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1. INTRODUCTION

Let T and S be two maps acting from a Banach space X into a Banach space Y and
A # 0. Surjectivity results for nonlinear operator equations of the form AT — S = f
play an important role in proving existence theorems for nonlinear differential and
integral equations (see [10, 14, 15, 17, 18, 19]).

In 1973, S. Fucik, J. Necas, J. Soucek and V. Soucek [11] presented various sur-
jectivity results for nonlinear operator equations AT'(x) — S(z) = f with T invertible
and a (K, L, a)-homeomorphism (i.e. the operator T': X — Y (not necessarily linear)
is said to be a (K, L, a)-homeomorphism if

(1) T is a homeomorphism of X onto Y,
(2) there exist real numbers K > 0, a > 0, L > 0 such that

Ll|z||* < |T()|| < K||z||® for each z € X).
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Also in [11] the authors assumed that T and S are two odd maps, S is completely
continuous and different types of homogeneity conditions were considered. Some
of their results have been extended by F. Pacella [20] to bounded weakly closed
operators using topological degree when X and Y are two reflexive Banach spaces
and Y is separable with strictly convex dual Y’. In 1999, W. Feng and J.R.L. Webb
[10] established some surjectivity results for AT — S under weaker conditions (without
oddness conditions) using the notion of the measure of noncompactness.

In this paper we discuss surjectivity results of the maps AT — S when T and S are
two weakly sequentially continuous maps. We remove the oddness assumption on 7'
and S (required in [11]). The proofs of surjectivity theorems in [11] are based on the
Leray-Schauder degree (for completely continuous operators); as a result we cannot
proceed as in [11]. We define new quantities [f]¥ and [f]% (f : X — Y) and obtain
some surjectivity results of Fucik, Necas, Sou¢ek and Soucek type.

This paper is organized as follows. In the first section we introduce new operator
quantities [f]¥ and [f]Y, where f is a map acting between X and Y and we present
properties that will be needed later. In Section 3, motivated partly by [10], we pro-
vide a surjectivity theorem for AT'— S in Banach spaces (see Theorem 3.1) where we
assume hypothesis on T and S, formulated in the weak topology setting, Theorem 3.1
generalizes Theorem 1.2 and Corollary 1.1 in Chapter II of [11]. Moreover, Theorem
3.1 is the analogue of Theorem 3.1 of [10] in the weak topology setting. As a conse-
quence of our theorem (Theorem 3.1) we obtain surjectivity results similar to those
in [11] in the weak topology setting (see Theorems 3.2 and 3.4). Also, using Theorem
3.1, we establish surjectivity theorems for weakly sequentially continuous maps, and
these results are similar to those obtained in [20] for bounded weakly closed maps
where the assumption that Y is a separable reflexive space with strictly convex dual
Y’ is removed. Note that in our results we do not assume that T is a (K, L,a)-
homeomorphism. Finally using Theorem 3.1 we establish an existence principle for
generalized Hammerstein type integral equations.

2. PRELIMINARIES

Throughout this paper, X and Y are two Banach spaces (over a scalar field K).
As usual — will denote weak convergence while — will denote norm convergence. In
[2] the authors used the upper and lower measure of noncompactness defined for a
continuous map G between X and Y'; recall these are

a(G(9))

Gl = sup{ e

: 2 C X bounded, a(£2) > 0} ,
a(G(92)
a()
where a(Q) denotes the Kuratowski measure of noncompactness of a subset Q of X

(defined as the infimum of real numbers € > 0 such that © admits a finite covering by
sets of diameter less than e (see [8])). The quasi-norm (see [13], page 53) is defined

[Gla = inf{ : 2 C X bounded, o(2) > 0} ,



NONLINEAR WEAKLY SEQUENTIALLY CONTINUOUS OPERATORS 483

[G]g = limsup IG@I _ ||G($)H

= 111 S
lell—oo 12l P>0 121>, |7

For a comprehensive list of properties of [G]4, [G], and [G]g we refer the reader to

[2].

In order to define the new quantities [f]% and [f]¥, we need a measure of weak
noncompactness on X. Let 9B the collection of all bounded sets of X. In addition,
let B:(X) denote the closed ball in X centered at Ox with radius e. The De Blasi

measure of weak noncompactness (see [7]) is the map 8 : B — R, defined by
B(2) = inf{e > 0 : there exists a weakly compact set D such that Q@ C D + B.(X)}.

Proposition 2.1. [7] The De Blasi measure B : B — R satisfies the following
properties:

(1) B(Q) =0 if and only if Q¥ is weakly compact (regularity),
(2) B(uQ) = |u|B(Q) for all p € R and B(1 + Q) < B(21) + B(Q2) (seminorm),
(3) If Q1 C Qq, then B(1) < B(21) (monotonicity),
(4) B(Q1 UQ2) = max{B(), B(Q2)} (semi-additivity),
(5) B() = B(Q™).

Note that the De Blasi measure is the first important example for the measure of
weak noncompactness. For more properties on measures of weak noncompactness, we
refer the reader to [1, 5, 4].

We are now ready to define [f]% and [f]%. Let f : X — Y be a map (not necessary

continuous). We define [f] and [f]¥ as:

[f14 = sup{ﬁ(ﬁf((gg))) : Q C X bounded, B(2) > O} ,

and

[f]y = inf{ﬂg((gﬂ))) : Q C X bounded, 3(02) > 0} .

The quasi-norm of f is

@)
=1 .
o = fimsup Zry

Definition 2.1. Let f: X — Y be a mapping. Then:

(a) f is called weakly sequentially continuous if (z,) C X with x,, — x implies
(b) f is called weakly compact if for any nonempty and bounded subset 2 of X,
the set f(Q) is relatively weakly compact.

Definition 2.2. Let § be the De Blasi measure of weak noncompactness. An operator
f: X — Y is said to be S-condensing if 5(f(€2)) < 5(£2) for all bounded sets ! C X
with 5(2) # 0.
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Remark 2.1. (See the proof of Theorem 1 in [3]) Consider a Banach space X and a
weakly compact D C X. Then every sequentially weakly continuous map f: D — X
is weakly continuous. This is an immediately consequence of the Eberlein-Smulian’s
theorem.

We give some properties of [f]% that will be used later.

Proposition 2.2. Let f: X - Y and g: Y — X be two maps. Then:
(a) [f]a < [F14-
(b) [AfIA = [A[f]4, VA € K.
(c) If for every Q C X bounded, B(f(Q)) =0= () =0, then

lg o fT4 < [9]4[f]4-

(d) [f14 =0 if and only if f is weakly compact.
(e) If f is weakly sequentially continuous, f is bijective and f~ is weakly sequen-
tially continuous, then

[F=HE = ()~

Proof. (a) Is immediate.
(b) This follows from property (2) of Proposition 2.1.

()

Blge NHE) _ Blg e N Bf()

golli= s Tha) T LS @) A
00>B(f(€2))>0

Bla(N) o BUQ)
Soo>?31(111\37)>0 ﬂ(N) oo>,8(g)>0 ﬁ(Q)

= [gl4[f14-

d) If [f]4 = 0 then B(f(©2)) = 0 for any Q C X bounded, and by (1) in Proposition
2.1 f(Q) is weakly relatively compact and f is weakly compact.

If f is weakly compact then for every @ C X bounded, f(f2) is relatively weakly
compact so B(f(2)) =0 and [f]y = 0.

(e) Let © C X be bounded, f be bijective, f be weakly sequentially continuous and
f~! be weakly sequentially continuous. Then we claim B(f(Q2)) = 0 if and only if
B(Q) =0.

In fact, if B(f(2)) = 0 then f(Q) is weakly relatively compact, and since f~! is
weakly sequentially continuous, then f~1(f(£2)) is weakly relatively compact. Since
f is bijective, f=1(f(R2)) = Q is weakly relatively compact and so 3(Q2) = 0. Now,
if B(Q) = 0 then Q is weakly relatively compact. Since f is weakly sequentially
continuous from Remark 2.1 we have f : ) — Y is weakly continuous, so we have
that f(€) is weakly relatively compact, that is, 8(f(2)) = 0. Thus our claim is true.

Also note

[f—l]w B(f_ (Q))

= sup
AT ho)<oe B(Q)
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Let M = f~1(Q2) and then,

ons (e W)lzmwﬂ.

—1yw __ TN
[f7]4= sup 0<B(M)<co [B(M)) ‘

0<B(M)<oo B(f(M))
O

Remark 2.2. If f : X — Y is weakly sequentially continuous, f is bijective and
f~ 1 is weakly sequentially continuous, then f has the property : for every Q C X
bounded, B(f(Q2)) =0 < B(2) = 0, (see the proof of statement (e)). In particular f
satisfies the condition of statement (c) of Proposition 2.2.

Remark 2.3. If [f]% < 1 then f is S-condensing.

Theorem 2.1. (See [6] Theorem 3.2.) Let Q be a non-empty, convex closed set of a
Banach space X. Assume that f : Q — Q is a weakly sequentially continuous map
and condensing with respect to 8. In addition, suppose that f() is bounded. Then,
f has a fized point.

Lemma 2.1. Let T : X — Y bijective, S : Y — X and z9 € Y. Define the map:

Fon:Y =Y, ye ST (%) + 2.

Fiz X # 0. If F,, \ has a fized point for all zo € Y, then NXT' — S is onto
Proof. Let zg € Y. If F, (y) = y then ST~ (¥) + 2z = y. We write = T~ '(¥) and

since T is bijective, we have AT (x) = y, and then
AT (z) — S(x) = 2o,
so \XT'— S is onto. O

Definition 2.3. Let F': X — Y, Fy: X — Y and a > 0 a real number.

(a) Fp is said to be a-homogeneous if Fy(tx) = t*Fy(x) for every t > 0 and z € X.
(b) F is said to be a-quasihomogeneous relative to Fy if Fy is a-homogeneous and
if

tn \( 0,2, = z0, th F (?) — ¢ €Y = ¢ = Fy(xo).

n

(c) F is said to be a-strongly quasihomogeneous relative to Fy if

tn \ 0, uyp — ug = t%F <7;n> — Fo(’LL()) ey.

n

(d) F is said to be a-weakly quasihomogeneous relative to Fy if

Un

tn\,O,unéuoétﬁF(t > — Fy(ug) €Y.

n

Example 2.1. Let X =Y, e € X with |le] =1land 0 < o < 1. Let T,, : X — X be
defined by

To(x) = ||z[|"e.



486 AFIF BEN AMAR, HAJER GARBOUT AND DONAL O’REGAN

Then, T, is compact and [T,]o = lim sup % = lim sup % =0since 0 < a < 1.

l|lzl| =00 llzll—

Assume that there exist (un)neny € X with wu,, — ug, t, \( 0 such that
tn T ( ) >e > 0.

71

Un “”k

; — 00, (ng — 00), then we have

[ 17 G H
tnkToc ( . ) H T |uﬂk|| — 07

Then (

) is unbounded. If
neN

a contradiction.
Thus T, is a 1-strongly quasihomogeneous operator relative to T, = 0.

Example 2.2. The identity I in any Banach space X is 1-weakly quasihomogeneous
relative to I. In fact if ¢, \, 0, u,, = ug then t,1(4=) = u, — up = I(uo).

Definition 2.4. Let Q be a domain in R™ and X, Y be separable Banach spaces. A
function f : @ x X — Y is said to be a Carathéodory function if (i). for each fixed
x € X the map ¢ — f(¢,x) is Lebesgue measurable in Q, and (ii). for a.e. ¢ € Q the
map f(¢,.): X = Y is continuous.

Theorem 2.2. (See [16] Theorem 4.) Let Q be a bounded domain in R™ and X, Y be
separable Banach spaces. Let f : Q@ x X =Y be a Carathéodory function and consider
the Nemytskii operator Ny, generated by f, and defined by

Ny(y)(t) = f(t.y(t)) fory € L'(Q, X)
and suppose there exist a € LY(Q) and b > 0 with || f(t,z)|| < a(t) + b||z|| fort € Q
and x € X. If Y is reflexive then

Ny LYQ, X) — LY(Q,Y)

is weakly sequentially continuous.

3. SURJECTIVITY

Theorem 3.1. Let A € K and T : X — Y be a weakly sequentially continuous map
satisfying the following conditions:

(1) T is bijective and T is weakly sequentially continuous.
(2) There exist real numbers L >0, a > 0 and b > 0 such that
|T(x)|| > L||z||* — b for every z € X.

(3) Tis bounded (i.e. maps bounded sets into bounded sets).

Let S : X — Y be a bounded and weakly sequentially continuous map satisfying the
following condition :

S
a:= limsup I (332”
z€X,||z||—o00 [l

< 00.

Then, for || > max{%, 7 } AT — S : X =Y is surjective.
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Proof. To prove that AT — S is onto, it suffices to prove that F,, » defined in Lemma
2.1 has a fixed point for all zo € Y. Let zp € Y and M C Y be a bounded set with
B(M) # 0. Using Proposition 2.2(c) and Remark 2.2, one obtains

(P (01)) = (ST D) + (20 )

SN (A)

1 1 [S]w

Therefore, F,, is f-condensing.

Since T" and S are weakly sequentially continous then F, » is weakly sequentially
continuous. Now hypothesis (2) on T implies that there exist a >0, L > 0 and b > 0
such that

"
I~ W)l < (”y”L+ ) Vyey.

Then T71(Bgr(Y)) is bounded. Also since S is bounded, then ST’l(BRf(Y)) is
bounded and there exists a ¢ > 0 such that

[Feo @)l < ¢ Vy € Br(Y). (3.1)
Also, we have, [F,, z]o < 1. To see this first note

1Fzn @)l _ ISTH(R) + o

0

il Iyl
ISTCON =0l
lyl 1yl
If we write 2 = T7(¥), then T'(z) = ¥, and we have,

: S@)I
[Foon]lo = limsup
N @) —ee MIT (@)

. AS@)I
= limsup
wexXal—so AT (@)

< limsup —||S(x)||
T eX||zll—oo [A(L]2]|* —b)
(6%

<1
R
Now since [F, x]g < 1, there exist ¢ €][F., 1]g,1[ and R > 0 such that
2]l = R = [[[F 2 (2)]| < qllz]l. (3.2)

From (3.1) and (3.2), we have
[Fox@l < dllyll +¢ VyeY. (3.3)
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Let R’ > 0 and y € Br/(Y). From (3.3), we have ||F,, »(y)|| < gR’ + ¢. Choosing

c
1—gq
then F,, » : Br/(Y) = Br/(Y) (note gR' + ¢ < R’) is weakly sequentially continuous
and - condensing. Now Theorem 2.1 guarantees that F, ) has a fixed point y € Y
and from Lemma 2.1, AT — S is a mapping from X onto Y. U

R >

Remark 3.1. Note our theorem is the analogue of Theorem 3.1 of [10] in the weak
topology setting.

Definition 3.1. A mapping f : X — Y is said to be regularly surjective from X
onto Y if f(X) =Y and for any R > 0, there exists a r > 0 such that ||z||x < r for
all z € X with || f(z)|ly < R.

Example 3.1. Let T': X — X be defined by
T(x) = |x||z.

Then, T is regularly surjective. Note immediately that 7" is surjective. If we suppose
that there exist a M > 0 and a sequence (x,,)nen With

|zn|| = oo and | T(z,)|| < M for all n €N,

then this implies that ||lz,|| — oo and [Jz,|[* < M for all n € N. This is a contradic-
tion. Thus T is regularly surjective.

Lemma 3.1. Let X and Y be two Banach spaces and let T satisfy condition (2) of
Theorem 3.1. Suppose S : X — Y is a mapping such that

S
a:= limsup ” (952” < o0
zeX,||z||—o0 ||l’||
Then for |\ > ¢ we have
limsup ||AT(z) — S(z)|| = oo. (3.4)

zeX,||z||—oo

Proof. If (3.4) is false, then there exist a constant M > 0 and a sequence (x,) C X,
||| = oo such that

AT (zn) — S(2n)| < M,
for any positive integer n. Then
M (z,)  S(zp)

— —0
lzall® llzalle
and we have
T
i sup AT _
n—00 ||5L'nHa

Now since

1T (zn)ll = Lllza]* =,
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we have
MNT (zn Alb
|/\L<limsup<| L (xa)H—F A a) =a.
This is a contradiction since |A| > ¢. O

Theorem 3.2. Suppose that X is a reflexive Banach space, Y is a Banach space and
T, S satisfy the conditions in Theorem3.1. Then for || > ¢, NXT' — S is reqularly
surjective.

Proof. We have T~ is bounded. In fact, hypothesis (2) on 7" in Theorem 3.1 implies
that there exist a > 0, L > 0 and b > 0 such that

b\ @
irtmn < (2 vyer,

Since X is a reflexive Banach space then 7! is weakly compact. To see this note
for any bounded set M C Y, we have T~(M) is bounded and T-1(M) C X, so
T~Y(M) is relatively weakly compact and we have [T7!]% = 0. Now the argument
in Theorem 3.1 guarantees that AXT'— S is surjective for all |A\| > a/L. In addition,
this surjectivity is regular. If not there exists a M > 0 and a sequence (z,)neny C X,
|z || = oo such that

AT (zn) = S(@n)|| < M.

However from Lemma 3.1, we have limsup [AT(z)— S(z)|| = co. This is a con-
zeX,|z||—o0

tradiction. 0

Theorem 3.3. Let X be reflexive and let T satisfy the conditions of Theorem 3.1. If S
is a weakly sequentially continuous, bounded and a-weakly quasihomogeneous mapping
relative to Sy then

S
a:= limsup I (1’2”
zeX,|z||—oo [l

< 00,

and for |\ > ¢, X' — S is regularly surjective.
Proof. The second part of the assertion follows from the previous theorem (if we prove
the first part). It just remains for us to prove

S
limsup H (xC)L”
zeX,|z|| oo [Eal

Suppose the contrary. Then there is a sequence (zn)neny € X such that ||z,] — oo
5@l - for all n € N. For each n € N, let w, = £2:. Then (wy)nen is

[ENIR lznl

bounded and since X is reflexive, it follows that (w, ),en admits a subsequence weakly
convergent to a wy € X. Without loss of generality, we suppose that w, — wqy. Let
t, = ﬁ, n € N. Since S is a-weakly quasihomogeneous relative to Sy, it follows

that

and

S(e) _ SOl _ <w> — Sp(wo)

129
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S(zn)

[ENIE

so, the sequence ( ) . is bounded, which is a contradiction. O
ne

Theorem 3.4. Let X be a reflerive Banach space and let T, a, b and L be as in
Theorem 3.1. Let S : X — Y be a weakly sequentially continuous, bounded and b-
strongly quasihomogeneous map relative to Sy. Suppose that a > b. Then for A\ # 0,
AT — S is regularly surjective.

Proof. Since S is weakly sequentially continuous and A # 0, then from Theorem 3.3,
it suffices to prove that
IS@)l _

zeX,|x|—soo  ||z||®

If not, there is a sequence (rp)neny € X with ||z,| — oo and a € > 0 such that
I5@)I o for all sufficiently large n. For each n € N, let w,, = ey and t, = HTInH

[ENIR

Suppose as in the previous theorem that w, — wy € X. Since S is b-strongly
quasihomogeneous relative to Sy then

S(n) _ S(lnllwn)

= — S .
lanlt = Jzap ) S0040)
Now since a > b, we have ”j"”z — 0 and we obtain,
1Sl _ llzall® 15 (@n I
= —0
zall® loall® ol ’
a contradiction. O

Remark 3.2. Theorem 4.1, page 63 in [11] guarantees that AT — S is surjective
under the assumptions that T is an odd (K, L, a)-homeomorphism and S is an odd
completely continuous b-strongly quasihomogeneous operator with respect to Sy and
a > b. In the previous theorem, we impose other conditions (in the weak topology) on
T and S and we prove not only that AT'— S is surjective but also XT'— S is regularly
surjective.

Next we recall Theorem 1.1, page 56 in [11].

Theorem 3.5. Let X,Y be Banach spaces and let T : X — Y be an odd (K, L,a)-
homeomorphism and S : X — Y be an odd completely continuous map. Then for
each A # 0 if

lim ||AT(z) — S(x)| = oo, (3.5)

llzl|—o0

then XT — S maps X onto Y.

If we replace the conditions on T by the conditions in Theorem 3.1, and S is
a bounded weakly sequentially continuous map such that the map AT — S satisfies
condition (3.5), then the map AT — S might not be onto.

Example 3.2. Let X be a separable Hilbert space. Denote by {e, }nen an orthonor-
mal basis in X, and define L : X — X by

L(z) = Zaie,url for all x € X where z = Zaiei and «; = (z,€;).
i i
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It is easy to see that L is a linear bounded weakly continuous map such that
llz|| = |L(z)| for all z € X,

but L is not surjective. In fact, for y € X with (y,e1) # 0 we have y ¢ L(X) because
L(X) = {z € X suchthat (z,e;) = 0}. Take T = Ix the identity map. Then
T satisfies the conditions in Theorem 3.1. In fact, Ix is a bijective bounded weakly
sequentially continuous and we can choose a = 1. Let S = Ix — L and A = 1. Now §
is a linear bounded weakly continuous (so weakly sequentially continuous) operator
and
lim | Alx(z) = S(z)| = lim |z —(z - L(z))]|
= lim_[[L(z)]|
llzll—o0
= lim |z = cc.
llzll—o0
Thus T' = Ix satisfies the conditions in Theorem 3.1 and S is bounded weakly se-
quentially continuous map but Alx — S is not surjective.

In [20] the author showed if A # 0 and AT — S is regularly surjective then A is not
eigenvalue for the couple (T, S) when T, S are a-homogeneous weakly closed mapping
and X,Y are two reflexive Banach spaces with Y separable and Y is strictly convex.
In our next theorem we obtain a similar result to Theorem 2.4 in [20] when T and S
are weakly sequentially continuous and the condition that Y is a separable reflexive
space with Y strictly convex is removed.

Theorem 3.6. Let X be a reflexive Banach space and Y a Banach space. Suppose
T : X — Y satisfies the conditions in Theorem 3.1 and T is a-homogeneous. Assume
S : X =Y is a a-homogeneous bounded weakly sequentially continuous map. Then

we have
IS (@)l

llll*

(1) @ :=limsup

llzll—o0

(2) If A # 0 and AT — S is regularly surjective then X is not an eigenvalue for the
couple (T, S).

< oo and XT' — S is regularly surjective if A > F.

Recall that A is said to be an eigenvalue of the couple T, S if there is a xg # 0
such that AT (xg) — S(z¢) = 0.

Proof. Suppose the limsup in (1) is not finite. Then there exists a sequence (2, )neny C
X such that ||z,| — oo and Hfgffﬁ’a),” > n for all n € N. For each n € N, let
Wy, = m Then (wy)nen is bounded and since X is reflexive then (wy,)nen admits
a subsequence weakly convergent to wg. Without loss of generality, we suppose that
wy, — wo € X. Since S is weakly sequentially continuous, we have S(wy) — S(wo)
and then (S(wy,))nen is bounded. On the other hand, since S is a-homogeneous, then

ISl = HS (|Z||) - Il

[[nl|®
a contradiction since (S(wp))nen is bounded. Now Theorem 3.2 guarantees that
AT — S is regularly surjective if A > 7.

>n,
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To prove (2), we suppose that A is an eigenvalue for (7,5). Then there exists
zg € X, zo # 0 with MT'(z9) — S(zg) = 0. For each n € N, let y, = 1 and
wy, = 7% = nxo. Then lim [lw,| = oo and since T and S are both a-homogeneous

n n— oo
then
AT -8
AT (wy) — S(wy) = W =0 for all n €N,
5o ||AT(wy) — S(wy)|| < R for each R > 0 and all n € N, and this contradicts the
assumption that AT — S is regularly surjective. (]

4. APPLICATION

In this section we study a generalized Hammerstein type integral equation. Let X
be a separable Banach space and Y be a separable reflexive Banach space, D be a
bounded subset of R", n € R, A € R and E = L'(D, X).

Let G: E — E and H : E — E be defined by H(y) = [, k(t,s)f(s,y(s))ds.

Consider the nonlinear operator F': E — E given by

F(y)=G(y) + H(y) = G(y) + U/D k(t,s)f(s,y(s))ds.

We are concerned with the solvability of the following generalized Hammerstein type
integral equation:

My = F(y) = Gy) + H(y) = G(y) +1 /D Kt ) (s, y(s)ds, (A >1)  (4.1)

in E = LY(D, X). Suppose that G, f, and k satisfy the following conditions:

(1) G: E — FE is a weakly sequentially continuous, weakly compact map,
(2) f:D x X —Y is a Carathéodory’s function,
(3) There are a € L*(D) and b > 0 such that

It o)l < a(t) +bllzl,t € D,z € X,
(4) k: D x D — L(Y, X) (the space of bounded linear operators from Y into X)
is strongly measurable and the linear operator K, defined by

K(2)(t) = /D k(t, 5)2(s)ds,

maps L*(D,Y) into L*(D, X) continuously,
(5) The function s — k(t, s) is in L>°(D, L(Y, X)) for almost all t € D;
€@l and suppose |n|b|K| < 1 (here |K|| denotes the

[E]

(6) Set v = limsup
||| —o0

operator norm of K) and vy < 1.

Theorem 4.1. Assume that conditions (1) — (6) are satisfied. Then (4.1) has a
solution in E = L'(D, X).

Proof. First, we prove that H is a weakly sequentially continuous, S-condensing op-
erator. From assumptions (2) and (3) and Theorem 2.2 we see that the Nemytskii op-
erator, generated by f and defined by N (y)(¢) := f(t,y(t)),y € L'(D, X) is weakly
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sequentially continuous from L'(D, X) into L'(D,Y) and takes bounded sets into
bounded sets. From assumption (4), K is a linear operator and it is weakly contin-
uous so weakly sequentially continuous. Thus the operator H = nKN; is weakly
sequentially continuous. Using assumptions (2), (3), and (6) and arguing as in [9], we
have immediately that the operator H is S-condensing since |n|b||K|| < 1. Let y € E.
Then we have,

1@ = lln [ bt 955 p(s))as]
<ol [ 1] kitos) 1 Gop(s)aslae
<ol [ [ Wbt pGopto) s
< | 15 s)lasar

smmKwLna@n+wwwmw
< [l (lall + b),

SO
F G L
lim sup IE @)l < limsu IG @)l + lim sup L)
lyll—oo 1Y lyll—oo ¥l lvl—oo Nyl
K b
11 [ E T
llyll—o0 [yl

Take T =1, S = F, L =1, a =1 and o« =  in Theorem 3.1. Note G is a
weakly compact, weakly sequentially continuous operator and hence F' is a weakly
sequentially continuous and S-condensing operator, that is, [F|% < 1, and therefore

max{a, [F]4} < 1.

Now Theorem 3.1 guarantees that AI — F is surjective for |A| > max{«, [F]4}, so (4.1)
has at least a solution in E (note above we choose |A| > 1 so |A| > max{e, [F]4}). O
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