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Abstract. In this paper, we propose two algorithms which combines Mann iterative scheme, regu-
larization technique and projection method for solving finite family of split equilibrium problems and
split common fixed point problems: we call the problems split system of fixed point set constraint
equilibrium problems (SSFPSCEPs). The weak and strong convergence theorems for iterative se-
quences generated by the algorithms are established under widely used assumptions for equilibrium
bifunctions. To obtain the strong convergence, we combine the first algorithm with the shrinking
projection method in the second algorithm. Finally, an application and one numerical experiment is
given to demonstrate the efficiency of our algorithms.
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1. INTRODUCTION

Throughout the paper, unless otherwise stated, we assume that H; and Hy are real
Hilbert spaces, R denote the set of all real numbers and for a subset E of a Hilbert
space, Idg denotes the mapping from F onto E defined by Idg(z) =z, Vz € E.

Suppose C' and D be nonempty closed convex subsets of H; and Hs, respectively,
and A : Hy — H> be a nonzero bounded linear operator. Let Uy : C — C and Vj :
D — D be a nonexpansive mappings for ¢/ € I' ={1,...,N'}, 7/ e J ={1,...,M'}.
Given bifunctions f; : C x C — Rand g; : DxD — Rfort e I ={1,...,N},
je€J={1,...,M}. The problem under consideration in this paper is split system of
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fized point set constraint equilibrium problem (SSFPSCEP) given by:

x* € FiaUy, Yi' € I,

fz(x*ay)ZO, VyGC’, ViEI, (1 1)
u* = Az* € D, u* € FizVy, Vj' € J, '
gi(u*,u) >0, Yue D, VjeJ

find * € C such that

If HH =H,,C=D,I={1}, Uy =Idc for all i/ € I', V;y = Idp for all j' € J' and
g; =0 for all j € J, then SSFPSCEP (1.1) is well known as the equilibrium problem
(Fan inequality [13]) for the bifunction f; on C, denoted by EP(f;,C). The set of
all solutions of EP(f;,C) is denoted by SEP(f;,C), ie., SEP(f1,C) = {z* € C :
fi(z*,z) > 0, Vz € C'}. Note that, for a closed convex subset C' of a Hilbert space a
mapping U : C' — C is said to be nonexpansive if |U(z) —=U(y)|| < [l —yl|, Vz,y € C.
The set of fixed points of U is denoted by FizU and is given by FizU = {z € C :
Uz = z}. For many years, equilibrium problems and fixed point problems become
an attractive field for many researchers both theory and applications in electricity
market, transportation, economics and network; for example, see, [4, 17, 22]. Due
to importance of the solutions of such problems, many approaches of researchers are
devoted in the study of this area in its more general and particular cases.

SSFPSCEP (1.1) is of the form Split Inverse Problem (SIP) stated in [2] which is
more general form of split feasibility problem introduced by Censor and Elfving [1].
Mathematically, the SIP is stated as follows:

find 2* € X that solves IP1
such that (1.2)
y* = Az* € Y and solves IP2

where A is a bounded linear operator from a space X to another space Y and IP1 and
IP2 are two inverse problems installed in X and Y, respectively. In this framework,
many authors studied when IP1 and IP2 being equilibrium problems in a Hilbertian
framework, and so, called the split equilibrium problem (SEP) and split variational
inequality problem (SVIP), see eg [2, 5, 6, 8, 10, 12, 15, 21, 19, 20]. Our problem
SSFPSCEP (1.1) is SIP where IP1 and IP2 are system of fixed point set constraint
equilibrium problems installed in real Hilbert spaces H; and Hs, respectively. Note
that in SSFPSCEP (1.1) if fi(z,y) = (Ai(z),y — z) and g;(z,y) = (B;(u),v — u)
where A; : C — H; and B; : D — Hj, then SSFPSCEP (1.1) becomes the more
general form of classical SVIP.

Many researchers have been proposed algorithms for finding solution of the problem
(1.1) when I = J = {1} or Uy = Id¢ for all i’ € I', Vjy = Idp for all j/ € J', see,
for example, [8, 10, 11, 21, 19, 20] and the references therein. If Uy = Id¢ for all
i’ el',Vy =Idp forall j € J', then SSFPSCEP (1.1) will be reduced to split system
of equilibrium problem (SSEP) studied in [11]. In many research works on SEP as
well as SSEP the condition imposed and approach used for each bifunction g; defined
for inverse problem IP2 installed in Hs is the same. This approach is regularization
technique (regularization equilibrium problem or resolvent operator) 77 : H — D,
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defined by
1
zr—>{vED:gj(v,y)+;<y—v,vfz>20, VyGD}, jed (1.3)

where r is a suitable parameter, see, for example, [21, 10, 8, 19, 20, 11]. Note that
the problem (1.3) is strongly monotone when the bifunction g; is monotone. Thus,
its solution exists and is unique under certain assumption of the continuity of the
bifunction g;. With regard to the bifunctions f; defined for inverse problem IP1
installed in Hy, recently in [11] proximity operator approach is used for solving SSEP,
i.e., for convex and lower semicontinuous function h : C' — R and A > 0, the proximity
operator of h is a single-valued operator prozy : C — C' defined by

1
x»—)argmin{)\h(y)-i—iﬂx—yHQ cy € Ch. (1.4)

Using the proximity operator (1.4), the author in [11] obtained weak and strong
convergence results for solving SSEPs, structured based on extragradient method by
solving two strongly convex programs:

{ yi = argmin{Apfi(z*,y) + 3lla* —yl? 1y € C}, i€,

7 = argmin{\efi(y,y) + sllyf —vl?y €CY, i€,
where Ay is a suitable parameter and each f; satisfy a certain Lipschitz-type condition.
In practice, prox; can be computed easily by the Matlab Optimization Toolbox. As
a result of this, two optimization programs in the extragradient method are easily
numerically solved at each iteration. However, this might be costly and affects the
efficiency of the used method if the structure of feasible set and equilibrium bifunction
are complex. Moreover, Lipschitz-type condition depends on two positive parameters
c1 and ¢y which in some cases, they are unknown or difficult to approximate.
Inspired and motivated by the results in [10, 11, 14], we propose two algorithms for
solving SSFPSCEP (1.1) using the well-known Mann iterative scheme for fixed point
[14], projection method and regularization equilibrium problem (1.3) by imposing the
same conditions on each f; and g; for all 7+ and j. However, regularization equilibrium
problem (1.3) is not easier in computation and if each bifunction is more general
monotone, for instance, pseudomonotone then problem (1.3) in general is not strongly
monotone. Despite this, our result has advantage as it considers wide class of problems
SSFPSCEPs which more general form of SSEPs without Lipschitz-type condition of f;.
The remainders of the paper is organized as follows: Section 2 reviews some prelim-
inaries. Section 3 gives two algorithms and proves for the weak and strong convergence
for the algorithms solving (1.1). In Section 4 we will present some applications and
numerical examples. Finally, we give some conclusions.

2. PRELIMINARY

We write z; — z to indicate that the sequence {z} converges weakly to = as
k — oo, and xp, — = means that {x}} converges strongly to z. The metric projection
on C is a mapping Pc : H — C defined by

Po(z) =argmin{||ly —z| : y € C}, = € H.
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Lemma 2.1 [18] Let C be a closed convex subset of H. Given v € H and a point
z € C, then z = Po(x) if and only if

(x—2z,y—2) <0, VyeC.

Definition 2.1 Let C be a subset of a real Hilbert space H and f: C' x C — R be a
bifunction. Then, f is said to be

(1) monotone on C iff
flz,y) + fly,x) <0, Vo,y € C,
(2) pseudomonotone on C' with respect to z € C' iff
f(z,y) >0 implies f(y,z) <0, Yy € C.

It is clear that monotone bifunction is pseudomonotone.
Definition 2.2 Let C' be a subset of a Hilbert space H. A mapping A : C — H is
said to be

(1) monotone on C' if
(2) a-inverse strongly monotone if there exists a constant « > 0 such that
(A(x) — A(y), z —y) > af|A(z) — A(y)||?, Y,y € C.

Lemma 2.3 For a real Hilbert space H, we have

(@) (z,y) = sllel? + 3llyl* = 31z —ylI*, Va,yeH.

(i) Jlo +ol2 = 22 + Iyl +2(a.9), Var.y e H.

(ii)) [IAz + (1 = Nyl* = Alz[? + 1@ = Vyl* = A0 = Nz — y|*, Yo,y € H,

YA€ [0,1].
The next lemma will is very useful to prove the convergence of our algorithms to a

solution.

Lemma 2.4 (Opials condition) For any sequence {x*} in the Hilbert space H with
¥ — x, the inequality

liminf ||2* — z|| < liminf ||z* — y|
k——+o0 k—+o00

holds for each y € H with y # .
Lemma 2.5 [9] Suppose C' is closed convex subset of a Hilbert space H andU : C — C
be nonexpansive mapping. Then,
(i) If U has a fized point, then FizU is a closed convex subset of H.
(ii) Idc — U is demiclosed, i.e., whenever {z*} is a sequence in C weakly con-
verging to some x € C and the sequence {(Idc — U)x*} strongly converges to
some y, it follows that (Ide — U)x = y.
Lemma 2.6 [7] Suppose C is closed convex subset of a Hilbert space H and U; : C — C
q
be nonexpansive mappings for each i € {1,...,q} such that () FizU; # 0. Let
i=1

1=
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q q
U(z) == > 0;U;(x) with0 < 6; <1 for everyi € {1,...,q} and >, 6; =1. Then U
i=1 i=1

q
is nonexpansive and FizU = (| FiaU,.
i=1
Let D be a subset of a real Hilbert space H and g : D x D — R be a bifunction. Then
we say that g satisfy Condition A on D if the following assumptions are satisfied;
(A1) g(u,u) =0, for all u € D;
(A2) g is monotone on D, i.e., g(u,v) + g(v,u) <0, for all u,v € D;
(A3) for each u,v,w € D,

lim sup g(aw + (1 — a)u,v) < g(u,v);
al0

(A4) g(u,.) is convex and lower semicontinuous on D for each u € D.

From [3], we have the following useful results.
Lemma 2.7 [3, Lemma 2.12] Let g satisfies Condition A on D. Then, for each r > 0
and u € Hy, there exists w € D such that

1
g(w,v)—&—;(v—w,w—u) >0, Yv e D.

Lemma 2.8 [3, Lemma 2.12] Let g satisfies Condition A on D. Then, for each r >0
and u € Hy, define a mapping (called resolvant of g), given by
1
T9(u) ={w € D : g(w,v) + ;(v —w,w—u) >0, Vv € D}.
Then, the followings holds:

(i) T9 is single-valued;
(ii) T9 is a firmly nonexpansive, i.e., for all u,v € H,

T2 (u) = T2 (0) | < (T (u) = T (v),u — v);

(i) Fie(T?) = SEP(g,D), where Fix(T?) is the fized point set of T?;
(iv) SEP(g,D) is closed and conve.
Lemma 2.9 [3, Lemma 2.12] For r,s > 0 and u,v € Hy. Under the assumptions of

Lemma 2, then ||T9(u) — T9(v)| < [lu — || + 2|79 (v) - v].
3. MAIN RESULT

Let © be the solution set of SSFPSCEP (1.1) and let

N’ N
0 = [ N szU] N [ﬂ SEP(fi,C)}
=1 =1

and
M

= | ﬁ FizVy |0 | () SEP(g;, D)].

Jj=1
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Therefore, Q = {z* € Oy : Az™ € Qy}. In this section, we propose two algorithms for
solving (1.1) and analyse the convergence of the iteration sequences generated by the
algorithms by assuming that the solution set €2 is nonempty and that each f; and g;
defined in (1.1) satisfy Condition A on C and D, respectively. In order to design the
algorithms, we consider the real parameter sequences {r}, {0}, {pr}, {¢F} (i € I),
{(9?,} (4/ € J') satisfying the following four conditions.
Condition 1

(Cl) 0<o1 <, <o09<1.

(C2) 1, =27 >0,0<7 <pp <72 < 2 for some o € [[|A]], +00).

N
(C3) 0<&<& <1, (iel)suchthat Y &F=1.
i=1

M/
k ; ko
(C4) 0<O <05 <1, (/€ J') such that > 07 =1.

i=1
In the formulation of the following algorithms we need a real number ¢ such that
either o = ||A]| or at least o > ||A|| so that we can determine the nature of the

sequence {u}. Hence, our algorithms require prior knowledge or at least estimated
value of operator norm || AJ|.

3.1. Weak convergence. We obtained the weak convergence result for solving SSF-
PSCEP (1.1) using Mann iterative scheme for fixed point [14] and two methods reg-
ularization technique and projection method.

Algorithm 3.1
Initialization: Choose 2° € C. Let {ry}, {ox}, {m}, {5} (i € 1), {65} ( € J')
be real sequences satisfying Condition 1.

Step 1: For each i € I find y¥ = Tfi (aF).

Tk

N
Step 2: Evaluate y* = > ¢Fyk.
i=1
Step 3: For each i’ € I’ find t& = &,y* + (1 — &)U (y").

Step 4: Find among t%, i’ € I’, the farthest element from z*, i.e.,

th = argmax{|jv — 2¥|| ;v € {t} : i’ € I'}}.
Step 5: For each j € J find uf = T} (At").
Step 6: Find among uéﬂ j € J, the farthest element from At*, i.e.,

uf = argmax{|lv — At*|| ;v € {u;c 1j e J}
M’
Step 7: Evaluate z**! = Pg (tk + Mk-A*( > Hf,%f(uk) - At’“)).
i=1
Step 8: Set k:=k + 1 and go to Step 1.

Remark 1. Since each f; and g; satisfy Condition A on C' and D, respectively, by
Combettes and Hirstoaga in [3], for each r; the problems in Step 1 and Step 5 are
uniquely solvable, and since C' is nonempty closed convex set, the projection in Step
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7 exists and is unique. Moreover, each steps in Algorithm 3.1 are defined with no
ambiguity. Hence, Algorithm 3.1 is well defined.

Here is our main Theorem for weak convergence of Algorithm 3.1.
Theorem 3.1 Let {y*}, {t*}, {u*} and {z*} be sequences generated by Algorithm
3.1. Then, {y*}, {t*} and {a*} converge weakly to a point p € Q and {u*} converges
weakly to a point Ap € Q.
Proof. Let x* € Q. Then, using Lemma 2.8 (ii) and (iii) and Lemma 2.3 (i), we get

lyf — Az*||? = ||T]iz* — 2*||]* = ||Tf1 — Thar|?
S(Tfkk—Tflx ok — %) = <Tfla: — ¥, ok — 2%)
= %(HT’% -z ||2+||$ —a*|]> = [T — 2¥]?)
= s (lyf = 2*[]” + [la* — 2*|> — |lyf — $k||2)-

This yields,
lyf —2*|* < fla* — 2*|* — [lyf — 2], (3.1)

Using definition of {y*} and using convexity ||.||?, we have

N
ly* —a|P < D &Fllyi — "1 (3:2)
i=1

From (3.1) and (3.2) above, we have

N
ly* — 2| < [l2* — " |* = llyf — o). (3-3)
i=1

Suppose i, € I’ such that
th =t* = argmax{|lv— 2" :v e {t} : i' € I'}}.

Then, by definition of t* and using Lemma 2.3 (iii) together with (3.3), we have
[t% — 2|2
= 10k (y* — 2*) + (1 = ) (Ui, (") — 2")|I?

= 0plly® — 2*|1> + (1 = 0p)|1Usr, (%) — 2|1 = 0k (1 = 601U, (") — o*I?
() = U, (a)]?=

= 0plly® — "2 + (1 = o) |IU;

0k(1 = 80) Ui, (%) = 9" (3-4)
< Oklly® — a2 + (1 = o) ly* — 2*|1* — 0k (1 — d1) HUzn, (") = y*II?
< lly* = a*|? = 0k (1 = 0)|I U, (4*) — *II7

N
< fla* — 2] - Zlﬁz’-“llyf —aM|? = 8 (1 = o) U, (v*) — y*1*.
=

-/
n

-/
n

Suppose jm, € J such that uf = u* = argmax{|u — At*|;j € J}. By Lemma 2.8
(ii) and (iii) and Lemma 2.3 (i), we obtain
o = A2 = [TE™ At — Ag 2 = [T At — T A
(T7m Atk — Tom Ax*, AtF — Ax*)
(T7m Atk — Az* | AtF — Ax*)
S(IT7 ™ AtF — Ax™||* + || AtF — A*||* — || T Ath — AtF||?)
= %(Huk — Ax*||? + || AP — Az*||? — [luF — AtF[]?).

VAN
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This yields,
¥ — Aa*||? < || At — Aa*|2 — b — AtF|2. (3.5)

M’ )

Let V.= 3 Gf,Vj/. By Lemma 2.6, V is nonexpansive and FizV = ﬂ;‘f[:l FixV;.
=

Thus, using (3.5) and the nonexpansive property of V', we have

IV (k) — Az |[2 = |VTEm At — V Az |2 < [[u* — Az*|?

< JJAt = Az 2 — ub — AtF|2. (3.6)

Moreover, using Lemma 2.3 (i), we obtain

<A(t’c *),V( k) — AtF)
(A(tk —2*) + V(u ) AtF — V (uk) 4+ AtF V (uF) — AtF)
(V(u ) Am SV (uF) — AtF) — ||V (uF) — AtF||?
% [V (uF) = Ax*||* 4[|V (uF) — AtF|]> — || AtF — Az |?) — [V (u¥) — At¥||?
= 5 (IIV(uF) = Az||? — ||V (uF) — AtF|]? — || AtF — Az=|?).

(3.7)

From (3.6) and (3.7), we have

(A(tF = 27), V(uF) — AtF) < =5 ([[u? — AF|? + [V (uF) — At¥]]?). (3-8)
Then, by definition of 2**1, Lemma 2.3 (ii) and using (3.7), we get
= || Po(t* + prA*(V(u*) — At*)) — Po(a*)||?
< [(F = 2%) + i (V (uF) = A2
= [[t* = 2|12 + | un A*(V (uF) — A2 + 200, (% — 2%, A*(V (uF) — AtF))
<[ = a1+ APV () — AP |2 + 20 (AR — 27), V(uF) — AtF) - (3.9)
< [1t5 = a2 + i APV (b)) = AP = p((lu — A2+

[Vul — At*||2)

= t* — ¥ |” — (1 — ]| Al )HV(U'“) AP — pug||u® — At*]?
= [[t* = 2*[1* = pr(1 = o) |V (uF) =A%) — pug [l — Ae¥2.

Thus, from (3.4) and (3.9), we have
lz*+ = 2*||* < fla* — 2*||* — L (3.10)

where

N
Li =) &Fllyf —aI* + 6u(1 = 60)[1Uir, (") — " I1P+

pe (L — | APV () — AL - | — At*|J2.
In view of condition 1 and results in (3.3), (3.4) and (3.9), we have
2™+t — 2| < [1tF =2t < ly* -2 < [la® - 2"]. (3.11)

Therefore, limy .o ||2F — 2*||? exists and this implies that the sequence {z*} is
bounded. Thus, from (3.10), we have L; < [|z* — 2*||?> — ||z**! — 2*||? and hence
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letting k — 400 gives Ly — 0. Consequently, from L — 0 and Condition 1, we have

lim [y — o = lim Uy, (5F) - gl = lim V() - A¥]
—00 k—o0 n k—o0

— Tim [[uf — At%]| = 0. (3.12)
k—o0
Combining results from (3.12), it is easy to see that
lim [y —af| = lim U, (%) — 2" = lim [V@b) —ub| =0,  (3.13)
k—o0 k—o0 n’ k—o0

Using triangle inequality and definition of t*, we get
[ [ ||t’“—ky’“|\+||y’“—$k||k . L
= ll0xy" + (1 = 6)Us, (y") — y7)l| + lly" — 2| (3.14)
= (1= 0)llUxr, (¥*) = y* I + lly* = 2*].
From (3.13), (3.14) and (C1) of Condition 1, we conclude that

lim ||t" —2"| = 0. (3.15)

k—-+o00

From the definition of ¢t* = ¢;; and using (3.15), we conclude that

lim ||th — 2*|| = 0. (3.16)
k—+oco
The inequality [[tF — y*|| < [|th — 2*|| + [|2* — y*|| together with (3.16) and (3.13)
gives
lim ||t —y*|| = 0. (3.17)

k—+oco

On the other hand, since 5 = 6,y* + (1 — 0x)Ui (y*), we have

k k k_ .k
1T (") = 7l = 7= lIte = 9",

The last inequality together with (3.17) and (C1) of Condition 1 yields

lim ||Uy(y®) —o*| =0, Vi' eI’ (3.18)
k—+4o00

Claim 1: Every weak-cluster point of the sequence {x*} is in €.

Let p be a weak-cluster point of the sequence {z*}. There exists a subsequence {z™}
of {x*} such that 2™ — p as m — +o0. Since C is convex and closed subset of a real
Hilbert space H;, C is weakly closed and hence p € C' (noting that {z*} is in C).
We want to show that p € €.

From (3.13) and

(y™, h)y = (y™ — 2™ h)+ (¢, h), Vh € Hy,
we get y™ — p as m — +o0o. Thus, from (3.18) and the demiclosedness of Idx — Uy,

N/
we have p € FizUy for all i/ € I'. Thus, p€ (| FizUy.

/=1
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Assume p ¢ Fix(T; ekl %) for some ig € I and for some r > 0. Thus, Tfo( p) # p. That
M
is, p ¢ (| Fiz(T/"). Thus, using Opial’s condition, Lemma 2.9 and (3.12), we get

i=1

liminf |z — p|| < liminf ||™ — Tl 2l
m——+00

m—»—+00 ¥
= liminf o™ -y +yit — Ty ”J(z?)ll
< lim 1nf(||:1c —ym |+ lym — T (p)|)

m——+

fig (=
= hmlnf it — 150 ()|
= hmlnf | T o g™ — 1 @l

m——+

< liminf(Jo™ — 7] + Ir=rl)fio (am) — gm]))
m——+oo
= liminf (a™ — p|| + L2=tjym — am]))

m—+00
=7l

= liminf ||a™
m——+00

which is a contradiction. Hence, it must be the case that p € Fiz(T[?) for all i € I
M
and r > 0. By Lemma 2.8 (iii), Fiz(T/") = SEP(f;,C). Hence, p € (| SEP(f;,C).

=1
Therefore,
pE Q. (319)
It is also easy to see that t"™ — p and hence At"™ — Ap. Thus, using (3.12) and
(W™ h) = (u™ — At™ h) + (At",h), Vh € H,,

we get u™ — Ap. Assume Ap ¢ FizV. That is, V(Ap) # Ap. Thus, using Opial’s
condition and (3.13) together with nonexpansiveness of V', we get

liminf ||[u™ — Ap|| < liminf ||u™ — V(Ap)||
m——+00 m——+00
= liminf ||u™ — V(u™) + V(u™) — V(AD)||

m—+
< lminf (Ju™ = V(™) + V(™) - V(4p)])
e my A< T m A
lim inf |V (u") = V(Ap)[| < lim inf [[u™ — Ap]|
M/
which is a contradiction. It must be the case that Ap € FizV = (| FixVj.
j'=1
Similarly, using Opial’s condition, Lemma 2.8, Lemma 2.9 and (3.12) we can show

that Ap € ﬂ SEP(g;,D). Hence,

Therefore, from (3.19) and (3.20), we have p € Q.

Claim 2: The sequence {x*} converges weakly to some point in (2.

Since the sequence {z*} is bounded, there exists a subsequence {z™} of {x*} such
that £™ — p as m — +oo for some p € C. Clearly, p € Q by Claim 1 above.

We want to show that ¥ — p. Suppose not. Thus, there exists a subsequence {z'}
of {x*} such that 2! — ¢ with p # ¢. By Claim 1 above g € 2. Then applying Opials
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condition and noting that from (3.11) for all z* € € the sequence {|lz*¥ — x*||} is
decreasing (and lim |z* — z*|| exists), we have
k——+oo

liminf ||z! — ¢|| < liminf ||2! — p||
l—+oo l—+o0

— 1imm 3 m
= liminf [|2"™ — p]|

< liminf ||z™ — ¢||
m—+00

= liminf ||2! — ¢
l— 400

This is a contradiction. Hence {z*} converges weakly to p.

Therefore, z¥ — p together with (3.13) and (3.15) gives y* — p and t* — p, so

Atk — Ap. Combining with (3.12), it is immediate that u* — Ap.

Hence, Theorem 3.1 is proved. O
The following Corollary is immediate consequence of Theorem 3.1 obtaind for solv-

ing SSEPs by setting Uy = Idc for all ¢/ € I' and Vj, = Idp for all j/ € J' in

Algorithm 3.1.

Corollary 3.1 Let {y*}, {u*}, and {z*} be sequences generated by iterative algorithm

2V e C,
yf = T,!:f(xk), iel,
N
ut= &l
ug =Tl (Ay"), j €
u” = argmax{|lv — Ay*|| s v € {u} : j € J}},
oF Tt = Po(t% + up A% (ub — AtF)).

where {ri}, {px} and {&F} (i € I) be real sequences satisfying (C2) and (C3) of
Condition 1. Then, sequences {y*} and {z*} converges weakly to a point p € {x* €

ﬂilil SEP(f;,C) : Az* € ﬂf\il SEP(g;,D)} and {u*} converges weakly to a point
Ap e N, SEP(g;, D).

3.2. Strong Convergence. To obtain the strong convergence, we perform shrinking
projection as one appropriate additional step in Algorithm 3.1.

Algorithm 3.2
Initialization: Choose 2° € C and C = Cy. Let {ri}, {6}, {ux},{¢F} (i € 1), {04}
(7 € J') be real sequences satisfying Condition 1.

Step 1: For cach i € I find yF = T ().
N
Step 2: Evaluate y* = > ¢Fyk.
i=1
Step 3: For each i’ € I’ find t& = &,y* + (1 — &)U (y%).
Step 4: Find among t¥, i’ € I', the farthest element from 2%, i.e.,

th = argmax{|jv — 2¥|| ;v € {t} : i’ € I'}}.
Step 5: For each j € J find uf = T} (At").
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Step 6: Find among u?, j € J, the farthest element from At*, i.e.,

uf = argmax{||v — At*| :v € {u;f tjeJh

Step 7: Evaluate s* = Pg (tk + ukA*< ]\2/[: 0§,Vj/(uk) — Atk>>.
=1
Step 8: Evaluate ’
$k+1 — PCk+1 (330)
where
— . k k k k
Crrr={w e Cp: ||s" —w| <[It* —wl| < ly* — w] < [l2" — wl]}.

Step 9: Set k:=k + 1 and go to Step 1.

Lemma 3.1 For each k > 0, the set Cy, defined in Algorithm 3.2 is nonempty closed
convex subset of Hy.

M/
Proof. Let V.= % 0%Vj and let 2* € . Then, from (3.3), (3.4) and (3.9), we have
=1

N
ly* =P < [l2* —a*|® =D &Fllyf — o), (3.21)
i=1
1£° = 21> < lly* = 2*[|* = 6 (1 = 80) | Usr, (4*) — 4", (3.22)

Is* = a*|* < lt% = 2" |® = (1 = po®) |V (u®) = AP|P = | — A2 (3.23)
From (3.21), (3.22), (3.23) and Condition 1, we have
Is* = 2*|| < |t* = 2*|| < ly* — 27| < 2* — 2], ¥k >0. (3.24)

Since z* € Cy = C, we get by induction that x* € Cf for all k£ > 0, i.e., Q C Cy, so
Cr # 0 for all k. Let

Ey ={we Hy :||s*—w| <|tF —w|}, VE>0,
Fp={we H : |t —w| < [ly* —wl}, Vk=0,
Gr={we Hy : ||y* —w| < |lz* —w|}, Vk>o0.

Thus, Cxy1 = Cx N Ex N F N Gy. Note that Ey, Fj, and Gy are either the halfspaces
or the whole space H; for all £k > 0. Hence, they are closed and convex. Since Cy,
Ey, F, and Gy are closed and convex for all &k > 0, C} is also closed convex for all
k>0. O
Remark 2. For each k, since C} is nonempty closed and convex subset of H; (by
Lemma 3.1), the projection in Step 8 exists and is unique. Hence, well definedness of
Algorithm 3.2 is straight using Remark 1.

Now, we prove the strong convergence of Algorithm 3.2.

Theorem 3.2 Let {y*}, {t*}, {u*} and {2*} be sequences generated by Algorithm
3.2. Then, {y*}, {t*} and {z*} converge strongly to a point p € Q and {u*} converges
strongly to a point Ap € Q.

Proof. Let * € Q. By Lemma 3.1, C} is a nonempty closed convex set for all kK > 0
and by definition #¥*1 € Oy and z* = Pg, (2°), so ||z% — 20| < ||2**! 2|, Vk.In
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addition, #*t1 = P¢, , (2°) and 2* € Cjy1, we have |27 -2 < ||z*—2°||, V& > 0.
This results

l2* =2 < [la** = 2% < fla* — 2%, k>0
Therefore, limy_, 4 o ||2* — 2°|| exists, consequently {«*} is bounded, and hence using

(3.24), we see that {y*}, {t*} and {s*} are also bounded.
For m > n, from the definition of C}, we have ™ € C,,, € C,,. Thus,

la™ = a"|* < 2™ = 2®|* — 2" — 2®||* V. (3.25)

Passing to the limit in the inequality (3.25) as m,n — 400, we get ||™ — 2| — 0,
implying that {z*} is a Cauchy sequence, and hence it converges to some point p in
C. From the definition of Cy;1 and z¥*1 we get

Is* — 2* T < Jle* = 2P < lyt - 2P < fla® - 2t

Thus, using the last result, we obtain

¥ — s8] < [ls* — k| + [l — 25| < 22t — b (3.26)
ok — ¢4 < [[¢% = 2| 4 ok — b < 2k — 1, (3.27)
¥ = gFl < g — 2+ b - o < 2l — . (3.28)

Letting k — oo in (3.26), (3.27) and (3.28) and from the convergence ||z* — x**1|| to
0, we deduce

lim |z* —s*| = lim |lz* —#* = lim |2 —¢*| = 0. (3.29)
k—+oo k—+o0 k—+o00

Using (3.29) and since {z*} converges to p in C, we have

lim s*= lim t*= lim "= :
R (330
and so klir}rl Atk = Ap. Combining (3.21), (3.22) and (3.23), we have
—+o0
Is* = 2*[* < [la* — 2*)* — Qu (3.31)
where
N
Qu=_ & llyf — 2" +81(1 = 3)|1Us, (4*) = ¥+
i=1
(L= o) [V () — A2 + upluF — AL
But,

Qk < ||z — ™[> — ||s* — 2*||?
< (% =2 = [Is* = 2D (la* — 2*[| + ||s* — 2*])) (3.32)
< la* = s*|(lla* — 2% + [Is* — 2*])).
Hence, Qr — 0 as ||zF — s¥||(||2* — 2*|| + ||s* — 2*||) — 0. In view of Q) — 0 and
Condition 1, it follows that
lim [|U;, () —y*[ = Jim [[V(u¥) — A"
n —+o0

——+o00
= lim |juf — AtF|| = 0.
k— 400

lim [y — ¥ =
k—+o00 k (333)
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From (3.33), we can have

lim [ly* -2 = Tim [[Uy, (%) =2 = lim [[V(@")—u'|=0.  (3.39)

k—+oco

Using triangle inequality and definition of t*, we get

1t = a* < (=00 |Usr, (4%) = 5*[1 + Ily* — 2. (3.35)
From (3.33), (3.34), (3.35) and (C1) of Condition 1, we conclude that
lim ||tF — 2*|| = 0. (3.36)
k—4o00

Hence, by definition of t* and from (3.36), we have . lir_"I_l ||tk —z¥|| = 0. This together
—+00
with (3.34) results

lim ||th — ¥ = 0. 3.37
Jim e | (337
Since t¥ = 6,.2% + (1 — 0x)Uy (y¥), we have |Uy (y*) — y*|| = 171% |tk — y*|| and this

gives together with (3.37) gives
lim ||Uy(y*) —o*| =0, Vi' eI (3.38)
k——+oo

Claim: p € Q.
Let 7 > 0. For each i € I, using Lemma 2.9, we have
1T (p) = pll < I (p) = T («®) || + | TS (%) — 2*| + [[2* = pl|
< lp— | + E T (00) — pll + | T (%) — %)l + 2% = pll - (3.39)
= 22" — pl| + 2 gk - pll + [y — 2"].
In view of ||yfc —p|l < HyiC — 2| +jz* — p||, 2¥ — p and (3.33), we have ||yzk —p|l = 0.

Hence, |y¥ — p|| — 0, (3.33) and since ¥ — p, (3.39) results || T/i(p) — p|| = 0
for each i € I, ie., p € FizT/ for all i € I. Therefore, by Lemma 2.8, we have

N
p€ () SEP(f;,C). In view of
i=1

1=

Ui (p) — pll < |Usr(p) — Ust (%) + 11U (%) — y* || + ly* — pl]
< Hykk— pll+ HUi'(y’“’)c — y’“LI + ly* = pll (3.40)
=2|ly" —pll + [|Us (y*) — y"||

together with (3.34), we have |Uy (p) —p|| = 0 for all ¢ € I'. Thus, p € FizU; for all

N
el ie,p€ () FiaUy. Therefore,

i'=1
p e Q4. (341)
Since t* — p, At* — Ap and hence |[u¥ — Ap|| < ||uF — AtF|| + || At* — Ap|| together
with (3.33) yields
li b Ap| = 42
Jhm flu® = Ap| =0, (3.42)
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i.e., u¥ — Ap. Combining (3.34), (3.42) together with
IV(Ap) — Ap|| < [V (Ap) — V(uP)[| + [V (u*) — u|| + [|u* — Ap]|
< [ Ap — u|| + |V (u*) — ¥ + [u* — Apl|
= 2[|u — Ap|| + [V (u¥) — u*|

M/
gives ||V (Ap) — Ap|| = 0. That is V(Ap) = Ap and hence Ap € (| FiaVj.
j=1
From (3.33) and definition of u*, we have
lm [uf — At*| =0, VjeJ={12,... M} (3.43)
k——+o0

Using Lemma 2.9, we have
IT7 (Ap) — Ap| < | T (Ap) — To7f (At*)|| + || T (%) — AtF[| + [| A" — Apl|
= | T (Ap) — T7 (AtF)|| + |luf — At*| + || At* — Ap||
k lre—=rl, k k k
<20 A" — Apll + = lug — Apll + [luj — A7
(3.44)

From (3.43) and since At* — Ap, we have ||u§c — Ap|| — 0. Thus, applying (3.43),
At* — Ap and Hu;C — Ap|| — 0 in (3.44), we get T, (Ap) = Ap for all j € J, which

N
implies that Ap € Fix(T”) = SEP(g;,D), Vj € J. Hence, Ap € (| SEP(gi, D).

i=1

Thus, Ap € Q3. Therefore, Ap € Qo and (3.41) gives p € . This completes the
proof. O
Corollary 3.2 Let {y*}, {u*} and {2} be sequences generated by iterative algorithm

2V eC = Co,

vi =Th@h), i€l

N

y* = __Zlffyf,

u;,: =17 (Ay*), jeJ,

u” = argmax{|lv — Ay*|| s v € {uf : j € J}},

sk = Pc(fk + ,Uk;A*(uk — Atk)),

Crr ={w € Cp : ||s* —w| < [ly* —w] < ||z* —w]]},

ah = PCk+1 (Io)v

where {r}, {ur} and {&F} (i € I) are real sequences satisfying (C2) and (C3) of
Condition 1. Then, sequences {y*} and {x*} converge strongly to a point

N M
pE {m* € ﬂ SEP(f;,C): Az* € m SEP(gj,D)}
i=1 i=1
and {u*} converges strongly to a point Ap € ﬂf\il SEP(g,,D).
4. APPLICATION

4.1. Application to split system of fixed point set constraint variational
inequality problems. Consider problem (1.1) for f;(z,y) = (Ai(z),y—x) fori € I,
and g;j(u,v) = (Bj(u),v —u) for j € J where A; : C' — H; and B; : D — H, are
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nonlinear operators. This gives split system of fized point set constraint variational
inequality problem (SSFPSCVIP):

z* € FizUy, Yi' eI,

u* = Az* € D, u* € FizVy, Vj' e J',
(Bj(u*),u —u*) >0, Vue D, Vje
Let VI(A;, C) and VI(Bj, D) stands for the variational inequality problems which is:

find z* € C such that (4;(z*),y —2*) >0, YyeC

find 2™ € C such that (4.1)

and
find «* € D such that (B;(u*),v —u*) >0, Yv € D,

respectively. Let ® be solution set of (4.1) and let SVI(A;,C) and SVI(B;, D)
represent solution of VI(A;,C) and VI(B;, D), respectively.
Lemma 4.1 For each r > 0, we have
(). yi = TL (2) iff {yi +7Ai(yi) — 2,y —yi) 20, VyeC,
(ii). u; =T (u) iff (uj +rB;(u;) —u,v —u;) >0, Yo € D.
Proof. (i). For each r > 0, we have

yi =T (x) & filyiy) + %<y—yi,yi —2)>0,VyeC
< (Aiwi),y —vi) + -y —yi,yi —1) 20, Vy e C
S (ys +rAi(ys) —z,y — i) >0, VyeC.

(ii). The proof follows similar step of (i) above. O

If each A; is monotone on C and each B; is monotone on D for alli € I, j € J,
then each f; and each g; satisfies Condition A on C' and D, respectively. Hence, using
Theorem 3.1 and 3.2, we get the following results for approximate solution of (4.1).
Theorem 4.1 Let each A; is monotone on C and each B; is monotone on D for all
i€l,jeJ. Let {y*}, {t*}, {u*} and {2*} be a sequences generated by iterative
algorithm
20 € C,
(F +redi(yf) — 2y —yf) >0, VyeC,

N

Yk =3 eyl

i=1
th = ory* + (1 — 6,)Us (yF),
th = argmax{||v — z*|| : v € {t§ : i’ € I'}},
(uf +rpBj(uf) — At v —uk) > 0, Yve D,
ub = argmax{|lv — At*| : v e {u} : j € J}},

1 = P (tk + HkA*( .]\X/[:/l 05, Vir (uh) — Atk))’
Gi=

where 0 < 01 <0 <02 <1, 0<ESEF ST GED, 1 >27>0,0<y <pup <72 <
% for some o > ||A|, 0 <8 < 0;-“, <1 (4 € J) with Zj‘,ﬁl 0;“, =1 and Zf\il e =1.
Then, {y*}, {t*} and {z*} converge weakly to p € ® and {u*} converges weakly to
Ap € (ML, PiaVi) (INGL, SVI(B;, D).
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Theorem 4.2 Let each A; is monotone on C' and each Bj is monotone on D for all
icl,jeJ. Let{y*}, {t*}, {uF} and {z*} be a sequences generated by iterative
algorithm

2 eC = Co,

(yf +rudi(yf) —a*y —yf) 20, Yy eC,
N

ut= 3G

ti = opy* + (1 — ) Ui (y*),

th = argmax{||v — z¥|| : v € {t} :i' € I'}},

(ué’“ + rkBj(u;?) — AtF v — uf) >0, Yve D,

u? = argmax{|lv — At*|| : v € {u : j € J}},

sk = Po (tk + :LL]{:A*( -],\24:/1 ef/vj'(uk) - Atk))’
iz

Cry1 = {w € Cp : [|s* —wl| < t* —w| < [|l2F —w| < [la* —w]},
mk+1 — PCk+1(5U0)a

wher60<01§5k§02<1,0<§§§f§1, Gel),rn>r>00<v <
e < 2 < 2 for some o > ||All, 0 < 6 < 9;-“/ <1, (j" € J') with Zj\flﬂ@;ﬁ =1
and Zfil €8 = 1. Then, {y*}, {t*F} and {2*} converge strongly to p € ® and {u"}
converges strongly to Ap € [ﬂé\flzl FizV;/] ﬂ[ﬂ;\il SVI(B;, D).

Setting Uy = Idc for all i’ € I’ and Vjy = Idp for all j' € J’ in problem (4.1) yields
split system of variational inequality problem. In [2, Algorithm 6.4], the iterative
algorithm can also solve problem (4.1) for Uy = Idc for all ' € I’ and Vy = Idp
for all j/ € J'. However, in order to obtain the convergence, the method requires the
restrictive condition that the operators A;, B; are a-inverse strongly monotone.

4.2. Numerical Experiment. Let H; = R™ and Hy = R. Consider the problem
(1.1) for bifunctions f; : C x C' — R defined by

filz,y) = Gi(y) — Gi(z), ieI={1,2,... ,N},
and g1,92 : D x D — R are given by

g1(u,v) =u(v —u), golu,v) = (2u —u?)(v —u)
where G;(y) = %yTQiy—i—qZT y with ¢; € R™ and @Q; being a symmetric positive definite
n x n matrix of order n. Lets take the feasible sets

C={zeR":-5<g; <5, Vi=1,2,...,n} and D = [-1,400).

Let Uy : C — C given by Uy(2) = 2, i €I ={1,2,...,N'}and Vy : D - D
defined by Vj/(u) = ji,u, jeJ = {1,2,...,M,}. For a vector ¥ in R" take a
mapping A : R™ — R given by A(z) = (¢, z). Thus, A*u = u.9 and || A|| = |||

It is easy to show that,

e cach Uy and Vs is nonexpansive mapping,
e cach bifunction f; satisfy Condition A on C,
e ¢ and go satisfy Condition A on D,
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o {0} =, {0} = Q3 and A(0) = 0. Thus, Q = {0}.

Note that in this example, the resolvent T, Tsz of the bifunction f; coincides with the
proximal mapping of the function G; with the constant r; > 0, that is, we need to
solve the following optimization program

. . 1 .
T] (a") = arg min {Gi(y) + allmk —yl?ryeC}, iel
or the following convex quadratic problem
. N e .
T#;l (z*) = arg min {QyTHiy +bly:yeCl, iel

where H; = 2(Q; + i[d) and b; = q; — %xk where I; is n X n identity matrix. For
each ¢ € I, the convex quadratic problem arg min {%nyIiy +bTy : y € C} can be
effectively solved, for instance, by MATLAB Optimization Toolbox.
Ezxperiment: We use the following data for our numerical experiment.

e N=3n=3 N =4 M =5,9=(1,1,1)T.

® q1, ¢» and g3 are zero vectors in R3 and

2 01 3 0 3 2 -1 0
Q1= 0 3 1|, Q2= 0 1 -2), Q3= -1 2 -1],
1 1 4 3 -2 8 0o -1 2

We set rj, = 1, €F = £, 0% = & fori € I = {1,2,3}, j/ € J' = {1,2,3,4,5} and we
will test our methods for different starting points z° and different parameters 6;, and
tk. The results in Table 1 and Table 2 report iteration (k) and CPU time in second
for the sequence {z*} generated by the Algorithms for different starting points and
parameters. The algorithm has been coded in Matlab R2017a running on MacBook
1.1 GHz Intel Core m3 8 GB 1867 MHz LPDDR3.

TABLE 1. Performance of Algorithm 3.1 and 3.2 for different 20, §;,

and py
o = 0.5, i = 10~2
Algorithm 3.1 Algorithm 3.2
20 Iter(k) CPU time(s)  Iter(k) CPU time(s)
(-1,2,3)T 4 0.107 7 0.259
(4,1,-4)T 6 0.131 12 0.317
(2,-2,3)T 10 0.225 21 0.548

The study of the numerical experiments here is preliminary and it is obvious that
SSFPSCEP depend on the structure of the constrained sets C' and D, the bifunctions
fi and g;, and the mappings U and V.. However, the results in Table 1 and Table 2
shows that the number of iterative step and time for execution of the algorithms
depend on the starting point z° and parameter sequences.



(1]
2]
3]
(4]

[5]

[6]

7]

(8]

[9]
(10]
(11]
(12]
[13]
(14]
[15]
[16]
(17]
18]

(19]

REGULARIZED PROJECTION METHOD OF SOLVING SSFPSCEP 187

TABLE 2. Performance of Algorithm 3.1 and 3.2 for different 20, §;,
and py

5y — JEREIOS — ()3

100(k+1)
Algorithm 3.1 Algorithm 3.2
20 Iter(k) CPU time(s) Tter(k) CPU time(s)
(-1,2,3)T 5 0.130 7 0.276
(4,1,-4)T 11 0.280 18 0.485
(2,-2,3)T 17 0.331 25 0.674
REFERENCES

Y. Censor, T. Elving, A multiprojections algorithm wusing Bregman projections in a product
spaces, Numer. Algor., 8(1994), 221-239.

Y. Censor, A. Gibali, S. Reich, Algorithms for the split variational inequality problem, Numer.
Algor., 59(2012), 301-323.

P.L. Combettes, S.A. Hirstoaga, Equilibrium programming in Hilbert spaces, J. Nonlinear Con-
vex Anal., 1(2005), 117-136.

J. Contreras, M. Klusch, J.B. Krawczyk, Numerical solutions to mash-cournot equilibria in
coupled constraint electricity markets, IEEE Trans. Power Syst., 19(2004), 195-206.

J. Deepho, J. Martinez-Moreno, P. Kumam, A viscosity of Cesaro mean approzimation method
for split generalized equilibrium, variational inequality and fixed point problems, J. Nonlinear
Sci. Appl., 4(2016).

J. Deepho, P. Thounthong, P. Kumam, S. Phiangsungnoen, A new general iterative scheme
for split variational inclusion and fized point problems of k-strict pseudo-contraction mappings
with convergence analysis, J. Comput. Appl. Math., 318(2017), 293-306.

F. Deutsch, Minimizing certain convex functions over the intersection of the fized point sets of
nonezxpansive mappings, Numer. Funct. Anal. Optim., 1(1998), 33-56.

A.G. Gebrie, R. Wangkeeree, Hybrid projected subgradient-proxzimal algorithms for solving
split equilibrium problems and split common fized point problems of monexpansive mappings
in Hilbert spaces, Fixed Point Theory Appl., 1(2018), 5.

K. Goebel, A. Kirk, Topics in Metric Fized Point Theory, Cambridge Studies in Advanced
Mathematics, 28, Cambridge University Press, Cambridge, 1990.

Z. He, The split equilibrium problem and its convergence algorithms, J. Ineq. Appl., 1(2012),
162.

D.V. Hieua, Parallel extragradient-prozimal methods for split equilibrium problems, Math.
Model. Anal., 4(2016), 478-501.

K.R. Kazmi, S.H. Rizvi, [terative approxzimation of a common solution of a split equilibrium
problem, a variational inequality problem and a fized point problem, J. Egyptian Math. Society,
1(2013), 44-51.

F. Ky, A minimaz inequality and applications, Inequalities, 3(1972), 103-113.

W.R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc., 3(1953), 506-510.

A. Moudafi, Split monotone variational inclusions, J. Optim. Theory Appl., 2(2011), 275-283.
K. Nakajo, W. Takahashi, Strong convergence theorems for nonexpansive mappings and nonez-
pansive semigroups, J. Math. Anal. Appl., 2(2003), 372-379.

T.D. Quoc, P.N. Anh, L.D. Muu, Dual extragradient algorithms extended to equilibrium prob-
lems, Global Optim., 52(2012), 139-159.

W. Takahashi, Y. Takeuchi, R. Kubota, Strong convergence theorems by hybrid methods for
families of nonexpansive mappings in Hilbert spaces, J. Math. Anal. Appl., 1(2008), 276-286.
B. Van Dinh, D.X. Son, T.V. Anh, Eztragradient algorithms for split equilibrium problem and
nonexpansive mapping, arXiv preprint arXiv:1508.04914. (2015).



188 ANTENEH GETACHEW GEBRIE AND RABIAN WANGKEEREE

[20] B. Van Dinh, D.X. Son, L. Jiao, Linesearch algorithms for split equilibrium problems and non-
ezpansive mappings, Fixed Point Theory Appl., 1(2016), 27.

[21] D. Van Hieu, Two hybrid algorithms for solving split equilibrium problems, International Journal
of Computer Mathematics, 3(2018), 561-583.

[22] T. Zang, Y. Xiang, J. Yang, The tripartite game model for electricity pricing in consideration
of the power quality, Energies, 10(2017), 2025.

Received: October 11, 2018; Accepted: June 4, 2019.



