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Abstract. In this paper the Mann type iterative scheme with error term to approximate a common
fixed point of one-parameter asymptotically nonexpansive cosine family is investigated in Hilbert
spaces. By using the theory of cosine families, some strong convergence theorems of the sequences
generated by these schemes are established on closed convex subsets and compact convex subsets,
respectively. As special cases, strong convergence results for nonexpansive cosine families are also
obtained.
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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper we denote by N, N*, R and RT the sets of nonnegative
integers, positive integers, real numbers and nonnegative real numbers, respectively.
Let H be a real Hilbert space with the origin 6. Let D be a nonempty closed convex
subset of H with § € D. A operator T on D is called nonexpansive if ||Tax — Ty|| <
|l — y|| for all 2,y € D; and is called asymptotically nonexpansive if there exists
{A\n} C R* such that A\, — 0 as n — oo and

|1T"z — T™y|| < (14 )|z — yl|, for all z,y € D and n € NT.

The class of asymptotically nonexpansive operators was introduced by Goebel and
Kirk in [10] as an important generalization of the class of nonexpansive operators. It is
well known that the set of fixed points of an asymptotically nonexpansive operator on
a nonempty closed convex bounded subset is nonempty (see [10]). For approximating
the fixed points of nonexpansive or asymptotically nonexpansive operators, iterative
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techniques have been studied by a number of authors and many meaningful results
were obtained (for example, see [3, 4, 18, 19, 20, 26, 30, 6, 28, 8, 1, 31, 32]). Huang [11]
generalized the classical Mann scheme to the one with errors for an asymptotically
nonexpansive operator T and studied the following explicit iterative scheme:

x1 € D arbitrary chosen,
Tpy1 = (1 — )ty + anT 2y 4 up, n € NT,

where {a,,} is a real sequence in the interval [0,1] and {u,} is an error sequence
in D. Fukhar-ud-din and Khan [9] introduced and studied the following implicit
iterative scheme with errors for N asymptotically quasi-nonexpansive operators
{TlaTla e 7TN}:

xo € D arbitrary chosen,
Tpn = QpTp—1 + Bnﬂkxn + YnUn; (11)
kneNt, n=(k—1)N+i, i € {1,2,--- N},

where {u,} is an error sequence in D, {ay,}, {Bn} and {y,} are real sequences in the
interval [0, 1] such that a,, + 8, +7, = 1. Chang et al. [5] introduced and studied the
implicit iteration process with error for a finite family of asymptotically nonexpansive
mappings and some extend results were presented. Recently, by modifying Mann’s
algorithm, some iterative methods have been continuously proposed and analyzed
to solve the variational inequality, the equilibrium problem and the minimization
problem, for instance, see Cianciaruso et al. [7], Kamraksa and Wangkeere [14],
Hussain et al. [13, 12].

Recall that the problem of approximating common fixed points of the one- param-
eter semigroups {T'(t) : ¢ € Rt} arose from the behavior study of solutions of the
first-order differential inclusion. In the past few decades, weak and strong convergence
problems concerning the semigroups have been extensively studied (for instance, see
[17, 22, 2,7, 14, 15] and the references therein). It is akin to one-parameter semigroup,
Xiao et al [29] considered the problems of approximating common fixed points of the
one-parameter nonexpansive cosine family {C(¢) : ¢t € R}, which is directly linked to
solutions of the abstract second-order differential inclusions.

The main aim of this paper is to continue the study in this direction and con-
sider iterative techniques for the asymptotically nonexpansive cosine family in Hilbert
spaces. Motivated by Reich [18], Fukhar-ud-din and Khan [9], Suzuki [23], Kamraksa
and Wangkeere [14], we suggest and analyze the following Mann type iterative scheme
with error term, which is an implicit iteration modified by (1.1) and defined by

(I1S) g € D chosen arbitrarily,
Ty = (1 — ap — bn)xn—l + anc(tn)mn + bpp, n € N+,

where {u, } is a sequence in D, {a,}, {b,} and {t, } are sequences in R™ such that a,+
b, < 1. By using the theory of cosine families, we establish some strong convergence
theorems of the sequences generated by (IIS) on closed convex subsets and compact
convex subsets, respectively. As special cases, we obtain strong convergence results
for nonexpansive cosine families.
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The following definitions and results will be needed in the sequel. Let {C(¢t) : t € R}

be a family of operators on D. By f; C(t)dt we denote the Bochner integral f; C(t)xdt
for all x € D in the compact interval [a, b].

Definition 1.1. ([29]) A one-parameter family {C(¢) : t € R} of operators on D is
said to be a strongly continuous cosine family if the following conditions are satisfied:
(C-1) C(0)x ==, forallxeDandC( )0 =0 for all t € R;

(C-2) Ct+r)+C(t—r)=2Ct)C(r), for all t,r € R;

) t+r
(C3)Ct+r)—C(t—r) / dT/ A)dA, for all ¢, € R;
t
4)

(C-4) {C(t)} is strongly contimmous on D, i.e., for each © € D, the operator C(-)z
from R into D is continuous.

If {C(t) : t € R} is a cosine family, then {S(¢) : t € R} is the associated sine family
defined by

S(t) = /Ot C(r)dr, t € R.

A cosine family {C(t) : t € R} is said to have a common fixed point if there exists
p € D such that C(t)p p for all t € R. The common fixed point set of {C(¢) : t € R}

is denoted by F(C), i
C) = F(Cw)

teR
From (C-1) we see that F'(C) # .

Definition 1.2. A cosine family {C(t) : t € R} is said to be L-Lipschitzian if there
exists a constant L > 0 such that

|C(t)x — C(#)y|| < L|jx —yl|, for all z,y € D and t € RT.

If L =1, then {C(¢) : t € R} is said to be nonexpansive. A cosine family {C(¢t) : t € R}
is said to be locally asymptotically nonexpansive on [0,~] (where v > 0) if there exists

a bounded measurable function A : [0,v] — [0, +00) such that limsup A(t) = 0 and
t—0+

1C(H)z = CO)yll < [1+AD]]lz -y

for all z,y € D and t € [0,7] (cf. [17, 21, 27]).
It is clear that a locally asymptotically nonexpansive cosine family is locally L-
Lipschitzian, where L = L(vy) =14 sup A(t).
t€[0,7]
Lemma 1.1. ([29]) Let {C(t) : t € R} be a cosine family on D. Then the following
assertions are true.
(1) For each x € D, the operator S(-)x from R into D is continuous.

(2) C(t) = C(=t), S(t) = =S(—t), for all t € R.

3) S(t+r)+S{t—r)=251)C(r), for all t,r € R.
4)Cit)—C(r)= :|:25<t+r)S(T),far@llt,re]&
(5) C(t),C(r),S(t) and S(r) are commutative, for all t,r € R.
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Lemma 1.2. ([16]) Let H be a real Hilbert space, x,y € H and a € [0,1]. Then
11 = )z + ayl* = (1 = a)2]* + allyl* — a(1 = a) = — y]|*.
Using Lemma 1.2, we can prove the the following identity.

Lemma 1.3. Let H be a real Hilbert space, x,y,z € H, a,b,c € [0, 1] with a+b+c = 1.
Then

lax + by + cz||* = all=[|* + blly[|* + cll2l* — abllz — y[|* — belly — 2I|* — callz — ]*.

Lemma 1.4. ([29]) Let {t,} C Rt be a sequence such that
liminft, =0 and 0 < limsupt, < +oo.

n—oo n—00

Let g : RT — R™ be a function such that lim g(t,) = 0. Suppose that either
n—oo

h,?lfgf(fnﬂ —tn) =0 or linniigf(tn —tnt1) = 0.

Then for each i € N there exists a subsequence {ny} of {n} such that

n
lim t,, =0and lim 9 k? =0.

k—o0 k—oo (tn,)

Lemma 1.5. ([25]) Let {rp}, {sn}, {tin} be three nonnegative real sequences satisfying

o0 o0
Poi1 < (14 )7y + 8n, for alln € NT; Z Sp < +00, Z,un < 4o00.

n=1 n=1

Then lim r, exists.
n—oo

2. PROPERTIES CONCERNING LIPSCHITZIAN COSINE FAMILY

Lemma 2.1. Let D be a nonempty closed convex subset of a Hilbert space H. Let
{C(t)} be a strongly continuous cosine family of operators on D. If {C(t) : t € R} is
L-Lipschitzian, then ||S(t)z|| < Lit|||z|| and

|S(kt)z|| < kmax{L,1}||S(t)z||, for all t € R,k € Nt and x € D. (2.1)
Proof. Assume that L > 1, without loss of generality. For ¢ > 0 we have

[S@)zll = ‘/O[C(T)wC(T)(?]dT S/O 1C(7)z — C(7)0]|dr

IN

t
/0 L||z|dr = Lt||z||.

Since S(—t) = —S(t) and S(0) = 0, we have ||S(t)z| < L|t|||z| for t € R.
The inequality (2.1) is obvious for k = 1. For s,t € R, from Lemma 1.1 (2) (3) (5)
we have

S(2t) = 25(H)C(t) (2.2)

S@)—SW)zQC(t;T>S(t;T>. (2.3)

and
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Thus, using (2.2) and (C-1) we have
1Szl = 2(C@#)S(H)x — CHO| < 2L|[S(t)=], (2.4)

which shows that (2.1) holds for k = 2. Let k € N* and k£ > 2. Using (2.3) and (C-1)
we have

1S (kt)x — S[(k — 2)t]|| 2[Cl(k = D)HS(t)z — Cl(k — 1)t]o|

2L||S(t)z]. (2.5)

IN

Since ||S(vt)z|| < vL||S(t)x| for v =1 or v = 2, using (2.5) we have

ISRzl < [[S(kt)z — S(yt)z| + 1S (yt)x||

k—vy

< SOzl + D ISI(k +2 — 2i)t)x — S[(k — 20)t]|

=1

k—~
YLIS@)zl + ——2L[|S(#)z]| = kL||S(t)]],

IN

which is the desired inequality. O
Inspired by the methods of Suzuki in [22, 23, 24] and Zhu et al in [33], we give the
following assertion.

Lemma 2.2. Let D be a nonempty closed convex subset of a Hilbert space H and
{C(t)} a strongly continuous cosine family of L-Lipschitzian operators on D and
Lo = max{L,1}. Let {z,} be a sequence in D, and {t,} be a real sequence satisfying
0<t, <t foralln € N*. Then
(1) the following inequality holds

Lot?
o = COall < 5 llzn = Cltn)eall +2Lot_sup [5(5) @
tn 0<r<ty 2

(2) lim sup |[|S(5)an|| =0 if {zn} is bounded and lim t, = 0.

n—oo 0<r<tn n—oo

Proof. For eacht € R and x € D,

t
I / lzdr = [HL]]. (2.6)

15 ()]l /0 [C(r)x — C(7)f)dr S/O 1C(r)z — C()0]|dr

IN

For each x € D and r € R, from (C-1) and Lemma 1.1 (4) we have

C(r)x —x=C(r)z — C(0)x = £25 (g) S (g) x. (2.7)
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(1) For a real number ¢ > 0, we denote by [t] the maximum integer not exceeding
t. Setting [;~] = m,, and using (2.6), (2.7) and Lemmas 1.1 and 2.1 we have

my—1
”51771 - C’(t)an < Z Hc(ktn)xn - O((k + 1)tn)xn” + ”C(mntn)xn - C(t)an
k=0
my—1
5 (2k + 1)ty tn
< ~ " n
< > 2 HS < 5 S5 )on
k=0
Mmpty, +1 Mmpty, — 1t
(s ()
e ! t '
< Lo Y 22k+1)||S (2> S <2> Ty,
k=0
r
+2L0t S(=) =z,
ot s |5 (3)
_ 2 In tn ’ r
= 2Lym; ||S < 3 S 5 T, —|—2L0t0§sl1£t" S (2) Tn
2Lot? tn tn r
< n —
< 2 S<2>S<2>xn +2L0t0§:1£thS<2>xn
Lot

= B~ cttm + 200t swp |5 (5) .

2
[ 0<r<ty

(2) Since {x,} is bounded, there exists p > 0 such that ||z,| < p for all n € NT.
Thus, using (2.6) we have

r rL Lpt
lim sup ‘S (7) ol < lim sup —||z,] < lim Pn _ .
n— oo 0<r<tn, 2 n— oo 0<r<t, 2 n—oo
This completes the proof. O

3. STRONG CONVERGENCE

Theorem 3.1. Let D be a nonempty compact convex subset of a Hilbert space H and
0 € D. Let {C(t)} be a strongly continuous and locally asymptotically nonexpansive
cosine family of operators on D and [0,7v]. Let {an},{bn} C [0,1] and {t,} C [0,7]
be sequences satisfying

o0 o0
(i) nhHH;O an =0, > |ant1 — an| < +o0, and ) a, = +o0;

n=1 n=1
(i) Y anA(tn) < 400, > b, < 005
n=1 n=1
(iii) liminft¢, =0, 0 < limsupt,, < 400 and lim (t,4+1 —t,) = 0.
n— oo n—o00 n— oo

Let {u,} be a sequence in D. Then the sequence {x,} defined by (IIS) converges
strongly to an element of F(C) if and only if lim ||C(ty)xn — Tnl|| ezists.
n—oo
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Proof. Let L =1+ sup A(t). Since D is compact, D is bounded. So there exists
t€f0,7]
M > 0 such that ||| < M for all z € D.
“Necessity”. Let ,, — ¢ € F(C). Then from

1C(tn)zn — x|l = [[C(ta)zn = q] = (20 = @)I| < (L + 1)l[zn — 4]
we see that lim ||C(¢,)zn — x| = 0. The necessity is proved.
n— oo

“Sufficiency”. Suppose that lim ||C(t,)z, — x| exists. First, we show that the
n—oo

sequence {z,} generated by (IIS) is well defined. For any n € N* assume that z, 1
is defined. We define a operator T,, as follows:

Tox=(1—a, —by)xn_1+ a,C(ty)x + byuy,, for all x € D.
Since {C(t)} is locally asymptotically nonexpansive, we have

[Twe — Toyll = an||C(tn)z — C(tn)yll < an(l + Altn)) |z — y||
for all z,y € D. Since we can suppose 0 < a,,(14+A(t,)) < 1 by (i), T}, is a contraction
with the contractive coefficient a,, (1 + A(t,,)). From the Banach fixed point theorem
we see that T}, has a unique fixed point, denoted as x,, which means that {x,} is

well defined.
Next, for each p € F(C) we show that lim ||z, — p|| exists. In fact, from (IIS) it
n—oo

follows that

lzn = pll = (1= an = bn)(@n-1 = p) + an[C(tn)zn — p] + bn(un — p)
< (IT—an—byp)llzn-1 = pll + anl|C(tn)zn — pll + bnllun — pll
< (I=an)llzn-1 = pll+ an(l+ At))|lzn — pll
+bnlun — pl- (3.1)
Since we can suppose 1 — a,(1 4+ A(t,)) > 0 by (i), from (3.1) we have
anA(tn) 2Mb,,
n S 1 n—1— . 3.2
anA(tn i .
Set pu, = W-(:A()tw)) and v, = % From (ii) it follows that
. Hn . 1
lim ——— = 1 =1; and
e TN (E) noo T —an(L+ AMtn)) 0 0
Up, 2M
lim — = 1 =2M. 3.3
nso0 by, 0 T — an(1 4 Atn)) (3.3)

Thus, from (3.3) and conditions (i) and (ii) we infer that

o0 oo
Zun<—|—oo and Zyn<—|—oo.

n=1 n=1
Hence, using Lemma 1.5, from (3.2) we deduce that lim ||z, — pl| exists.
n—oo
Next, we show that

nhHH;O IC(tn)zn — x| = 0. (3.4)
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For fixed p € F(C), using Lemma 1.3 we have
zn —plI> = 1I(1 = an = bp)(@n—1 = p) + an(Cltn)zn — p) + bn(un — p)|?
< (I=ap—by)llzn- _pH2 + an||C(tn)zn — sz
+bp|un — p”2 = (I =ap = bp)an||wn-1 — C(tn)anQ
(1 = an)llzn—1 = plI* + an (1 + X(tn))?|lzn — pl®
Fbnl[tn — Pl — (1 = ap — bp)an||Tn_1 — C(tn)z,|>. (3.5)
From conditions (i) and (ii) it follows that nll_}IIOlo (an + by) = 0. Then there exists
no € NT such that 1 —a,, — b, > 27! for all n > ny. Hence from (3.5) we have
27 ap|zn—1 — Clta)zall® < (1= an)(lzn-1 —plI* = llzn —p[?)
+an[(1+ A(t))? = Ullzn = plI* + ballun — pl|?
(1= an-1)|zn-1 = p* = (1 = an) |z, —p|?]
+2M?|ay, — an_1| + 2M*(L + V)a,\(t,)
+2M?b,,. (3.6)

IN

IN

For any m > ng, (3.6) yields

> 27t an w1 — Cltn)zal?

n=no
< [(1 = ng—1)||Tng—1 _pH2 — (I —am)lzm —p||2]
m m
A2M2 Y an — an 1| +2M*(L+1) > apA(tn)
n=ng n=ng
+2M% ) by (3.7)
n=no

Let m — oo, by conditions (i) and (ii), from (3.7) we have

D 27 apllrn—y — Cltn)zn|® < +o0. (3.8)

n=ngo

But > a, = +0o0, (3.8) means that

n=nogo
liminf ||2,—1 — C(tn)xn| = 0. (3.9)

n—oo

Since D is bounded, from (IIS) we observe that
[zn — Cltn)znll < (1 —an—bn)llzn—1— C(tn)znll + bnllun — Ctn)znll
< Nzp—1 — Ctn)znl| + 2Mby,. (3.10)
Combining with (3.9) and (3.10) we obtain
linn_ligf |xn — C(tn)xn|| = 0. (3.11)

Since lim ||C(t,)x, — x| exists, from (3.11) we see that (3.4) holds.
n—oo



APPROXIMATING FIXED POINTS OF COSINE FAMILIES 385

Finally we show that {z,,} converges strongly to an element of F(C). Using Lemma
1.4, from (3.4) and condition (iii) we see that there exists a subsequence {ny} of {n}
such that

—C(t
hm t,, =0 and lim [ (tn, )T, |
k k— o0 t2
ng

=0. (3.12)

Since D is compact, there exists a subsequence of {z,, } (for simplicity we still denote

it by {zn,}) which converges strongly to ¢ € D. Suppose that ¢t > 0 is arbitrary.

Since klim tn, = 0, we can assume t,, <t for all k& € NT, without loss of generality.
—00

Using Lemma 2.2, we have

Lot? r
@, = COa | < 5= o, = Cltn)an | +2Lot_sup | (5) an, | (313)

T 0<r<ty,

where Lo = max{1,1+ sup A(r)}. It follows from (3.12) and (3.13) that
rel0,t]

lim ||z, — C(t)zy, || = 0.
k—o0
Observing that
le=C®al < llg = anl + lzn, — CO)zn, || + IC(E)zn, — C(H)gll
< an, = C@Oznll+ 2+ A@)lg — 2|,
we have ¢ = C(t)q. This implies that ¢ € F(C') due to C(t) = C(—t). Since ¢ € F(C),
from (3.1) we see that lim ||z, —q|| exists. Hence, lim ||z,—q| = lim |z, —q| = 0.
n— 00 n—00 k—o0
This completes the proof. O

Theorem 3.2. Let D be a nonempty closed convexr subset of a Hilbert space H and
0 € D. Let {C(t)} be a strongly continuous and locally asymptotically nonexpansive
cosine family of operators on D and [0,7]. Let {an}, {bn} C [0,1] and {t,} C [0,7]
be sequences satzsfymg

(i) Zan<+oo Zb < 4o00;
(ii) hmlnft =0, O < hmsupt < 400 and hm ( nt1 — tn) = 0.
Let {un} be a bounded sequence in D. Then the sequence {x,} defined by (IIS)

converges strongly to an element of F(C) if and only if lim ||C(t,)xn — zy] = 0.
n—00
Proof. Let L = 1+ sup A(t). By duplicating the proof of Theorem 3.1, we
t€[0,7]

can show that “Necessity” holds, and from conditions (i) we see that the sequence
{z} generated by (IIS) is well defined. We only prove “Sufficiency”. Suppose that
lim ||C(tn)zn — x|l = 0, i.e., (3.4) holds.

n—oo

First, for each p € F(C) we show that lim ||z, — p|| exists. Since {u,} is bounded,
we set My = sup ||un, — p||. Condition () 1mphes that hm ay =0 and lim b, = 0.
n>1

n— oo

Thus, from (3.1) we have
Myby,

. 14
1—a,L (3.14)

l =7l
Ty +
L !

e
fow =l < [14 122
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From condition (i) we infer that

> a,L . Moyb,
—< d — < .
;1—anL oo an ;l—an[/ oo

Hence, using Lemma 1.5, from (3.14) we deduce that lim ||z, — p|| exists. This
n— oo

implies that {z,} is bounded. In view of
[C(tn)znll = [[C(tn)an — C(ta)0]l < (1 + Atn))llznll < Liln|,
{C(t,)xn} is also bounded. Set
M = S‘iI;{HC(tn)In = un |, [C(tn)zn = n-al, [un — -1}

Next, we show that {z,} converges strongly to a point in D. For every n,k € Nt
by (IIS) we have

n+k n+k

[Zntr —2nl < Z l2; — 2z < Z [|a; (C —xj-1) +bj(u; — x|
n+k
< MY (a;+b;). (3.15)

Since > (an+by) < 400, from (3.15) we infer that {z,} is a Cauchy sequence. Since
n=1
D is closed, {z,} converges strongly to a point ¢ in D.

Finally we show that ¢ € F(C). Using Lemma 1.4, from (3.4) and condition
(ii) we can obtain (3.12). Thus (3.13) holds by using Lemma 2.2, and so we have
klim |€n, — C(t)xn, || =0 for t > 0. Hence
s —» 00

la— C-t)all = lla — C(O)all = Jim 2, — Oty || = 0
and so ¢ € F(C). This completes the proof. O

Remark 3.1. In Theorems 3.1 and 3.2, by taking A(¢,) = 0 we can obtain the
corresponding convergence theorems for nonexpansive cosine families; by taking b,, =
0 we can obtain some convergence results of iterative schemes without error terms.
Our results contain the case of nonexpansive cosine family and the case of iterative
scheme without error term as their special cases. In the case of nonexpansive cosine
family, our results are different from the ones in [29]. For example, as corollaries of
Theorem 3.1, we have the following result immediately:

Corollary 3.3. Let D be a nonempty compact convexr subset of a Hilbert space H
and 0 € D. Let {C(t)} be a strongly continuous and nonexpansive cosine family of
operators on D. Let {an},{bn} C [0,1] and {tn} C R be sequences satisfying

(i) hm an =0, Z |ant1 — an| < 400, and Z apn, = +00;

n=1 n=1

(i) Z by, < +00;
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(iii) liminf¢, =0, 0 < limsupt,, < 400 and lim (t,4+1 —t,) = 0.
n— oo n—o0 n— o0

Let {u,} be a sequence in D. Then the sequence {x,} defined by (IIS) converges
strongly to an element of F(C) if and only if lim ||C(t,)x, — x| exists.
n—oo

Example 3.1. Let Hy, Hy, H5 be closed linear subspaces of H and H = Hy®H, D Ho.
Let P, and P, be two orthogonal projection operators from H onto H; and Hs,
respectively. Let
C(t) = (cosht)P; @ (cost)Ps.

Then it is easy to verify that {C(¢)} is a strongly continuous cosine family of (linear)
operators on Hy & Hs satisfying

[C(t)z — Ct)yll < [L+ A@®)][|x -yl for all 2,y € Hy & Ha,
where A(t) = cosht — 1. Let D be a nonempty closed convex subset of Hy @& Ho with
0 € D. Let {u,} be a bounded sequence in D. Let a,, = b, = # Define the sequence
{tn} by

g, ifn=(k-1)Qk—-1)+i, i=1,2,---,2k—1,
tn = _
LD ifn=k(2k—1)+j4, j=1,2,--- 2k
Namely, the sequence {¢,} is as follows:
]-7 17 %7 %7 %7 ]-a ]-7 %7 %7 i7 %a M
1 2 s 2k=2 oy, q 2k=1  2k—2 . 2 1.
2k—1° 2k—1’ »o2%k—10 b b T2k 0 2k o v 2k 2k7

It is plain that liminft¢, = 0, imsupt, = 1 and lim (¢,41 — t,) = 0. Therefore,
n— oo n— oo

n—oQ
conditions (i) and (ii) in Theorem 4.2 are satisfied. Note that

I (cosht) -1 1
120 t2 2
If D is bounded and lim ||C(t,)z, — x| = 0, then we obtain an iterative scheme
n—oo

defined by (IIS) which converges strongly to a common fixed point of {C(t)}.

Example 3.2. Let C(t) be a strongly continuous cosine family of (linear) operators
defined in Example 3.1. Let H, Hy, H1, H> and D be as taken in Example 3.1. In
particular, we take H = R? as an Euclidian space,
Hy = {(0,0)}, H, = {(51,0) 101 € R}7 Hy = {(0,62) 109 € R},
D= {((51,52) : 51,(52 S [—2,2]}.
Then D be a nonempty compact convex subset of H with § € D. Let {u,} be a
sequence in D. Let

1 1
Then it is evident that

Z b, < 400, nh_}rrgc an, =0, Z |ant1 — an| < 400, and Zan = +00.

n=1 n=1 n=1
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Define the sequence {t,,} by

. k
(m) L ifn=(k—1)(2k—1)+i, i=1,2,---,2k 1,
tn =

N

Then it is evident

liminft¢, =0, 0 < limsupt, < +oo and lim (t,41 —t,) =0.
n—oo

n—oo n—oo

Note that A(t) = cosht — 1 <t <t for t € [0,1]. We have

o

LS
Z an)\(tn) < aptp
n=1

n=1

oo |2k—1 % y 2k+1 2kt1—j F

oo |2k—1 i * 2k+1—j F
Sipp (;’;;)1 +zk<2k1)ﬂ

<
k=1 1
Set
k k
2%k—1 (#) 2% (M)
2%—1 2%
k= ; k—1)2k—1)+1 +J§ k(2k—1)+ 1
Since
2k—1
Z i
lim = =1
R P e Tor—
and
2% 2%
(2k +1—j)* > 5"
lim 2=t — lim =1 —1
P D) L2 e (e 1) (k)R
we have

Uk E2(k+1)"Y2k—1)  k2(k+1)71(2k)
hovoo k=2 koo | (k- D)2k — 1) +1 | k(2Zk—1)+1

This implies that Z anA(tn) < 4o00. Therefore, conditions (i)-(iii) in Theorem 3.1

are satisfied. From Theorem 3.1 we can obtain an iterative scheme defined by (IIS)
which converges strongly to a common fixed point of {C(¢)}.
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