 4 dp, llv — ((1_77nk)unk +77nkFunk)H
= (1 =0p,)(d+&) + dny [[(1 =10y ) (v = Uny) + My (v — Fun, )|
S (U= 0,)(d+8) 0 (1= 20 (g Jmin{mn, 1 =m0} ) (@ +6)

(1= b + 6, — 200,6( o f)mln{nnk, L=, })(@+€)
= (1—26(d g)min{anknmnka—nnk>})<d+s>.
Since there exists I > 0 such that 2min{8,, 0, dn, (1 — 70, )} > 1,
(1 - 25(d g)min{énknnk,énk(l - w}) (d+¢€) < (1 - 15(

Suppose we choose very small £ > 0, we have

(1—lé(d+£>)(d+§) <d

which is contradiction. This implies that

d+§>)(d+£)'

lim ||u, — Fuy|| = lim |lv, — u,| = 0.
n— oo n—roo
Since ||uy, — Gu,|| — 0, and we know that
[tuns1 —unl = ||Pn((1 — O ), + 5nGvn) — up| < 6nl|Gvyn — unll,

we obtain ||up41 — un|| — 0.

Since F'(M) is contained in a compact set, then {Fu,} has a subsequence {Fuy, }
that converges to a point vg € M. Also {un, }, {vn, }, {Gvn,} and {u,, 11} converge
to vy, which implies that u,, — vg. Also we have v,, — vy as n — oco.

Now, ||Fun, — G(Pn(v0))|| < ||tn, — Pn(vo)|| which implies that

[[vo = G(P (vo))l < [lvo — P (vo)l|-

Hence G(Pn(vo)) = Pn(vo).
Similarly, |Gy, — F(Pn(v0))]l < ||vn, — Pn(vo)|| which implies that

[vo — F(Pn (o))l < [[vo — Pn(vo)ll-
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Hence F(Pn(vg)) = Pn(vp). Also,
IG(P(vo)) = P (vo)|l = [|G(P(vo)) = F(Px (o))l < [[P(vo) = P (vo)ll-
So G(P(vg)) = P(vg). And also,
[E(P(vo)) — P (vo)|l = [[F(P(v0)) = G(P(vo))|| < [[P(vo) = Pn(vo)ll-
So F(P(vg)) = P(vg). Now,
|G PN (P(vo)) = P(wo)|| = |GPNn(P(vo)) = F(P(vo))|| < [[Pn(P(v0)) = P(vo)-
Thus GPx(P(vg)) = Pn(P(vp)).
For any n, we have F(P"(vy)) = P™(vo) and GPn(P™(vg)) = Pn(P™(v0)).
Similarly,
[EPn (P(vo)) = P(vo)|| = [[FPn(P(vo)) = G(P(vo))|| < [[Pn(P(v0)) = P(vo)-
Thus F Py (P(vg)) = Pn(P(vo)).
For any n, we have
G(P"(vo)) = P™(vg) and FPn(P™(vg)) = Pn(P™(v)).

By Theorem 2.10, for each u € M the sequence { P"(u)} converges to some r(u) € M.
Now,

IG(r(v0)) = Pr(r(vo)ll < lim ||G(r(vo)) — Pr(P"(vo))]
= nh_}rr;@HG(r(vg)) — F(Pn(P"(vo)))ll
< lim [|r(vo) — Pn (P (vo))l|
= |[[r(vo) = Pn(r(vo))l.-

So

1G(r(vo)) = Pn(r(vo))ll < [|r(vo) — Pn(r(v ))II
Therefore G(r(vg)) = r(vg) and similarly, we get GPy(r(vo)) =
In the same way, we prove that F(r(vg)) = r(vg) and F Py (r(v ))
Now we define g, : M = R by g, (u) = ||P™(u) — r(u)].

Since ||r(u) — r(v)|| = lim, 00 || P™ (1) — P™(v)]| < ||lu — v]|, then we conclude that u
is continuous. Therefore g,(u) is continuous and converges pointwise to zero. Since
r(u) € My, by Lemma 2.15, we obtain ¢,+1 < g,,. Therefore g,, converges uniformly
on the compact set

F ={(1 = bn, )tun,, + 00, Gun, } U {vo}.
Therefore

lim ”Pnk(<1 - 5nk)unk + 5nkank) - ’I“((l - 6nk)unk + 6nkank)|| =0.

k—o0
Since 7((1 — 0n,, )tn, + On, Gn, ) — r(v0), We get up,+1 — 7(vo), which gives that
r(vo) = vg. Therefore Gvg = G(r(vg)) = r(vg) = vo and Fug = F(r(vg)) = r(vg) = vy,
which completes the proof. O

Suppose X is a Hilbert space and let M and N be nonempty bounded closed convex
subsets of X and suppose F,G : M UN — M U N satisfy
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(1) G(M) C N,G(N) C M, F(M) C N and F(N) C M;

(2) |F'u— G| < ||lu—v| for u € M,v € N; and

(3) |Fu—Gv| < |lu—v| for u e N,v e M.
Consider PyyG : M — M,PyF : N — N,PyvG : N — N and Py F : M — M. From
the Proposition 2.14, |PyF(u) — PNG()|| < |ju — || for v € M and v € N and
|1PnF(u) — PyG(0)]| < |Ju— o] for w € N and v € M, by Theorem 4.1, we give the
following results on convergence of best proximity points.

Corollary 4.1. Let M and N be nonempty bounded closed convex subsets of a Hilbert
space and suppose F,G : M UN — M UN satisfy

(1) GAIM) C N,G(N) C M,F(M)C N and F(N) C M;

(2) ||Fu— Gv|| < |lu—| forue M,v € N; and

(3) |Fu—Gv| < ||lu—v| forue N,ve M.
If F(M) is mapped into a compact subset of N, then for any ug € My the sequence
defined by

Up41 = (1 - 6n)un + 5nPM (G((l - nn)un + WnPMFun))

converges to u in My such that ||u — Gu|| = |ju — Ful| = dist(M, N).
Corollary 4.2. Let M and N be nonempty bounded closed convex subsets of a Hilbert
space and suppose F,G : M UN — M U N satisfy

(1) GAIM) C N,G(N)C M,F(M)C N and F(N) C M;

(2) [[Fu— Go|| < ||u—v]| forue M,v € N; and

(3) [|[Fu— Go| < ||lu—v| forue N,ve M.
If F(M) is mapped into a compact subset of N, then for any ug € M the sequence
defined by
converges to u in My such that |[u — Gul| = ||u — Fu| = dist(M, N), provided that
d(’u,n,Mo) — 0.
Corollary 4.3. Let M and N be nonempty bounded closed convex subsets of a Hilbert
space and suppose F,G : M UN — M U N satisfy

(1) G(M) C N,G(N) € M,F(M) C N and F(N) C M;

(2) [[Fu— Go|| < ||u—v]| forue M,v € N; and

(3) [|[Fu— Go| < ||u—| forue N,ve M.
If F(M) is mapped into a compact subset of N, then for any uy € My the sequence
defined by

Uns1 = P"((1 = 8n)un + 6, Prr (G((1 = )ty + nn PrrFuy)))

converges to u in My such that ||u — Gul|| = |u — Fu| = dist(M, N).
Proof. The result follows by Corollary 4.1. O

Corollary 4.4. Let M and N be nonempty bounded closed convex subsets of a Hilbert
space and suppose F,G : M UN — M U N satisfy

(1) G(M) C N,G(N) C M,F(M) C N and F(N) C M;
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(2) [[Fu— Go|| < ||u—v]| forue M,v € N; and
(3) |IF'u— G| < |lu—wv| forue N,ve M.

If F(M) is mapped into a compact subset of N and ||u, — PyyGuoy|| — 0, then for any
ug € M the sequence defined by

Upy1 = P"((l — 0p)Un + 6 Py (G((l — N U, + nnPMFun)))

converges to u in My such that |lu — Gu|| = ||u — Ful|| = dist(M, N).

Proof. The result follows by Theorem 4.1. O
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