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Abstract. In this paper, by using a mixed monotone operator method we study the existence and
uniqueness of positive solutions to the following nonlinear fractional boundary value problem

{ “D u(t) + f(tu(t), (Hu)(1) + gt u(®) =0, 0<t<1,
u(0) = u”(0) =0, /(1) = yu' (),

where 2 < a < 3, v,n € (0,1), CD(‘)"+ denotes de Caputo fractional derivative, f : [0,1] X [0, 00) X
[0,00) — [0,00) and g : [0,1] X [0,00) — [0, 00) are continuous functions and H is an operator (not
necessarily linear) applying C[0, 1] into itself. Moreover, in order to illustrate our results, we present
some examples.
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operator, fixed point.
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1. INTRODUCTION

The theory of fractional differential equations has received much attention over the
past years due to its numerous applications in a great number of areas as physics,
chemistry, economics, control theory, signal and image processing, etc. (see, [5, 6, 7,
8, 9, 10], for example and the references therein).

Many methods have been used to prove the existence of solutions to fractional
boundary value problems with different boundary conditions such as fixed point the-
orems, upper and lower solution method, monotone iterative method, among others.
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In this paper, we study the existence and uniqueness of positive solutions to the
following nonlinear fractional boundary value problem

“Deut) + f(tu(t), (Hu)(t) + g(t,u(t)) =0, 0<t<1, (1.1)
w(0) = u”(0) = 0, w'(1) = yu'(n),

where 2 < a < 3, v,n € (0,1), cD(‘)ﬁ denotes the Caputo frational derivative f :
[0,1] x [0,00) X [0,00) — [0,00) and ¢ : [0,1] x [0,00) — [0,00) are continuous
functions and H : C[0,1] — C[0,1] is an operator (not necessarily linear) satisfying
certain assumptions, by using a mixed monotone operator method. This technique
has been used by other authors in the literature (see [1],[3, 4],[13] y [14] for example).

2. PRELIMINARIES AND PREVIOUS RESULTS

This section is devoted to the background material needed to establish the main
result of the paper.

Our starting point is to present some definitions and basic results about fractional
calculus. This material can be found in [5].

Definition 2.1 The Riemann-Liouville fractional integral of order o > 0 of a function
f:(0,00) = R is given by

(18 1)(8) = ﬁ / (t— )21 f(s)ds,

provided that the right side is pointwise defined on (0, c0).

Definition 2.2 The Caputo fractional derivative of order o > 0 of a function f :
(0,00) — R is defined as

cpe 1 ARG
( D0+f) (t) = F( )/0 (t— S)O‘_n"'l dSv

n—«o

where n — 1 < a < n, provided that the right side is pointwise defined on (0, c0).

Lemma 2.3 Let n — 1 < a < n and u € C™|[0,1]. Then
IS ODYu(t) = u(t) — ey — cot — - — cpt™ ™,

where ¢; ER (i =1,2,---,n).

Lemma 2.4 The relation
o I8 u(t) = I u(t)
holds if Re(a) > 0, Re(a+ ) > 0 and u € L'(0,0).

Next, we recall some basic concepts in ordered Banach spaces and some results
about the mixed monotone operator theory.

In the sequel, (E, || - ||) is a real Banach space.

A nonempty closed convex set P C E is said to be a cone if it satisfies: (i) z € P
and A > 0 = Az € P; (ii) —z,z € P = © = 0g, where 0 denotes the zero element
of E.
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Suppose that P is a cone in the Banach space (E,|| - ||), then P induces a partial
order in F given by, for x,y € E,

r<y < z—yeP

By x < y, we mean that < y and x # y. If interior of P, P, is nonempty, the cone
P is said to be solid. If there exists a constant C' > 0 such that, for any z,y € E, with
0p <z <y implies |z|| < C||y| then we say that the cone P is normal. In this case,

the smallest constant C' satisfying the last inequality is called the normality constant
of P.
For z,y € E, by x ~ y we mean the existence of constants A, u > 0 such that

Ay <z < py.

It is easily seen that ~ is an equivalence relation.
For g < h, we denote by P, the set given by

P}L:{$€E:$Nh}.
It is easily proved that P, C P.

Definition 2.5 An operator T : E — F is said to be increasing (resp. decreasing) if,
for any x,y € E, v <y then Ta < Ty (resp. Tx > Ty).

Definition 2.6 An operator A : P x P — P is called mixed monotone if A(z,y) is
increasing in « and decreasing in y, i.e., for any (z,y), (u,v) € P X P,

x<u and y>v= A(z,y) < A(u,v).

Definition 2.7 An operator B : P — P is called subhomogeneous if
B(Az) > AB(z), forany A€ (0,1) and =z € P.

The following result appears in [12] and it is the main tool used in our study.

Theorem 2.8 Suppose that o € (0,1), h € E with g < h, and P is a normal cone
in the Banach space (E,||-||). Let A: P x P — P be a mized monotone operator
satisfying
A(tz, t™'y) > t*A(x,y), for any t € (0,1) and z,y € P.

Let B: P — P be an increasing subhomogeneous operator.
Assume that

(i) There exists hg € Py, such that A(hg,ho) € Pn and Bhg € Py,

(ii) There exists a constant do > 0 such that

A(z,y) > 6gBx, for any z,y € P.

Then

(a) A:PhXPh—>Ph and B : P, — Py.

(b) There exist ug,vg € P, and r € (0,1) such that rvg < ug < vy and

ug < A(UO, 110) + Bug < A(UQ,U()) + Bvg < vp.



192 J. HARJANI, B. LOPEZ AND K. SADARANGANI

(c) There exists a unique ™ € Py, such that
x* = A(z*,2") + Bx™.
(d) For any initial values xo,yo € Pp, the sequences defined by
Ty = A(Tn—1,Yn-1) + Brp_1,
Yn = AYn—1,Tn-1) + Byn—1
forn=1,2,---, satisfy

lim ||z, —2*|| = lim |y, —2*|| =0.
n—oo n— o0

3. MAIN RESULTS

We will work in the space E = C[0,1] = {x : [0,1] — R, continuous }, with the
classical norm given by
|lz|| = max{|z(¢)] : t € [0,1]}.

In E, we consider the cone P defined by

P={zeC[0,1]: z(t) >0,t €[0,1]}.
It is easily seen that P is a normal cone with normality constant C' = 1. In this case,
the partial order in C[0,1] induced by P is given by, for z,y € E,

z<y<& () <yt), for any t € [0,1].

Previously, we recall the following lemma appearing in [11], which was proved by
using Lemma 2.3 and Lemma 2.4.

Lemma 3.1 Suppose that g € L [0,1]. Then the following fractional boundary value
problem

‘D u(t) + g(t) =0, 0<t<l
u(0) = u"(0) =0, w'(1) = ~yu/(n),
where 2 < a < 3 and v,m € (0,1) has as unique solution

1

vt
/ Gi(t,s)g ds—i—ﬁ Ga(n,s)g(s)ds,

where G1(t,s) and Ga(n, s) are the functions given by
(a—1)t(1 —s)*"2 — (t — )21

0<s<t<1
F ) —_ b
Gilt,s) = ()
(o — D)t(1 — 8)*~
e , 0<t<s<l,
and
_ _ \a—2 _ _ _ a—2
R R NP
G2(7775) = _ Oé_ a—2

(- DU —s) 0<np<s<l1
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Remark 3.2 [t is clear that the functions Gi(t,s) and Ga(n,s) are continuous on
[0,1] x [0, 1].

In [11], the author proves that G1(t,s) > 0 for any ¢, s € [0,1].
In order to that the paper is self-contained, we present a proof of this fact.

Lemma 3.3 The functions G1(t,s) and Ga(t,s) appearing in Lemma 3.1 are non-

negative.

Proof. Since 2 < a < 3, it is clear that, for 0 <t < s <1,

(a—1)t(1 — s)*2
I(e)

Gl(t; S) = 2 0.

For 0 <s <t <1, we have
(a—1)t(1 — s)o‘ 2 (t—s)t < t1l—8)*"2 —(t—s)* 7!

it = I : X
(t—s)(1—8)*2—(t—s)*"t _(t—s)(t—s)*2—(t—s)!
- I(@) - (@)
I e i L
a) '

This proves that Gy (t,s) > 0, for any t, s € [0, 1].

_ a—2
For 0 <y <s<1,it is clear that Ga(, ) = 1)r((1 : D" S
e
In the case 0 < s <17 < 1, we have
a—1D(1=8)*2—(a—1)(n—3s)>2
Catn sy~ @ D=9~ (=) —5)
()
L @-D=9 e D=9
- I'(«) :

Therefore, Ga(n, s) > 0, for any 7, s € [0,1].

The following lemma provides a lower and upper estimates on G1(t,s) which are
very interesting for our study, in order to apply Theorem 2.8.

Lemma 3.4 For any t,s € [0,1], the following inequalities

(a—2)t(1 —s)*2 (a—1)t(1 —s)>2
I'(a) I'(a)

S Gl(t7 8) S

hold.

Proof. The right inequality is clear from the expression of G (¢, s).
In order to prove the left inequality, we note that, for 0 <t < s <1,
(a—1)t(1 — s)*2 < (a —2)t(1 — 5)*~2

B T Y

For the case 0 < s <t <1, since
t—s<t—ts=1t(l—s),
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we have, (t — s)*"1 < t*71(1 — 5)*~1 and, as the function y = a® with 0 < a < 1
is decreasing and 1 < a — 1 (because 2 < a < 3), t*71(1 — s)@~1 < #(1 — s)*~ L.
Therefore,

(a—1)t(1 —8)* 2 — (t —s)> 1 S (a—1)t(1 —s)*"2 —t(1—s)* !

Gt = r(a) N r@)
< (a—1)t(1 —8)272 — (1 — 5)*~2 _ (a—2)t(1 —s)272
- () () ’

where, we have used the fact (1 —s)*~1 < (1 —s)*72
Therefore, in any case, we have

Gl (ta 8) Z
This completes the proof.
Now, we are ready to present the main result of the paper.

Theorem 3.5 Suppose the following assumptions:
(2) f :]0,1] x [0,00) x [0,00) — [0,00) and g : [0,1] x [0,00) — [0,00) are
continuous functions. Moreover, there exists to € [0,1] such that g(to,0) > 0.
(i7) For fized t € [0,1], f(t,x,y) is increasing in x and decreasing in y and g(t, )
18 1ncreasing in x.
(7i1) g(t, Ax) > Ag(t,x), for any A € (0,1), t € [0,1] and = € [0, 00).
(iv) There exists a constant p € (0,1) such that, for any X € (0,1), ¢t € [0,1] and
z,y € [0,00),
Flt, Az, A hy) > N f(t, 2, y).
(v) There exists a constant g > 0 such that, for any t € [0,1] and x,y € [0, 00),

f(ta Z, y) > 509@7 l’)
(vi) H :C[0,1] — C[0,1] and satisfies the following assumptions:
(a) Hu € P for any u € P.
(b) Foru,v € P, u<v= Hu< Hov.
(c) For any A € (0,1) and v € P, H(A\u) > AHu.
Then
(a) There exists ug,vo € Py and r € (0,1) such that

Tvg < ug < g

and, moreover,

1
w@SAGﬁMﬂwMQWMWWS
+——/Gwpmmm>mwum
/Glts )g(s,u0) ds+ /GQ (1, 5)g(s,u0(s))ds
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and
1
0= [ Gult5)f(s,0(5), Huo(s))ds
0
1
2 [ Galns) (s (o) (Huo)(s)ds
—7Jo
1 vt 1
+/ G1(t,8)g(s,v0(s))ds + ﬁ/ Ga(n,8)g(s,vo(s))ds,
0 —7Jo
where h(t) =t fort € [0,1].
(b) Problem (1.1) has a unique positive solution x* € Py, (by positive solution we
mean that z*(t) > 0 for any t € (0,1)).
(¢) For any xg,yo € Py, the sequences inductively defined by
1
= [ Gr(t.8) 5001 (5) H 1 (3
" —/ G(1,) £ (5,001 (5), Hyn-1(s)ds
1
+ [ Gatts)gtsmans(9)ds
0

t 1
+ 72 [ Gan gl (9)ds
-7 Jo
and

1
_ / Gr(t, ) (5, Yn—1(5), Han1(s))ds
+—/ G (1,5) (5. Ynr(5), Hirn_1 ())ds
/Glts 9(8,yn—1(8))ds

ey *Galrn )5, - (5))ds

formn=1,2,--- satisfy

lim ||z, —2*|| = lim ||y, — 2| = 0.

Proof. Taking into account Lemma 3.1, Problem (1.1) has the following formulation

integral

/ G (£, )[f (5. u(s), Hu(s)) + g(s. u(s))]ds
/ G, 8)[f (s, u(s), (Hu)(s)) + g(s,u(s)lds,  te[0,1].
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Now, if we consider the operator A defined on P x P by

A(u,v)(t) :/0 G1(t, 8)f(s,u(s), (Hu)(s))ds

vt
+ 1-+/ Ga(n,s)f(s,u(s), (Hu)(s))ds,

and the operator B defined on P by

1 1
t
(Bu)®) = [ Grlt.s)als,uls)ds + 72 [ Gl s)g(s.ule)ds,
0 —7Jo
then a solution u to Problem (1.1) is equivalent to find a function u satisfying
u = A(u,u) + Bu.

Notice that by assumption (i) and Lemma 3.3, we infer that A : P x P — P and
B:P— P.

Next, we check that the conditions appearing in Theorem 2.8 are satisfied.

By assumption (i), it is easily proved that A is a mixed monotone operator and B is
increasing.

From assumption (vi — (c)), we notice that, for A € (0,1) and u € P,

H(u) = HOX tu) > AH(A 1),

and, consequently, H(A~tu) < A7 H (u).
Now, we will prove that, for A € (0,1) and u,v € P the following inequality which is
a condition in Theorem 2.8

AQu, A1) > NP A(u,v)

holds, where p € (0,1).
Taking into account the last inequality and assumption (ii) and (iv), for A € (0,1),
u,v € P and t € [0, 1], we have

1
AQw, A )(t) = /O Gi(t,5)f (s, Au(s), HA ) (s))ds
* %/o Ga(n, ) (s, Nu(s), HA™"0)(s)ds

> [ Gult. )75 huls). X H() (9)ds

0

7t ! -1
e / G, )£ (5, Nu(s), A~ Hu(s))ds

> )\”/0 G1(t,8)f(s,u(s), (Hv)(s))ds

1
32 [ Gt ) (s u(o) (10) 5))ds

= N A(u,v)(t).
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In the sequel, we will prove that B is a subhomogeneous operator.
In fact, for A € (0,1), uw € P and ¢ € [0, 1], we have

1
B()\u)(t):/() G1(t,s)g(s, Au(s))ds
—l—%/o Ga(n,8)g(s, Au(s))ds

1
> / G (t,5)g(s, uls))ds

1
AT [ Galon (s, ul)ds
I=7Jo
— \(Bu)(t),
where we have used assumption (¢i¢). This proves the subhomogeneity of B.
Now, we consider the function defined by h(t) =t for t € [0, 1].
Since 0 < h(t) <1 for any t € [0,1], h € P and 0g < h.
Moreover, by assumption (vi), 0 < Hh < H1.
Taking into account these facts, Lemma 3.4 and assumption (i), for any ¢t € [0, 1], we
infer

1
A(h, B)(t) = /0 G1(t, 5)f (s, h(s), Hh(s))ds (3.1)

o[t
S — /O Ga(1, 8)f (s, h(s), Hh(s))ds

(=1t [* (e bl s
= T /0(1 )72 f(s, h(s), Hh(s))d
1
*% Ga(n,5)f(s,h(s), Hh(s))ds
Y Jo
(a_l)t 1 —5)*2 Lt ' S S S
< T(a) /0(1 s) f(S’l’O)ds—’—l—fy/o Ga(n, 5)f(s,1,0)d
= (@ —1) 1 —8)* 2 f(s S 0 ' s)f(s S
t{ o) /0(1 )* 7 f(s,1,0)d +1_7/0 Ga(n, s) f( ,1,0)(1}
o — 1 1
= h(t) {(F(a)l)/o (1*s)a72f(3a1a0)d8+ﬁ/0 Gz(n,s)f(s,l,())d,s}

Using a similar argument and taking into account Lemma 3.4, we get

(@—2)
I'(a)
1

)
2 [ Gat (5,010 (32)

A(h,h)(t) > h(t) [ /0 (1—8)*"2f(s,0,H(1))ds
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Put

_a_21_5a_23 Ssil s)f(s s))ds
o= 022 [0 umenas+ 2 [ Galn9s(6.0. 1)
and

a—1

1 a2 (g oL 0 1 o s
F(oz)/o(1 ) f(’l’o)d+1_7/0G2(?7, )f(s,1,0)ds.

Then, from (3.1) and (3.2), it follows

Qo =

alh S A(h, h) S Oégh.

In order to prove that A(h,h) € Py, we need that «; > 0 for ¢ = 1,2. For the proof
of this fact, it is sufficient to prove that a; > 0 since a; < . Taking into account
assumption (v), it follows

_ 1
“= (Of(o»? ) /0 (1= 8)*72f(s,0,(H1)(s))ds
%/O Ga(n,)f(s,0,(H1)(s))ds
=2 [0 e o
> F(Oé) A (]- — ) 25()9(8 0)d8+j GQ(’I]7 )509(570)(18

Now, by assumption (i), since g(tp,0) > 0 for certain ¢y € [0,1] and the fact that g
is a continuous function, we can find a subset E C [0, 1] such that ¢y € E, u(E) > 0,
where p denotes the Lebesgue measure and g(t,0) > 0 for any ¢ € E. From this, we
deduce

(a—2) e ~ 1
= F(a) /E(l — 5) 2509(5, O)dS + m /0 GQ(T], 5)609(5, O)ds > 0.

Therefore, A(h,h) € Py.
Next, we will prove that Bh € Pj,.
By Lemma 3.4 and assumption (i), for any ¢ € [0, 1], we have

aq

(Bh)(t / G1(t,s)g(s, h(s)) ds+ / Ga(n, $)g(s, h(s))ds (3.3)
(a— 1) [* a=2 —_— $)g(s, h(s))ds
| =gt nas + 1 / Ga(11,5)g(5, h(s))d
( 1) ! a—2 ’Yt !
< o) /0(1—8) g(s,l)ds—i—ﬁ/o Ga(n, s)g(s, 1)ds
= (ail) ' — S S S L 1 S S S
|G [as o 12 [ Gatnslate )

I
— h(t) {(‘;(a)l) /01(1 )% 2g(s, 1)ds + lj’y/ong(n,s)g(s, l)ds] .
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Using a similar argument, we obtain

o — 1 1
i =10 | G2 [a- 0 2g0is+ 12 [ Gansias0] @)

Putting

b= Ty | =97 a(0)ds + 2= [ Gatons)g(s.00as
and L 1
5=t )1 /0 (1) g(s, Vs + 12— /0 Ga(1,5)g(s, 1)ds,

from (3.3) and (3.4),
B1h < Bh < Bah.

In order to prove that Bh € Py, it is sufficient to see that 5; > 0. By a similar
argument to the one used above, we deduce

a—2 ! a—2
Blzr(a)/o(l—s) (sOds—&-i/ Ga(n,s)g(s,0)ds
o—2

>

]_"(a) /E(l — 8)0‘_ Q(S, O)dS + ﬁ /E GQ(’I], 5)9(57 O)dS > 0.

Therefore, Bh € Pj,.
Finally, we have to check that assumption (ii) of Theorem 2.8 is satisfied. In fact, by
assumption (v), for u,v € P and ¢ € [0, 1], we have

A(u,v) / G1(t,s)f(s,u(s), (Hv)(s))ds
/ Ga (1, 8) f(5,u(s), ((Hv)(s)))ds

2/0 Gl(t7s)5og(s7u(s))ds+%/o Ga(n, 8)dog(s,u(s))ds

= do(Bu)(t).
Now, by applying Theorem 2.8, we obtain the desired result. Notice that the solution
x* is positive since x* € Py, and 0 < h(t) =t for t € (0, 1).

In what follows, we present some examples of operator H : C[0,1] — C[0, 1] which
satisfy assumption (vi) of Theorem 3.5.

4. EXAMPLES

(a) Suppose that ¢ : [0.1] — [0,1] is a continuous function and consider the
composition operator Cy, defined on C[0,1] by

(Cpz)(t) = 2(p(1))

for any « € C[0,1] and t € [0,1]. The operator C,, satisfies assumption (vi)
of Theorem 3.5.
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(b) Suppose that ¢ : [0,1] — [0,00) is a continuous function. Consider the
multiplication operator M, defined by

(Mpz)(t) = @(t)x(t),
for any @ € C[0,1] and ¢ € [0,1]. It is easily proved that M, satisfies assump-

tion (vi) of Theorem 3.5.
(¢) Consider the integral operator I : C[0,1] — C[0, 1] given by

(I2)(t) = /0 2(s)ds,

for x € C[0,1] and ¢ € [0,1]. This operator satisfies also assumption (vi) of
Theorem 3.5.

In the above mentioned examples, the operators are linear.
In the following two examples, the operators defined on C[0, 1] satisfy assumption
(vi) of Theorem 3.5 and they are nonlinear.

(d) In [2], the authors proved that the operator @ defined on C[0, 1] by
(Qx)(t) = max{|z(7)] : 0 < 7 < t}

applies C[0, 1] into itself. It can be easily seen that @) satisfies our assumption.
(e) Consider the operator F' defined on C[0, 1] by

(Fz)(t) = z(t)", where r€(0,1).
Tt is easily checked that F' satisfies assumption (vi) of Theorem 3.5.

Notice that the operators in Examples (a), (b), (¢) and (d) satisfy the condition
H(Mu) = MHu for any u € P and A € (0,1) which is a stronger condition that the
condition (¢) of assumpiont (vi) of Theorem 3.5. While the operator F defined in
Example (e) satisfies H(Au) > AHu for any u € P — {0g} and X\ € (0,1).

On the other hand, it is easily checked that the composition of operators satisfying
assumption (vi) of Theorem 3.5 also satisfies this condition.

Now we present some numerical examples where we can apply our result.

Example 4.1 Consider the following nonlinear boundary value problem with maxi-

mum .
CDYPu(t) = 342+ 13 + 2/ult) + =0,
¢/ max, w(r)+5 (4.1)

u(0) = u"(0) =0, u'(1) = 1/ (3).
Notice that Problem (4.1) is a particular case of Problem (1.1) with o = 3, v
1
n= 2

fltu,0) =3+ + Yu+

g(t,u) =3+ Ju

1
Vu+5’

and (Hu)(t) = 013322”(7)'

It is clear that f applies [0, 1] x [0, 00) x [0, 00) into [0, c0) and g applies [0, 1] x [0, o)
into [0, 00) and that the functions f and g are continuous and g(1/2,0) > 0.
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This says us that assumption (¢) of Theorem 3.5 is satisfied.

Moreover, it is also clear that f is increasing in u and decreasing in v and g is increasing
in u. Therefore, assumption (i7) of Theorem 3.5 is also satisfied.

Notice that, for ¢ € [0,1], w > 0 and A € (0,1), we have

g(t, ) = 2+ Vu > VA + Yu) > At + Ju) = Mg(t, u),

where we have used the decreasing character of the function y = A* with A € (0,1).
This means that assumption (#¢7) of Theorem 3.5 is satisfied.
Now, we take u,v > 0 and A € (0,1) and we infer

1
VAo +5
3

VAN
> 3VA+ VAP + VAV u 4+ ————
\/ﬂ VOREE))

L)
vv+5

Ft,  u, M) =34+ 2 + Vdu+

> VAB+ 12+ u+

= VAf(t,u,v),
1 1
> .
YOES)) Vv+5
This proves that assumption (iv) of Theorem 3.5 is satisfied with p = % Moreover,
for t € [0,1] and u,v > 0, we have

where we have used that v\ > &\ and

Fltou,0) =3+ + Yu+ >0+ Yu=g(t,u)

1
Jors
and, therefore, assumption (v) of Theorem 3.5 is satisfied with dy = 1.

Since that the operator H is the one appearing in Example (e), it satisfies assumption
(vi) of Theorem 3.5.

Finally, by this theorem, Problem (4.1) has a unique positive solution u* € C[0,1]
with u* € Py, where h(t) =t for t € [0,1].

Notice that if we replace in Example 4.1 the operator H by another of the operators
defined in Examples, then the same argument is valid in order to obtain the desired
result. This makes that Theorem 3.5 is interesting and useful from a practical point
of view.

Example 4.2 Consider the following nonlinear boundary value problem

DY u(t) :5+t3+2u(t)“+m =0, 0<t<1,
1 / 1 ! 1 (42)
u(0) =u"(0) =0, u/(1) = cu'(—),

372
where H is one of the operators given in Examples and a,b € (0.1).
Notice that Problem (4.2) is a particular case of Problem (1.1) with o« = 9/4, v =1/3,

77:1/\@’
flt,u,v) =54+ u® +

14 0b
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and
g(t,u) = 3 +u.
It is clear that f applies [0, 1] x [0, 00) x [0, 00) into [0, c0) and it is continuous and that
g applies [0, 1] x [0, 00) into [0, 00) and it is also continuous. Moreover, g(1/4,0) > 0.
Moreover, it is clear that f is increasing in u and decreasing in v and that g is
increasing in u.
Notice that, for ¢ € [0,1], w > 0 and A € (0,1), we have
g(t, M) =3+ Xu® > N3+ u®) > A\(t3 +u?),

where we have used the fact that a € (0,1).
Now, for w,v > 0 and X € (0,1), we have

1
1+ A0t
)\max(a,b)
Ab 4 b

]

ft,  u, A to) =5+ A% +

> 54 Amax(a,b)ua +

)\max(a,b) 5 a
> b+ u+ T b

_ )\max(a,b)f(t’ u, U).

Therefore, assumption (iv) of Theorem 3.5 is satisfied with p = max(a,b).
For ¢t € [0,1] and u,v > 0 we have

t =54u”
fltuv) =5+ u + —

= >ut 45> ut 4 1% = g(t,u).
This says us that assumption (v) of Theorem 3.5 is satisfied with §y = 1.
For t € [0,1], w > 0 and X € (0, 1), we infer

g(t, ) =2 + X% > Xt +u®) = Ng(t,u) > \g(t,u),

where we have used that A* > X for A\,a € (0,1).
Since assumptions of Theorem 3.5 are satisfied, it follows that Problem (4.2) has a
unique positive solution u* € C[0, 1] with u* € Py, where h(t) =t for ¢t € [0, 1].
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