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Abstract. Let C be a nonempty closed and convex subset of a uniformly smooth and uniformly
convex real Banach space E with dual space E*. A novel hybrid method for finding a solution of an
equilibrium problem and a common element of fixed points for a family of a general class of nonlinear
nonexpansive maps is constructed. The sequence of the method is proved to converge strongly to a
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1. INTRODUCTION

Let E be a real Banach space and E* the topological dual space of E. A map
J: E — 2F" defined by

Jo=A{a" € E*: (x,a”) = ||2[|[[«"[[, [J«|] = [[="|]}

is called the normalized duality map on E.
Let E be a real normed space with dual space E*. A map A : E — 27 is called
monotone if for each z,y € F, <n —v,x — y> >0V ne Az, v € Ay. Consider, for
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example, the following: Let g : E — R U {oo} be a proper convex function. The
subdifferential of g, dg : E — 2F" | is defined for each = € E by

dg(x) = {z" € E* 1 g(y) — g(z) > (y —x,2") Vy € E}.
It is easy to check that dg is a monotone map on E, and that 0 € dg(u) if and only
if u is a minimizer of g. Setting 0g = A, it follows that solving the inclusion

0 € Au, (1.1)

in this case, is solving for a minimizer of g.

A map A : E — 2% is called accretive if for each x,y € E, there exists j(z — y) €
J(z — y) such that (n —v,j(x —y)) > 0V n € Az, v € Ay. Accretive operators
have been studied extensively by numerous mathematicians (see e.g., Browder [10],
Deimling [21], Kato [26], Cioranescu [18], Reich [43], and a host of other authors).
It is well known (see e.g., Zeidler [62]) that many physically significant problems can
be modeled in terms of an initial-value problem of the form

0e % + Au, u(0) = uo, (1.2)

where A is a nonlinear map on an appropriate real Banach space. Typical examples of
such evolution equations are found in models involving the heat, wave or Schrodinger
equations (see e.g., Browder [10], Zeidler [62]). Observe that in the model (1.2), if the
solution w is independent of time (i.e., at the equilibrium state of the system), then

d
di: =0 and (1.2) reduces to

0 € Au. (1.3)
In a case where A is accretive, solutions to (1.3) correspond to the equilibrium state of
the system described by (1.2). Solutions of inclusion (1.3) can also represent solutions
of partial differential equations (see e.g., Benilan, Crandall and Pazy [6], Khatibzadeh
and Moroanu [27], Khatibzadeh and Shokri [28], Showalter [45], Volpert [54] and so
on). In studying the inclusion 0 € Au, where A is a multi-valued accretive operator on
a Hilbert space H, Browder[9] introduced an operator T defined by T := I — A where
I is the identity map on H. He called such an operator pseudo-contractive. It is clear
that solutions of 0 € Au, if they exist, correspond to fixed points of T'. In past years,
methods for approximating solutions of inclusion (1.3) when A is an accretive-type
operator have been investigated by numerous mathematicians (see e.g., Agarwal et
al. [1]; Berinde [7]; Chidume [14]; Censor and Reich [12]; William and Shahzad [56],
and the references contained in them).
Moreover, in a case where A is monotone, if A = dg which is known to be monotone,
solutions to (1.3) correspond to minimizers of some convex functional. It is well
known (see e.g., Cioranescu [18]) that most monotone operators on a normed space
are subdifferentials of some convex function. Even though the class of monotone-type
operators have a wider variety of applications (see e.g., Pascali and Sburian [40], p.
101), unfortunately, developing algorithms for approximating solutions of equations
of type (1.3) when A : E — 2F" is of monotone-type has not been very fruitful. Part
of the difficulty seems to be that the technique of converting the inclusion (1.3) into
a fixed point problem for T := I — A : E — 2F is not applicable since, in this case
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when A is monotone, A maps E into 2F and the identity map does not make sense.
However, a new concept of fized points for maps from a real normed space E to its
dual space E* has very recently been introduced and studied (see Chidume and Idu
[16], Liu [34], Zegeye [58]). The development of this fixed point theory have provided
a technique for studying the inclusion 0 € Au where A maps a space F to 287, In
particular, for studying the inclusion 0 € Au where A is the subdifferential of a convex
function this fixed point theory for maps from a space E to 28 is appropriate.
With this evolving fixed point theory, we study the equilibrium problem. Let C be a
closed subset of F such that JC is a closed and convex subset of E*, where J is the
duality mapping on E. Let f : JC x JC — R be a bifunction, where R is the set of
real numbers. The equilibrium problem for f is finding

x* € C such that f(Jz*, Jy) >0,V y € C. (1.4)

The solution set of (1.4) is denoted by EP(f). Numerous problems in physics, op-
timization and economics reduce to finding a solution of (1.4) (see, e.g. Zegeye and
Shahzad [61], Combettes and Hirstoaga [20], Flam and Antipin [22], Takahashi and
Takahashi [46] and the references in them). In the past two decades, the theory of
equilibrium problems has been extensively studied in the literature. In most of the
papers published on the equilibrium problems, the existence of their solutions and ap-
plications have been studied (see, e.g. Blum and Oettli [8], Combettes and Hirstoaga
[20], Flam and Antipin [22], Moudafi and The ra [35], Takahashi and Takahashi [46]
and the references therein). Moreover, in the past few years, several researchers have
started working on the approximate solution of the equilibrium problems and their
generalizations (see, e.g. Iiduka and Takahashi [24], Kamimura and Takahashi [25],
Zegeye et al. [59], Zegeye and Shahzad [60] and the references therein). Furthermore,
Ibaraki and Takahashi [23], and Kohsaka and Takahashi [32] also studied some prop-
erties for generalized nonexpansive retractions in Banach spaces. Recently, Takahashi
and Zembayashi [48] considered equilibrium problem with a bifunction defined on the
dual space of a Banach space and they proved a strong convergence theorem for find-
ing a solution of the equilibrium problem which generalized the result of Combettes
and Hirstoaga [20].

Very recently in 2016, Klin-eam et al. [31] presented a new and interesting monotone
hybrid iterative method for equilibrium problem and convex feasibility problem for a
family of generalized nonexpansive maps in a Banach space more general than Hilbert
spaces. They proved the following Theorem:

Theorem 1.1 Let E be a uniformly smooth and uniformly convex real Banach space
and let C' be a nonempty closed subset of E such that JC' is closed and convex. Let
f be a bifunction from JC x JC to R satisfying (A1) — (44), and T}, : C — E,
n = 1,2,3,... be a countable family of generalized nonexpansive maps and 7 be a
family of closed and generalized nonexpansive maps from C' to E such that

A (T = Fr) 0

n=1
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and F(I') N EP(f) # 0. Assume that {7} satisfies the NST-condition with I". Let
{z,} be generated by:

rn=x€C;C; =C,

Yn = QpTp + (1 - an)TnIn;

u, € C, such that f(Ju,,Jy) + %(un — Yn, Jy — Ju,) >0, Vy e C,
Cnt1={2€Cp:0(z,un) < d(z,2)},

Tny1 = Re, ., T,

for all n € Ny, € (0,1) such that liminf «,(1 — a,) > 0 and {r,} C [a,00) for
some a > 0. Then, {z,} converges strongly to Rryngp(f)®, where Rprynep(s) is
the sunny generalized nonexpansive retraction of E onto F(I') N EP(f).

On the other hand, the problem of finding a point in the intersection of a family of
closed and convex subsets of a Banach space is generally referred to as the convex
feasibility problem. This so called convex feasibility problem which appears frequently
in various areas of physical sciences has been studied well in the framework of Hilbert
spaces and has found applications in areas such as image restoration, computer tomog-
raphy, radiation therapy treatment planning (see e.g., Combettes [19]). Significant
research has also been done on the convex feasibility problem in real Banach spaces
more general than Hilbert space (see e.g., Kitahara and Takahashi [30], O’Hare et al.
[38], Chang et al. [13], Qin et al. [41], Zhou and Tan [63], Wattanwitoon and Kumam
[55], Li and Su [33], Takahashi and Zembayashi [49], Kikkawa and Takahashi [29],
Aleyner and Reich [5], Sahu et al. [44], Ceng et al. [11], and the references contained
in them).

In this paper, motivated and inspired by Klin-eam et al. [31], very recent results
involving monotone type operators (see e.g. [17, 15, 51, 50, 53, 52, 39]) and onging
research in fized point theory for maps from a real Banach space E to its dual space E*,
We prove a novel strong convergence theorem for finding a solution of an equilibrium
problem and an infinite family of an important general class of nonexpansive maps
from a normed space FE into its dual space E*. Finally, our result complements and
extends several important results and our method of proof is of independent interest.

2. PRELIMINARIES

In the sequel, we shall need the following definitions and results.
Let E be a real normed linear space of dimension > 2. The modulus of smoothness
of E, pg :]0,00) = [0,00), is defined by:

Ty +llr—y
pE(T) :=sup { ” ” 5 H I_ 1: |zl =1yl =7, 7> O} .
A normed linear space F is called uniformly smooth if
tim 227) _
T—0 T

A Banach space F is said to be strictly convez if

r+y
lall = Iyl =1, @ £y — |52 <1
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The modulus of convexity of E is the function dg : (0,2] — [0, 1] defined by
. T+
op(e) = inf {1~ | Z2E| < flall = gl = 15 e = Jlz — 1} }.

The space FE is uniformly conver if and only if dg(e) > 0 for every € € (0,2]. The
norm of E is said to be Fréchet differentiable if for each

|z + ty|| — |||
t )

exists and is attained uniformly for y € E. We list some properties of the normalized
duality map (defined earlier) which are well known (see e.g., Cioranescu [18]).

e J(0)=0,
For x € E, Jx is nonempty closed and convex,
If E is strictly convex, then .J is one-to-one, i.e., if x # y, then Jx N Jy = 0,
If F is reflexive, then J is onto,
If ' is smooth, then J is single-valued,
If F is uniformly smooth, then J is uniformly continuous on bounded subsets
of E.
Let E be a smooth real Banach space with dual E*. The Lyapunov functional ¢ :
E x E — R, is defined by:

o(z,y) = ||z|> = 2(z, Jy) + |ly||°, for 2,y € E, (2.1)

where J is the normalized duality map. It was introduced by Alber and has been
studied by Alber [2], Alber and Guerre-Delabriere [3], Kamimura and Takahashi [25],
Reich [43] and a host of other authors. If F = H, a real Hilbert space, then equation
(2.1) reduces to ¢(x,y) = ||z — y||? for z,y € H. It is obvious from the definition of
the function ¢ that

(lzll = lly)* < ¢(a,y) < (2l + lyl)?* for z,y € E. (2.2)

zeS:={ueckE:|ul =1} tlgl(l)

Remark 2.1 Following Alber [2] , the generalized projection Il : E — C'is defined
by ¢ (x) = inf ¢(y, x), Vo € E.

Definition 2.2 Let C be a nonempty closed and convex subset of a real Banach space
E and T be a map from C to E. The map T is called generalized nonexpansive if
F(T)={zxeC:Tz =2z} #0 and ¢(Tz,p) < ¢(z,p) for all z € C,p € F(T). A
map R from E onto C is said to be a retraction if R? = R. The map R is said to be
sunny if R(Rxz 4+ t(x — Rx)) = Rx for all z € E and ¢t > 0.

A nonempty closed subset C' of a smooth Banach space E is said to be a sunny
generalized nonexpansive retract of E if there exists a sunny generalized nonexpansive
retraction R from E onto C. We now list some lemmas which will be used in the
sequel.

Lemma 2.3 (sec e.g., Alber [2]) Let C' be a nonempty closed and convex subset
of a smooth, strictly convex and reflexive Banach space FE. Then, the following are
equivalent.

(i) C is a sunny generalized nonexpansive retract of F,

(i4) C is a generalized nonexpansive retract of F,
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(#1) JC is closed and convex.

Lemma 2.4 (see e.g., Alber [2]) Let C' be a nonempty closed and convex subset of a
smooth and strictly convex Banach space E such that there exists a sunny generalized
nonexpansive retraction R from E onto C.Then, the following hold.

(1) z=Rxiff (xr—2z,Jy—Jz) <0forallyeC,

(7) ¢(x, Rx) + ¢(Rx, 2) < ¢(x, 2).

Lemma 2.5 (see e.g., Xu [57]) Let E be a uniformly convex Banach space. Let r > 0.
Then, there exists a strictly increasing continuous and convex function g : [0,00) —
[0, 00) such that g(0) = 0 and the following inequality holds:

Az + (1 = Nyl* < Allz]]? + (1= N[yl = A1 = Xg(|lz — yl),
for all z,y € B,.(0), where B,.(0) :={v € E:||v|]| <r} and X € [0,1].

Lemma 2.6 (see e.g., Kamimura and Takahashi [25]) Let E be a smooth and uni-
formly convex real Banach space and let {x,} and {y,} be sequences in E such that
either {z,, } or {y, } is bounded. If lim, o0 ¢(Tn,yn) = 0, then lim, o ||z, —yn|| = 0.

Lemma 2.7 (see e.g., Ibaraki and Takahashi [23]) Let C' be a nonempty closed
sunny generalized nonexpansive retract of a smooth and strictly convex Banach space
E. Then the sunny generalized nonexpansive retraction from E to C' is uniquely
determined.

Let C be a nonempty closed subset of a smooth, strictly convex and reflexive Banach
space E such that JC is closed and convex. For solving the equilibrium problem, let
us assume that a bifunction f : JC' x JC — R satisfies the following conditions:

(A1) f(z* *)—Oforallx*EJC;

(A2) fis monotone ie. f(z*,y*) + f(y*,z*) <0 for all z*,y* € JC,

(A3) for all x*,y*, z* € JC, hmbuptwf(tz + (1 =t)x*,y*) < fz*,y");

(A4) for all z* € JC, f(z*,-) is convex and lower bemlcontinuous;

Lemma 2.8 (see e.g., Blum and Oettli [8]) Let C' be a nonempty closed subset of
a smooth, strictly convex and reflexive Banach space E such that JC' is closed and
convex, let f be a bifunction from JC' x JC to R satisfying (A1)—(A4). For r > 0 and
let 2 € E. Then there exists z € C such that f(Jz, Jy)+1(z—z, Jy—Jz) >0, Vy € C.

Lemma 2.9 (see e.g., Takahashi and Zembayashi [48]) Let C' be a nonempty closed
subset of a smooth, strictly convex and reflexive Banach space F such that JC' is
closed and convex, let f be a bifunction from JC' x JC to R satisfying (A1) — (A44).
For r > 0 and let « € E, define a mapping T;.(x) : E — C as follows:

1
T.(x)={z€C: f(Jz,Jy)+ —(z—z,Jy—Jz) >0, Vy e C}.
T

Then the following hold:

(i) T, is single valued;
(ii) for all z,y € E, (T,x — Ty, JT,x — JT,y) < (x —y, JT,x — JT,y);
(lllg F(T,) = EP(f);

(iv) JEP(f) is closed and convex.
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Lemma 2.10 (see e.g., Takahashi and Zembayashi [48]) Let C be a nonempty closed
subset of a smooth, strictly convex and reflexive Banach space E such that JC is
closed and convex, let f be a bifunction from JC x JC to R satisfying (A1) — (A4)
and r > 0. For x € E and p € F(T,),

o(x, T (x)) + 6(Tr(2), p) < d(,p).

Lemma 2.11 [Alber [2]] Let E be a smooth, strictly convex and reflexive Banach
space, and C be a nonempty closed convex subset of E. Then, the following conclusion
hold:

o(z,Iey) + o(ey,y) < p(z,y),Vz € C,y € E.

NST-condition. Let C be a closed subset of a Banach space E. Let {T},} and T" be
two families of generalized nonexpansive maps of C' into E such that

() F(Tn) = F(T) # 0,

where F(T,,) is the set of fixed points of {T,,} and F(T') is the set of common fixed
points of T.

Definition 2.12 The sequence {7,,} satisfies the NST-condition (see e.g., Nakajo,
Shimoji and Takahashi [36]) with I" if for each bounded sequence {z,} C C,

lim ||z, — Than||=0= lim ||z, —Ta,||=0, forall T €T.
n—oo n—oo

Remark 2.13 If I' = {T'} a singleton, {7}, } satisfies the NST-condition with {T'}. If
T, =T for all n > 1, then, {T,,} satisfies the NST-condition with {T'}.

3. MAIN RESULTS

Let C be a nonempty closed and convex subset of a uniformly smooth and uniformly
convex real Banach space E with dual space E*. Let J be the normalized duality map
on E and J, be the normalized duality map on E*. Observe that under this setting,
J1 exists and J~! = J,. With these notations, we have the following definitions.
Let C be a nonempty subset of a real normed space E with dual space E*.

Definition 3.1 A map T : C — E* is called J.-closed if (J,oT) : C — E is a closed
map, ie., if {z,} is a sequence in C such that z, — z and (J.oT)z, — y, then
(JooT)x = y.

Definition 3.2 A point z* € C is called a J-fized point of T if Tx* = Ja*. The set
of J-fixed points of T will be denoted by Fj(T).

Definition 3.3 A map T : C — E* will be called generalized J.-nonexpansive if
Fi(T) # 0, and ¢(p, (J.oT)z) < ¢(p,z) for all z € C and for all p € F,;(T).

Let C be a closed subset of a real Banach space E. Let {T},} and I" be two families of
generalized J,-nonexpansive maps of C into E* such that N2, F;(T,,) = F;(T") # 0,
where F;(I') denotes the set of common J-fixed points of I".
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Definition 3.4 A sequence {T},} of maps from C to E* will be said to satisfy the
NST-condition with T' if for each bounded sequence {z,} C C,

lim ||Jx, — Thap|l = 0= lim ||Jz, — Tx,|| =0, for every T € T.
n—oo n—roo

Lemma 3.5 Let E be a uniformly smooth and uniformly convex real Banach space
and let C' be a closed subset of E such that JC is closed and convex. Let T be a
generalized J,-nonexpansive map from C' to E* such that F;(T) # @, then F;(T) and
JF;(T) are closed.

Proof. First, we show that F;(T) is closed. For this, let {x,} C F;(T) with x,, — =.
Since T is generalized J,-nonexpansive, we have that ¢(x,, (J. o T)z) < ¢(xn,x)
V n € N. This implies that

oz, (Je o T)x) = nh—>néo d(xn, (JeoT)x) < nh_)n;o d(xp,x) = ¢(z,x) = 0.

Therefore, ¢(x, (J, o T)z) = 0 and hence x € F;(T).

Next, we show that JF;(T) is closed. Clearly, JF;(T) = J71F;(T). Tt is also well
known that if F is a uniformly smooth and uniformly convex real Banach space, J
and J, are uniformly continuous on bounded subsets of E (see e.g., Cioranescu [18]
and Chidume [14]). This implies that JF;(T') is closed as a preimage of a closed set.

Using Lemmas 2.3 and 3.5, we give the following lemma.

Lemma 3.6 Let E be a uniformly smooth and uniformly convex real Banach space
and let C' be a closed subset of E such that JC is closed and convex. Let T be a
generalized J,-nonexpansive map from C to E* such that F;(T) # 0. If JF;(T) is
convex, then F;(T) is a sunny generalized nonexpansive retract of E.

We now prove the following theorem.

Theorem 3.7 Let E be a uniformly smooth and uniformly convex real Banach space
with dual space E* and let C' be a nonempty closed and convex subset of E such
that JC is closed and convex. Let f be a bifunction from JC x JC to R satisfying
(A1) — (A4), T,, : C — E*,n = 1,2,3,... be an infinite family of generalized J,-
nonexpansive maps and I" be a family of J,-closed and generalized J,-nonexpansive
maps from C to E* such that NS, F;(T,,) = F;(T') # 0 and F;(T) N EP(f) # 0.
Assume that JF;(T") is convex and {7, } satisfies the NST-condition with I". Let {z,}
be generated by:

rn=x€C;Cy=C,

Yn = J HanJzy + (1 — ap)J(J.0Ty)x,),

u, € C, such that f(Ju,, Jy) + %W” —Yn, Jy — Ju,) >0, Vy e C,

Cnt1={2€Ch:0(z,un) < d(z,2)},

Tn+1 = RCnJAx)
for all n € N,a, € (0,1) such that liminf «,(1 — a,) > 0 and {r,} C [a,00) for
some a > 0. Then, {,} converges strongly to R, yngp(f)®, where R is the sunny
generalized nonexpansive retraction of E onto F;(I') N EP(f).

Proof. The proof is given in 6 steps.
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Step 1. We show that the sequence {x,} is well defined. We begin by showing that
F;(T) N EP(f) is a sunny generalized retract of E. From the fact that JF;(I") is
convex together with Lemmas 3.5 and 2.9, we have that JF;(I') and JEP(f) are
closed and convex. Since E is uniformly convex, J is one-to-one. Thus, we have
that, J(F;(T)NEP(f)) = JF;(T)NJEP(f) and so J(F;(T') N EP(f)) is closed and
convex. From Lemma 2.3, we have F;(I') N EP(f) is a sunny generalized retract of
E. Next, we show by induction that JC,, is closed and convex. Clearly, JC is closed
and convex. Also, it is easy to see that ¢(z,u,) < ¢(z,z,) is equivalent to

0< HanQ - ||un||2 = 2(z, Jzn — Juy),

which is affine in z and hence JC, is closed and convex for each n > 1. Again, from
Lemma 2.3, we have that C), is a sunny generalized nonexpansive retract of E for
each n > 1.

Next, we show F;(I') N EP(f) C C,, ¥n € N. Clearly, for C; = C, we have F;(T') N
EP(f) C Cy. Suppose that F;(I') N EP(f) C C, for some n € N. Let u € F;(I') N
EP(f) C C,. Setting u, = T, y, for all n € N, using the fact that T, : C —
E*,)n=1,2,3,... is an infinite family of generalized J,-nonexpansive maps such that
F;(T) # 0, the definition of y,,, Lemmas 2.5 and 2.10, we compute as follows:

P(u,un) = ¢, Tr,yn) < G(u, yn) (3.1)
d(u, T Han Tz, + (1 — o) J(J.0T))y)
an[[Jull* = 2(u, Jz) + [leal*] + (1 = an) [lull* = 2(u, J(J.0oTn)zn)
+|‘Tnxn||2] —ap(1 = an)g([|Jzn — J(JeoTpn)T0||)

= nd(u, zn) + (1 — o) d(u, (JoTn)zn) — an(l — an)g(||Jzn — Than||),
which yields

IN

P(u,un) < G(u, ) — (1 — an)g(|[Jzn — Toznl|). (3.2)
Hence, ¢(u,u,) < ¢(u,x,) and we have that u € Cp41.
This implies F;(I') N EP(f) C C,, V n € N. So that, {x,} is well defined.
Clearly, we have also from (3.1) that
DU, yn) < G(u, Tn). (3-3)

Step 2. We show that lim,, o ||z, — u,|| = 0.
From lemma 2.4(ii), and {z,} = Rc¢, =, we have that

o(z, ) = p(x, Ro,x) < d(x,u) — (Re, z,u) < ¢(x,u) Vue Fy(T)NEP(f) C Cp.

This implies that {¢(z, z,)} is bounded. Hence, from equation 2.2, {z,} is bounded.
Also, from Cy 41 C C,, and z,, = R¢,, x, we have

d(x,xn) < G2, Znp1) Vi eN.

So, limy, 00 ¢(x, x,) exists. Using Lemma 2.4(i4) and x,, = R¢, , we obtain that for
all m,n € N with m > n,

¢($7M xm) = d)(RCnxvxm) < ¢($,$m) - ¢($, ch@')
= ¢(z,zm) — ¢(z,2,) = 0 as n — 0. (3.4)
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From Lemma 2.6, we conclude that ||z, — zn,|| — 0, as n — oo. Hence, {z,} is
a Cauchy sequence in C, and so, there exists z* € C such that z,, — z*. Using
the definitions of Cy,11 and 1, we obtain that ¢(Tpni1,un) < ¢(Xpi1,2,) = 0 as
n — oo. By Lemma 2.6, we have that ||z, — u,|| = 0 as n — oo, completing proof of
Step 2.

Step 3. lim,, o0 ||J2n — Tzp|| =0V T €T

Observe first that since J is uniformly continuous on bounded subsets of E, it follows
from Step 2 that ||Ju, — Jx,|| = 0 as n — oo. From inequality (3.2) and for some
constant M > 0, we obtain that:

an(L=an)g(||[Jzn —Thznl]) < ¢(u, zn) —d(u, un) < 2[[ul[.[|Jun — Tz |[+|[un — 20| M.
Using liminf o, (1 — ) = @ > 0, there exists ng € N:
0< g < ap(l — ay) for all n > ng.
Thus, we have
a
0< §g(||J:1cn — Thwp|l) < 2l|u|].||Jun — Jxp|| + ||tn — 2n||M ¥V n > ng.

Using step 2, and properties of g, we obtain that lim, _, ||Jx, — Tn2,|| = 0. Since
{T,}5, satisfies the NST condition with I', we have that

lim ||Jx, — Tz,|| =0V T €T,

n—oo
completing proof of Step 3.
Step 4. We prove that z* € Fy;(T).
From Step 3, we know that lim,, . ||J2, —T2,|| =0V T € T'. Also, we have proved
that z, — a* € C. Assume now that (J.oT)x, — y*. Since T is J,-closed, we have

y* = (J.oT)x*. Furthermore, by the uniform continuity of J on bounded subsets of
E, we have: Jx, — Jx* and J(J.oT)x, — Jy* as n — oco. Hence,

lim ||Jz, — Ta,|| = lm ||Jz, — J(JoT)z,|| =0,
n— oo n—oo
which implies, ||J2* — Jy*|| = ||Jz* — J(J.oT)z*|| = ||Jz* — Tz*|| = 0, and so,

¥ € FJ(F)

Step 5. We prove that z* € EP(f).

We recall that in step 1, we set u, = T, y, for all n € N. Also, from step 2,
Up — ¥ as n — 0o, From lemma 2.10 and inequality (3.1), we have

¢(yna Up) = ¢(yn7 Trnyn)

S ¢(ynv U) - ¢(Trnynv U)

< d)(xna u) - QS(Tm,,yna u)

= qzﬁ(xn, u) - ¢(un; u)
Since limy, o0 (@(xn, u) — P(un,uw)) = 0, we have that lim, o ¢(yn,u,) = 0. From
Lemma 2.6, we have that lim,_, ||yn — un|| = 0. Again, since 7, € [a,0), we have
that

[y — unl| _

lim

n—00 Tn

0. (3.5)
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From wu,, =T, yn, we have that

1
fJuy, Jy) + r—(un — Yn, Jy — Ju,) >0, VyeC.

n

By (A2), we have
1
7<un - mey - Jun> Z *f(Junat]y) 2 f(Jy, Jun)7 V Yy S C (36)

Tn

Since f(x,-) is convex and lower semicontinuous and u,, — z*, it follows from equation
(3.5) and inequality (3.6) that

f(Jy, Jz*) <0, VyeC.
Fort e (0,1] and y € C, let yf = tJy+ (1 —t)Jx*. Since, JC is convex, we have that
y; € JC and hence f(y;, Jz*) < 0. From (A1),
0= flysui) <tflyi, Jy) + A=) f(y, J=*) < tf(yi, Jy), Vy e C.
This implies that
flyi, Jy) 20, VyeC.
Letting ¢ | 0, from (A3),
f(Jz*, Jy) >0, VyeC.
Therefore, we have that Jz* € JEP(f). This implies that z* € EP(f).
Step 6. Finally, we show that x, — Rp,(r)nep(s)T-
From Lemma 2.4(i7), we obtain that
¢(z, Rp,rynep)T) < 6(7, RE,(rynep(n) ) +O(Re,mynep(n)®, 2°) < ¢(z,2). (3.7)
Again, using Lemma 2.4(4¢), definition of z,,+1, and z* € F;(I') N EP(f) C C,, we
compute as follows:
AT, 2011) < O@,Tng1) + O(@nt1, Re,(0)nEP(F)T)
= ¢(z,Re, 1 7) + ¢(Re, @, Re,(ynepr(n®) < 0@, Rp,(0nep(h)T)-

Since z,, — x*, taking limits on both sides of the last inequality, we obtain:

¢(z,2%) < ¢z, Rp,(rynep(f)T)- (3.8)

From inequalities (3.7) and (3.8), we obtain that ¢(z,2*) = ¢(z, Rp, (mneps)x). By
the uniqueness of R, (r)ngp(y), we obtain that * = Rp,(rynep(r)2z. This completes
proof of the theorem.

4. APPLICATIONS

Corollary 4.1 Let E be a uniformly smooth and uniformly convex real Banach space
with dual space E* and let C be a nonempty closed and convex subset of F such that
JC' is closed and convex. Let T,, : C — E*,n = 1,2,3,... be an infinite family of
generalized J,-nonexpansive maps and I' be a family of J,-closed and generalized
Ji-nonexpansive maps from C' to E* such that NS, F;(T,,) = F;(T') # 0. Assume
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that JEF;(T') is convex and {7} satisfies the NST-condition with I". Let {x,} be
generated by:

rn=x€C;C,=0C,

up = J HanJr, + (1 — an)J(Jo0Ty) ),
Cn+1 = {Z cCy: ¢(Z,’U,n) < ¢(Z,$n)},
Tny1 = Re, ., 7,

for all n € N,a;, € (0,1) such that liminf «,(1 — a,) > 0. Then, {z,} converges
strongly to Rp,(ryz, where R is the sunny generalized nonexpansive retraction of F
onto F;(I").

Proof. Setting f(Jz,Jy) = 0 for all z,y € C and r, = 1 for all n € N, the result
follows from Theorem 3.7.

Corollary 4.2 Let E be a uniformly smooth and uniformly convex real Banach space
with dual space E* and let C be a nonempty closed and convex subset of F such that
JC is closed and convex. Let f be a bifunction from JC x JC to R satisfying
(Al) — (A4), T : C — E*, be a generalized J,-nonexpansive and J,-closed map from
C to E* such that F;(T) N EP(f) # 0. Assume that JF;(T) is convex. Let {x,} be
generated by:

rn=x€C;C; =C,

yn = J HanJr, + (1 — ay)J(JooT)xy,),

u, € C, such that f(Ju,, Jy) + i(un —Yn, Jy — Ju,) >0, Vy e C,
Cry1={2 € Cp : ¢(2,un) < &(2,25)},

Tpy1 = RCon,

for all n € N,a, € (0,1) such that liminf «,(1 — a,) > 0 and {r,} C [a,00) for
some a > 0. Then, {z,} converges strongly to Rp,(1)ngp(f)®, where R is the sunny
generalized nonexpansive retraction of E onto F;(T) N EP(f).

Proof. Set T,, = T for all n € N. Then, {T,,} satisfies the NST-condition with {T'}.
The conclusion follows from Theorem 3.7.

We obtain the following corollary in classical Banach spaces.

Corollary 4.3 Let E = L;, ly,or W*(2),1 < p < oo, where W*(£2) denotes the
usual Sobolev space. Let C be a nonempty closed and convex subset of F such that JC
is closed and convex. Let f be a bifunction from JC x JC to R satisfying (A1) — (A44),
T,:C — E*,n=1,23,... be an infinite family of generalized J,-nonexpansive maps
and I" be a family of J,-closed and generalized J,-nonexpansive maps from C' to E*
such that NS, F;(T,,) = F;(I') # 0 and F;(T') N EP(f) # 0. Assume that JF;(T) is
convex and {T,} satisfies the NST-condition with I". Let {z,} be generated by:

rn=x€C;C; =C,

yn = J N anJz, + (1 — ay)J (JoT,)xy),

u, € C, such that f(Ju,,Jy) + %(un — Yn, Jy — Ju,) >0, Vy e C,
Cry1 ={z€ Cy : p(z,un) < (2, )},

Tny1 = Re, ., 7,
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for all n € N,a, € (0,1) such that liminf «,(1 — a,) > 0 and {r,} C [a,00) for
some a > 0. Then, {,} converges strongly to Rp,(ryngp(f)®, where R is the sunny
generalized nonexpansive retraction of E onto F;(I') N EP(f).

Proof. E is uniformly smooth and uniformly convex. The result follows from Theorem
3.7.

Corollary 4.4 Let E = L;, lp,or W*(2),1 < p < oo, where W*(£2) denotes the
usual Sobolev space. Let C' be a nonempty closed and convex subset of E such
that JC' is closed and convex. Let f be a bifunction from JC x JC to R satisfying
(A1) — (A4), T : C — E*, be a generalized J.-nonexpansive and J,.-closed maps from
C to E* such that F;(T) N EP(f) # 0. Assume that JF;(T) is convex. Let {x,} be
generated by:

rn=x€C;C,=0C,

Yo = J HanJr, + (1 — ay)J(J.oT)xy,),

u, € C, such that f(Ju,,Jy) + %(un —Yn, Jy — Jup) >0, VyeC,
Cpy1 = {Z €Cp: d)(zaun) < QS(Zaxn)}a

Tp+1 = RCn_Hxv

for all n € N, v, € (0,1) such that liminf «,(1 — a,) > 0 and {r,} C [a,o0) for
some a > 0. Then, {z,} converges strongly to Rp,(1)nep(f)®, where R is the sunny
generalized nonexpansive retraction of E onto F;(T) N EP(f).

Proof. Set T,, = T for all n € N. Then, {T,,} satisfies the NST-condition with {T'}.
The conclusion follows from Theorem 3.7.

Remark 4.5 (see e.g., Alber and Ryazantseva, [4]; p. 36) The analytical representa-
tions of duality maps are known in a number of Banach spaces. For instance, in the
spaces I, L,(G) and WP (G), p € (1,00), p~ + ¢~ ! = 1, respectively,

Jr = ||x|‘l2p_py € lq: y= {|$1|p*2m1’ |I2|p72.732, }7 T = {1’1,332, }7

J e = ||:1c|\l2q_qy €ly, y={|z1|9 %21, |22|9 %20, ...}, @ = {21, 70,...},
Ja = |[a|[7 P |z(s)[P 22 (s) € Ly(G), s € G,
J e = Hx||i:q\m(s)\q_2x(s) € L,(G), s€G, and,
Jo=lz|l52 > (=) DY(|Dx(s) P~ D (s)) € W1,,(G),m > 0,5 € G.
loo|<m
Recall that, under our setting, J, = J 1.

Corollary 4.6 Let E = H, a real Hilbert space. Let C' be a nonempty closed and
convex subset of H. Let f be a bifunction from C x C to R satisfying (A1) — (A44),
T,:C — H,n=1,2,3,... be an infinite family of generalized nonexpansive maps
and I" be a family of closed and generalized nonexpansive maps from C' to H such
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that NS, F(T,,) = F(T') # 0 and F(I') N EP(f) # 0. Assume that {7},} satisfies the
NST-condition with I'. Let {z,} be generated by:

rn=x€C;C; =C,

Yn = QpTp + (1 - an)TnIn;

Crnt1 ={z € Cp 1 [z —un|| < [z — znll},

Tp41 = PCn+1 z,
for all n € Ny, € (0,1) such that liminf «,(1 — a,) > 0 and {r,} C [a,00) for
some a > 0. Then, {z,} converges strongly to Ppyngp(f)®, where P is the metric
projection of H onto F(I") N EP(f).

Proof. In a Hilbert space, J is the identity operator and ¢(z,y) = ||z —y||? Vo,y € H.
The result follows from Theorem 3.7.

Corollary 4.7 Let E = H, a real Hilbert space. Let C' be a nonempty closed and
convex subset of H. Let f be a bifunction from C x C to R satisfying (A1) — (A44),
T : C — H, be a generalized nonexpansive and closed maps from C' to H such that
F(T)NEP(f) # 0. Let {x,,} be generated by:

r1=x€C;C; =C,

Yn = Qpdn + (1 - an)Tl'na

un € C, such that f(un,y)+ i(un —YnyY —Up) >0, Vy €,

Crt1={2 € Cp 1 ||z —un|| <[z — 2},

Tn+1 = PC,1+1xv
for all n € N,a, € (0,1) such that liminf «,(1 — a,) > 0 and {r,} C [a,00) for
some a > 0. Then, {z,} converges strongly to Pryngp(f)®, where P is the metric
projection of H onto F(I") N EP(f).

Proof. Set T,, = T for all n € N. Then, {T,,} satisfies the NST-condition with {T'}.
The conclusion follows from Corollary 4.6.

Remark 4.8 Theorem 3.7 is a complementary analogue of Theorem 1.1 in the sense
that, while in Theorem 1.1 the family {T},} maps from a subset C' C E to the space
E, in Theorem 3.7 the family {7,} maps from a subset C C E to the dual E*.
Furthermore, in Hilbert spaces, both theorems virtually agree and yield the same
conclusion.

Remark 4.9 Corollary 4.1 is an improvement and extension of the results of Nakajo
and Takahashi [37], Qin and Su [42] in the following sense:

Corollary 4.1 extends the results in Nakajo and Takahashi [37] and, Qin and Su
[42] from a nonexpansive self-map to a generalized nonexpansive non-self map.

Remark 4.10 It is well known that in a Hilbert space H, if T : H — H is any
generalized nonexpansive mapping. Then, T is generalized J,—nonexpansive. We
now give some examples of generalized J, —nonexpansive maps in more general Banach
spaces.

Example 4.11 [The Lebesgue space] Let E = L,(G), 1 < p < oo, % +% =1
and G a measurable set in R". Let T : E — FE* be a map defined by Tz =
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||x\|i;p|x(s)|p*2x(s) € Ly(G), s € G. Then, it is easy to see that, for each x € FE,
x € Fy(T) and ¢(p, (J.oT)x) = ¢(p, x). Hence, T is generalized J,—nonexpansive.
Example 4.12 [I, space] Let E =1,, 1 < p < o0, % % =1. Let T : E — E*
be defined by Tz = ||x|\12p_py € ly, y = {|z1|P 221, |22P 220, ..}, @ = {21, 29, ...}
Then, clearly, for each z € E, x € F;(T) and ¢(p, (J.oT)x) = ¢(p,z). Hence, T is
generalized J,—nonexpansive.

Example 4.13 [I, space] Let E =1,, 1 < p < oo, %—&—% =1. Let T : E — E*
-2

be defined by Tz = %Hx”?p_py € lg, y = {|z1|P 221, |22|P 220, .}, @ = {71, 22, ...}
Then, it follows that F;(T) = {0} and for p € F;(T), ¢(p, (J.oT)x) < ¢(p, x). Hence,
T is generalized J,—nonexpansive.

Example 4.14 Let E be a smooth, strictly convex and reflexive Banach space, and
C be a nonempty closed convex subset of E. Then, the map T : F — E* defined by
Tx = Jllgz, where Il is as given in Remark 2.1 is generalized J.-nonexpansive.

Proof. This follows easily from Lemma 2.11.
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