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1. INTRODUCTION

Let E be a real reflexive Banach space and C' a nonempty, closed and convex subset
of £ and E* be the dual space of . Let © be a bifunction of C' x C into R, where
R is the set of real numbers, ¥ : C' — E* be a nonlinear mapping and ¢ : C' — R be
a real valued function. The generalized mized equilibrium problem is to find x € C
such that

O(z,y) + (Y, y —z) + ¢(y) = p(z), Vyel. (1.1)
The set of solutions of (1.1) is denoted by GM EP(©), that is
GMEP©) ={z € C: O(z,y) + (Yz,y — x) + p(y) = p(z), Vye€C}.
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Let A = {0;,¢;, V,} cr be a finite family of bifunction from C x C into R, real-valued
function from C into R and monotone mapping from C to E*, respectively.

The system of generalized mixed equilibrium problems is to determine common gen-
eralized mixed equilibrium points for A. i.e., the set

GMEP(A) ={z € C: Oj(z,y) + (V;z,y — z) + ¢;(y) > pj(x), YyeC, VjeIl}

We can write GMEP(A) = NjetGMEP(0O;).
In particular, if ¥ = 0, the problem (1.1) is reduced to the mized equilibrium
problem [12] for finding = € C such that

O(z,y) + ¢(y) > p(z), VyeC. (1.2)

The set of solutions of (1.2) is denoted by M EP(O, ¢).
If ¢ = 0, the problem (1.1) is reduced to the generalized equilibrium problem [38]
for finding x € C such that

O(z,y) + (Vz,y —z) >0, YyeC. (1.3)

The set of solution (1.3) is denoted by GEP(©, ¥).
If © = 0, the problem (1.1) is reduced to the mized variational inequality of Browder
type [6] for finding inC such that

(Vz,y —z) + ¢(y) > p(z), VyeC. (1.4)

The set of solution of (1.4) is denoted by MVI(C, ¢, ¥).
If U =0 and ¢ =0, the problem (1.1) is reduced to the equilibrium problem [4] for
finding = € C such that
O(z,y) >0, VyeC. (1.5)

The set of solutions of (1.5) is denoted by EP(®). This problem contains fixed point
problems, includes as special cases numerous problems in physics, optimization and
economics. Some methods have been proposed to solve the equilibrium problem, (see
[14, 15, 16, 18, 20, 34, 37, 39]).

The above formulation (1.5) was shown in [4] to cover monotone inclusion prob-
lems, saddle point problems, variational inequality problems, minimization problems,
optimization problems, variational inequality problems, vector equilibrium problems,
Nash equilibria in noncooperative games.

Equilibrium problems which were introduced by Blum and Oettli [4] and Noor and
Oettli [2] in 1994 have had a great impact and influence in the development of several
branches of pure and applied sciences. It has been shown that the equilibrium problem
theory provides a novel and unified treatment of a wide class of problems which arise in
economics, finance, image reconstruction, ecology, transportation, network, elasticity
and optimization.

In [36], Suantai, et al., used the following Halpern’s iterative scheme for Bregman
strongly nonexpansive self mapping T on F; for 21 € E let {x,,} be a sequence defined
by

Tnt1 =V (an,VIu)+ 1 —an)Vf(Tx,)), Yn>1,

where {a,} satisfying lim, ,oc &, = 0 and >~ @, = co. They proved that the
above sequence converges strongly to a fixed point of T
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The authors of [22] introduced the following algorithm:

7y = x€C  chosen arbitrarily,
Zn = Res’,}(xn),
Yn = VI(BVf(zn)+ Q= Bn)VI(Tn(2n)))
Tnt1 = VfH(anVf(@n) + (1 —an)VF(Ta(yn))), (1.6)

where H is an equilibrium bifunction and 7;, is a Bregman strongly nonexpansive
mapping for any n € N. They proved the sequence (1.6) converges strongly to the
point projr(rynep(H)T-

The author of [17] presented the following iterative scheme:

xy = x€C  chosen arbitrarily,
Yn = ReséM’whq,M 0...0 Reség’m’% ° Reséhm’q,1 (xn),
Tapr = ProjEV i (anV f(wn) + (1= an) VA (T(yn)))- (1.7)

It was proved that the sequence {x,} defined in (1.7) converges strongly to the point

Proj(ny | F(To)n(niL, GMEP(©;))%"

In this paper, motivated by the above algorithms, we present the following iterative
scheme:

1y = x€C  chosen arbitrarily,
Zn = ReséMWMJ,M 0...0 Resébw,\p2 o Reséh%)\p1 (Zn),
Yo = profEV BV f(wn) + (1= B2)VI(T(20)))

Tor = ProjiV I (an V(@) + (1 —an) V(T (y))), (1.8)

where T'= Ty o Tn_1 o...0 T} such that each T; is Bregman strongly nonexpansive
mapping for ¢ = 1,2,..., N, ¢; : C = R are real-valued functions, ¥; : C' — E*
are continuous monotone mappings, ©; : C' x C' — R are equilibrium bifunctions, for
j e {1,2,...M}. We will prove that the sequence {z,} defined in (1.8) converges
strongly to the point

proj(ﬂfvzlF(Ti))ﬁ(ﬂé”ilGMEP(G)j))x‘

Also, we give some examples and numerical results to support our theorem.

2. PRELIMINARIES

Let f: E — (—o0,+00] be a proper, lower semi-continuous and convex function.
We denote by domf, the domain of f, that is the set {x € E : f(x) < +oo}. Let
x € int(domf), the subdifferential of f at z is the convex set defined by

Of(x) ={z* € E*: f(z)+ («",y — x) < f(y),Yy € E},
where the Fenchel conjugate of f is the function f* : E* — (—o0, +00] defined by

[ (&%) = sup{(z”, 2) — f(z) : x € E}.



108 VAHID DARVISH AND TRUONG MINH TUYEN

For any z € int(domf), the right-hand derivative of f at x in the derivation y € E is
defined by

/ o fletty) - f2)
[y = Jim . :

The function f is called Gateaux differentiable at x if lim;\ o M exists for

all y € E. In this case, f (x,y) coincides with Vf(z), the value of the gradient (Vf)
of f at x. The function f is called Gateaux differentiable if it is Gateaux differentiable
for any z € int(domf) and f is called Fréchet differentiable at x if this limit is attain
uniformly for all y which satisfies ||y|| = 1. The function f is uniformly Fréchet
differentiable on a subset C' of E if the limit is attained uniformly for any € C' and
lyll = 1. Tt is known that if f is Gateaux differentiable (resp. Fréchet differentiable)
on int(domf), then f is continuous and its Gateaux derivative V f is norm-to-weak*
continuous (resp. continuous) on int(domf) (see [5]).
Let f: E — (—o0,+00] be a Gateaux differentiable function. The function

Dy : domf x int(domf) — [0, 4+00)
defined as follows:

Dy(x,y) == f(x) = fly) = (Vf(y),z —y) (2.1)

is called the Bregman distance with respect to f, [13].

The Legendre function f : E — (—o0,+0o0] is defined in [3]. Tt is well known
that in reflexive spaces, f is Legendre function if and only if it satisfies the following
conditions:

(L1) The interior of the domain of f, int(domf), is nonempty, f is Gateaux differ-
entiable on int(domf) and domf = int(domf);

(L2) The interior of the domain of f*, int(domf*), is nonempty, f* is Gateaux
differentiable on int(domf*) and domf* = int(domf*).

Since E is reflexive, we know that (9f)~! = df* (see [5]). This , with (L1) and (Lz),
imply the following equalities:

Vf=(Vf)™!, ranVf=domVf* = int(domf*)

and
ranV f* = dom(V f) = int(domf),

where ranV f denotes the range of Vf.

When the subdifferential of f is single-valued, it coincides with the gradient 0f = V f,
[26]. By Bauschke et al., [3] the conditions (L1) and (L2) also yields that the function
f and f* are strictly convex on the interior of their respective domains.

If E is a smooth and strictly convex Banach space, then an important and interesting
Legendre function is f(x) := %||x||p(1 < p < 00). In this case the gradient Vf of f
coincides with the generalized duality mapping of E, i.e., Vf = Jy(1 < p < 00). In
particular, Vf = I, the identity mapping in Hilbert spaces. From now on we assume
that the convex function f : F — (—o0, 00| is Legendre. In connection with Legendre

functions, see also the recent paper [27].
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Definition 2.1. Let f : E — (—o00,+00] be a convex and Gateaux differentiable
function. The Bregman projection of z € int(domf) onto the nonempty, closed and
convex subset C' C domf is the necessary unique vector projé (x) € C satisfying

Df(projé(x),x) =inf{Dy(y,z) :y € C}.

Remark 2.2. If E is a smooth and strictly convex Banach space and f(x) = ||z||? for
all x € E, then we have that V f(z) = 2Jx for all z € E, where J is the normalized
duality mapping from E in to 227, and hence D ¢(z,y) reduced to

¢(x,y) = ||z]|* = 2(z, Ty) + [y,
for all z,y € E, which is the Lyapunov function introduced by Alber [1] and Bregman
projection Pé(x) reduces to the generalized projection Il (z) which is defined by

o(Ilc(z), ) = min oy, ).

If F = H, a Hilbert space, J is the identity mapping and hence Bregman projection
Pg;(x) reduced to the metric projection of H onto C, Px(x).
Definition 2.3. [10, 8] Let f : E — (—o00,+0o0] be a convex and Géateaux differen-
tiable function. f is called:
(1) totally convexr at x € int(domf) if its modulus of total convexity at x, that
is, the function vy : int(domf) x [0, +00) — [0, 400) defined by
v(z,t) :=inf{Dy(y,) : y € domf, ||y — x| = t},
is positive whenever t > 0;
(2) totally convex if it is totally convex at every point = € int(domf);
(3) totally convex on bounded sets if vy(B,t) is positive for any nonempty
bounded subset B of F and t > 0, where the modulus of total convexity of the

function f on the set B is the function v : int(domf) x [0, +00) — [0, +00)
defined by

vi(B,t) = inf{vs(z,t) : © € BNdomf}.
The set levg (r)y={x € E: f(x) <r} for some r € R is called a sublevel of f.

Definition 2.4. [8, 32] The function f : E — (—o0, +00] is called;
(1) cofinite if domf* = E*;
(2) coercive [19] if the sublevel set of f is bounded; equivalently,

lim f(z) = +oo;
llzll =+
(3) strongly coercive if lim ;400 % = 4o00;
(4) sequentially consistent if for any two sequences {z,,} and {y,} in E such that
{z,} is bounded,

lim Df(yn,zn) = 0= lim [ly, —z,] = 0.

n— oo

Lemma 2.5. [11] The function f is totally conver on bounded subsets if and only if
it 15 sequentially consistent.
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Lemma 2.6. [32, Proposition 2.3] If f : E — (—o0,+o0] is Fréchet differentiable
and totally convex, then f is cofinite.

Lemma 2.7. [11] Let f : E — (—o00,+00] be a convex function whose domain con-
tains at least two points. Then the following statements hold:

(1) f is sequentially consistent if and only if it is totally conver on bounded sets;

(2) If [ is lower semicontinuous, then f is sequentially consistent if and only if
it 1is uniformly convex on bounded sets;

(8) If [ is uniformly strictly convex on bounded sets, then it is sequentially con-
sistent and the converse implication holds when f is lower semicontinuous,
Fréchet differentiable on its domain and Fréchet derivative V f is uniformly
continuous on bounded sets.

Lemma 2.8. [30, Proposition 2.1] Let f : E — R be uniformly Fréchet differentiable
and bounded on bounded subsets of E. Then V f is uniformly continuous on bounded
subsets of E from the strong topology of E to the strong topology of E*.

Lemma 2.9. [32, Lemma 3.1] Let f : E — R be a Gdteauz differentiable and totally
conver function. If gy € E and the sequence {D(xn,x0)} is bounded, then the
sequence {x,} is also bounded.

Let T : C — C be a nonlinear mapping. The fixed point set of T" is denoted by
F(T), that is F(T) = {z € C : Tx = z}. A mapping T is said to be nonexpansive
if [Tz — Tyl < ||z —yl| for all z,y € C. T is said to be quasi-nonexpansive if
F(T) # 0 and ||[Tz — p|| < ||z — pl|, for all z € C' and p € F(T). A point p € C'is
called an asymptotic fixed point of T (see [29]) if C contains a sequence {z,} which
converges weakly to p such that lim, o |2, — Tzp| = 0. We denote by F(T) the
set of asymptotic fixed points of T

A mapping T : C — int(domf) with F(T) # 0 is called:

(1) quasi-Bregman nonexpansive [32] with respect to f if
Dy(p,Tz) < Dy(p,x), Vo € C,p € F(T).
(2) Bregman relatively nonexpansive [9, 32] with respect to f if,
Dy(p,Tx) < Dy(p,x), Vo € C,pe F(T), and F(T)=F(T).
(3) Bregman strongly nonexpansive (see [7, 32]) with respect to f and F(T) if,
Ds(p,Tx) < Dy(p,z), Vo € C,p € F(T)
and, if whenever {x,} C C is bounded, p € F(T), and
ZIEI;O(Df(pv x’rl) - Df(p’ T.T?n)) =0,
it follows that
lim Dy(xy,Tx,) =0.
n—oo

(4) Bregman firmly nonexpansive (for short BFNE [31]) with respect to f if, for
all z,y € C,

(Vf(Tz) = Vf(Ty), Tx - Ty) <(Vf(x) = Vf(y), Tz —Ty)
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equivalently,
Dy(Tx,Ty) + Dy(Ty, Tx) + Dy(Tx,x) + Dy(Ty,y) < Dy(Tw,y) + Dy(Ty, x). (2.2)

The existence and approximation of Bregman firmly nonexpansive mappings was
studied in [29]. It is also known that if T is Bregman firmly nonexpansive and f
is Legendre function which is bounded, uniformly Fréchet differentiable and totally
convex on bounded subset of E, then F(T) = F(T) and F(T) is closed and convex.
It also follows that every Bregman firmly nonexpansive mapping is Bregman strongly
nonexpansive with respect to F(T) = F(T).

Lemma 2.10. [11] Let C be a nonempty, closed and convex subset of E. Let f : E —
R be a Gateauz differentiable and totally convex function. Let x € F, then
1) z= projé(x) if and only if

(Vf(x)=Vf(z2),y—2)<0, VYyeC.
2) Dy(y,projl(x)) + Dy (projl(z),x) < Dy(y,x), Vo€ E,yeC.

Let f: E — R be a convex, Legendre and Gateaux differentiable function. Following
[1] and [13], we make use of the function V; : E x E* — [0,00) associated with f,
which is defined by

Vi(z,z*) = f(z) — (", z) + f*(z"), Vzxe€E,z*€E".

Then V; is nonexpansive and Vy(x,2*) = Dy¢(x, Vf*(«*)) for all z € E and 2* € E*.
Moreover, by the subdifferential inequality,

Vi(e,a™) + {y", V(") —x) < Vi, 2" +y7) (2.3)

for all € F and z*,y* € E* [21]. In addition, if f : E — (—o00,40o0] is a proper
lower semicontinuous function, then f* : E* — (—o0,400] is a proper weak* lower
semicontinuous and convex function (see [23]). Hence, Vy is convex in the second
variable. Thus, for all z € F|

Dy (%Vf* (Ztivf(xi)>> < th‘Df(Z,fUi),

where {z;}¥, C F and {t;,}}; C (0,1) with 21111 t; = 1.

Lemma 2.11. [23] Let f : E — (—o0,400]| be a bounded, uniformly Fréchet dif-
ferentiable and totally convex function on bounded subsets of E. Assume that V f*
is bounded on bounded subsets of domf* = E* and let C' be a nonempty subset of
int(domf). If {T; :i=1,2,...,N} be N Bregman strongly nonexpansive mappings
from C into itself satisfying ﬂf\ilﬁ(TZ) #0. Let T =TyoTn_10...0Ty, then T is
Bregman strongly nonezpansive mapping and F(T) = N F(T}).

Lemma 2.12. [33] Let C be a nonempty, closed and convex subset of int(domf) and

T:C — C be a quasi-Bregman nonexpansive mappings with respect to f. Then F(T)
is closed and convez.
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For solving the generalized mixed equilibrium problem, let us assume that the
bifunction © : C' x C' — R satisfies the following conditions:

(A1) ©(x,2) =0 for all x € C;

(A2) © is monotone, i.e., O(z,y) + O(y,z) <0 for any z,y € C;

(A3) for each y € C,x — O(x,y) is upper-hemicontinuous, i.e., for each z,y,z € C,

limsup O(tz 4 (1 — t)z,y) < O(x,y);
£0

(Ay) for each x € C,y +— O(x,y) is convex and lower semicontinuous (see [25]).

Definition 2.13. Let C be a nonempty, closed and convex subsets of a real reflexive
Banach space and let ¢ be a lower semicontinuous and convex functional from C
to R and ¥ : C — E* be a continuous monotone mapping. Let © : C' x C — R
be a bifunctional satisfying (A;)-(A4). The mized resolvent of © is the operator
Resé%q, cE —2¢

Resb , (x) = {2 € C: O(2,9) + @(y) + (Va,y — 2) + (VF(2) = VS (2),y ~ 2)
> ¢(2), VyeC}. (2.4)
Lemma 2.14. [17] Let f : E — (—00,400] be a coercive and Gateauz differentiable
function. Let C be a closed and convex subset of E. Assume that ¢ : C — R be a
lower semicontinuous and convex functional, ¥ : C — E* be a continuous monotone

mapping and the bifunctional © : C x C — R satisfies conditions (A1)-(Ay), then
dom(Resé,%\p) =FE.

Lemma 2.15. [17] Let f : E — (—o0,+00] be a Legendre function. Let C be a
closed and convex subset of E. If the bifunction © : C' x C — R satisfies conditions
(Al)-(A4), then

(1) Resé’%\p is single-valued;

(2) Resé)%\p is a BFNE operator;

(3) F (Resé,%q,) — GMEP(0);

(4) GMEP(O) is closed and convex;

(5) Dy (p. Rest . 4/(@)) + Dy (Resh, , o (). 2) < Ds(p.2),

Vp e F (Resé’%q,) ,x € F.
Lemma 2.16. [28, 40] Assume that {a,} is a sequence of nonnegative real numbers
such that
n+1 < (1 —ap)an + Bn, Yn>1,

where {a, } is a sequence in (0,1) and {B,} is a sequence such that

(1) 3252y an = 409
(2) limsup,,_,o 5= <0 or 3277 | [Ba| < +o0.

Then lim,_,o a, = 0.
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3. MAIN RESULT

Theorem 3.1. Let E be a real reflexive Banach space, C' be a nonempty, closed and
convex subset of int(domf). Let f : E — R be a coercive Legendre function which
is bounded, uniformly Fréchet differentiable and totally convex on bounded subsets
of E. LetT; : C — C, fori =1,2,...,N, be a finite family of Bregman strongly
nonexpansive mappings with respect to f such that F(T;) = ﬁ(ﬂ) and each T; is
uniformly continuous. Let ©; : C' x C' — R satisfying conditions (A1 )-(As), ¢; : C —
R are real-valued convex functions, ¥; : C'— E* are continuous monotone mappings
for j € {1,2,...,M}. Assume that (NX_,F(T;)) N (N}, GMEP(©;)) is nonempty
and bounded. Let {x,} be a sequence generated by

rn, = ze€l chosen arbitrarily,
Zn = Rest’;M’(pM’q,M 0...0 ReS'(’;%oz,\I,2 o ReS'(’;w;l,\I,1 (Zn),
Un = profbV It (BaV () + (1= Ba)VI(T(20)))
Tn+1 = pTOjéVf*(Oéan(fEn) + (1 - Ozn)Vf(T(yn))), (3-1)

where T =Ty oTy_10...0T1, {an},{Bn} C (0,1) satisfying

oo
lim «, =0 and E o, = 00.
n—oo

n=1

!

Then {x,} converges strongly to proj(mﬁ\’le(Ti))ﬂ(mjf‘ilGMEP(@J-)

).2?.

Proof. We note from Lemma 2.12 that F(T;), for each i € {1,2,..., N} is closed and
convex and hence NI, F(T;) is closed and convex.

Let p = pmj(mgvzlF(Ti))m(mjf‘ilGMEP(@j))x € (N, F(Ty) N (NL,GMEP(6;)). Then
p e (N, F(T;)) and p € N3L, GMEP(0;). Now, by using (3.1) and Lemma 2.15, we
have

Df(p’ Z") = Df(p’ ReséM,ﬂOM,‘I’M ©...0 Reséz,tpm‘l’z °© Resél,tpl,\lfl (xn))
< Df(p’ ReséM—h‘PlM—l»\I’M—l ©...0 Resé%w%q}? © Resél,tpl,\l’l (xn))
< Di(p,Rest, 4, 4, (@n))
< Df (p7 :17")
Also,
Df(p7 yn) = Df(p,projéVf* (ﬂnvf(xn) + (1 - Bn)vf(T(zn))))

Dy(p, VI (BuV f(@n) + (1 = Bp)V[(T(21))))
BnDy(p,an) + (1 = Bn)Dy(p, T(2n))

6an(p7 In) + (1 - ﬂn)Df(P, Zn)
BnDy(p,xn) + (1 = Bn)Dys(p; xn)

Df(p, xn)

IN A AN IN A
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So,

Dy (p,projbV £ (anV f(zn) + (1 = ) VF(T(yn))))

Dy(p, V(o V f(an) + (1 = o) V(T (yn))))

anDy(p,xn) + (1 = an)Dy(p, T(yn))

anDg(p,xn) + (1 = o) D (p, yn)

anDy(p,xn) + (1 — an)Dy(p, xn)

Df(p, xn)

Hence {Dy(p,z»)} and Dy(p,Ty,) are bounded. Moreover, by Lemma 2.9 we get

that the sequences {x,} and {T'(y,)} are bounded.
From the fact that «,, — 0 as n — co, Lemma 2.10 we get that

D¢(T(yn); Tn+1) D¢ (T (yn), p?”O]CVf (nVf(zn) + (1 —an)VF(T(yn)))

Dy(T(yn), V[ (nV f(zn) + (L = ) V(T (yn)))
anDy(T(yn), xn) + (L= o) D (T(yn), T(yn))
anD¢(T(yYn), Tn)-

Therefore, by Lemma 2.5, we have

Df (P7 $n+1)

VAN VAN VAN VAN VAN

INIACIA

lZntr — T(yn)]| = 0, as n — occ. (3.2)

From Lemma 2.10 and (3.1), we have

_ f
nh—>Holo Df(xn’ Zn) o nh—>ngo Df(x"’ RGS@M or,War © 00 © Res@la@l;‘l’l (x”))
< lim Dy(zy, ReseM oMUy OO Resf@hwh‘l,l(xn))

n—oo

|/\ e

nh_}n;o Df(attn,Res@1 01,0, (Tn))
< lim [Dy(p, Resb, 4, ,@n) = Dy (p,20)]
< nlLH;O[Df(p, zn) — Dy(p,an)
= 0.
By Lemma 2.5, we obtain
lim |z, — 2| = 0. (3.3)

Since f is uniformly Fréchet differentiable on bounded subsets of E, by Lemma 2.8,
V f is norm-to-norm uniformly continuous on bounded subsets of E. So,

Jim [V £(20) = Vf ) =0, (3.4)
Since f is uniformly Fréchet differentiable, it is also uniformly continuous, we get

Jim |[f(2n) = f(z0)] = 0. (3.5)



ALGORITHM FOR SOLVING A SYSTEM OF EQUILIBRIUM PROBLEMS 115

By Bregman distance we have

Df(p=$n) _Df(pazn)

= f(p) -

f@n) = (Vf(@n),p —zn) — f() + f(20) + (Vf(20),p — 2n)

= f(zn) = f(@n) + (Vf(2n),p — 20) — (Vf(z0),p — Tp)
= f(zn) - f(mn) + <Vf(zn)vxn — Zn) — <vf(zn) - Vf(xn),p - xn>a
for each p € NY_, F(T;). By (3.3)-(3.5), we obtain

i (Dy(p, ) ~ Dy (p, 20)) = 0. (3.6)

By the above equation, we have

Dy (20, Yn)

VANVARNVAN

By (3.6), we have

Note that

D¢ (psyn) — Ds(p, 2n)

Dy(p,projlV £ (enV f(wn) + (1 = an)VF(T(20)) = Dy(p, 2n))
Di(p, VI (anVf(2n) + (1 — ) VF(T(20)) — Dy(p,2n))
anDp(p, xn) + (1 — ) Dy (p, T(2n) — Dy (p, 2n)

oanDy(p,xn) + (1 — an)Dy(p, ) — Dy (p, 2n)

an(Dy(p,xn) — Dy(p, 2n))

0.

nhﬁngo |z — ynll = 0. (3.7

[2n = ynll < ll2n = 2nll + 120 = ynl|

By applying (3.3) and (3.7), we can write

Now, we claim that

nli)ngo [Zn — ynll = 0. (3.8)
nhHH;O |z — Tzy| = 0. (3.9)

Since f is uniformly Fréchet differentiable on bounded subsets of E, by Lemma 2.8,
V f is norm-to-norm uniformly continuous on bounded subsets of E. So,

i (V) = V(y)]l. = 0. (3.10)

Since f is uniformly Fréchet differentiable, it is also uniformly continuous, we get

Then, we have

T [£(e) — £(wa)] = 0. (3.11)

Dy(p,zn) — Dy(p,yn)
= f(p) = f(zn) = (Vf(zn),p —zn) — fF(P) + f(yn) +(Vf(Yn), D — Un)

:f(yn)_

f(xn) + <Vf(yn)ap - yn> - <vf(xn)ap - xn>

= f(yn) = f(@0) + (Vf(Wn)s Tn — Yn) + (Vf(Yn) = VI (@0n),p — Tn),
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for each p € (N, F(T;)). By (3.8)-(3.11), we obtain
nli_{IOlo(Df(p, z,) — Dy(p,yn)) = 0. (3.12)
By the above equation, we have

Df(ynazn-&-l) = Df(p, zn-&-l) - Df(pa yn)

Dy(p,proftV f*(anV () + (1 = a)V(T(2n)) = Dy (p, yn))
Dy(p, VI (anV f(2n) + (1 — ) V(T (2n)) — Ds(psyn))
aan(p, xn) + (1 - O‘n)Df(paT(yn) - Df(l’; yn)

an D (p,xn) + (1 — an)Dg(p, yn) — D (p, yn)

an(Ds(p, ) — Dy(p:yn))

= 0.

IN AN CIA

By Lemma 2.5, we have
lim ||y, — zpq1]] = 0.

n— oo

From the above equation and (3.2), we can write
lyn =T W)l < lyn — Tnga || + [J2ngr = Tyn)|
=0 (3.13)
when n — oco. By applying the triangle inequality, we get
[2n = T(zn)ll < llzn = yall + llyn = T(yn)l| + 1T (yn) — T(@n)]l-

By (3.8), (3.13) and since each T; for ¢ € {1,2,... N} is uniformly continuous, we
have
lim ||z, — T(z,)]| = 0.

n—oo
Since {z,} is bounded, there exists a subsequence {z,, } of {z,,} such that z,, — q.
From (3.9) we have |z, — T(z,,)|| = 0 as k — oo and hence ¢ € ("X, F(T})).
From (3.3) we can write

nhHII;O |Jzn — Jxy,|| = 0.

Here, we prove that g € ﬂjM:lGMEP(Gj). For this reason, consider that

_ f f f
Zn = R686N11§9M7‘I’1\/1 €0 R6892,¢2,‘1’2 © Res@l#ﬁl,‘l’l (m")’
so we have
O;(2n,2) + (Vjxn, 2 — 2n) + @ (2) + (J2n — Jxn, 2 — 2n) > @;(2n),

forall j € {1,2,...,M} and z € C.
From (As), we have

forall j € {1,2,...,M} and z € C.
Hence,

®j<zazni) < <\I/jxnivz _Zm> +(Pj(z) - wj(zm) + <Jzni - J'vaz - Zni))
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forall j € {1,2,...,M} and z € C.
Since z,, — ¢, from continuity of ¥ and weak lower semicontinuity of ¢ and ©O(z,y)
in the second variable y, we also have

©;(z,q) +(¥jq,q — 2) + ¢;(q) — »;(2) <0,

forall j € {1,2,...,M} and z € C.
For t with0 <t <1land z € C,let 2z =tz+ (1 —t)g. Since z € C and g € C we have
z; € C and hence ©;(z,q) + (¥;q,q — zt) + ¢;(q) — ¢;(z) < 0. So, we have

0 = 0;(z;20) + (V50,2 — 20) + 0 (2) — @j(2t)

< 0z, 2) + (1 —6)0,(2,q) + t(Viq, 2 — 2z¢) + (1 — )(V,q,q — z)

Fp;(2) + (1 —t)p;(q) — ¢;(z)
t[0; (2, 2) + (¥5¢, 2 — 2¢) + ¢;(2) — p;(2e)].
Therefore, O; (2, 2) + (¥;q, 2 — z) + ¢;(2) — @;(z) > 0. Then, we have

0,(q,2) +(Vq, 2 — q) + ¢ (2) — ¢;(q) >0,

forall j € {1,2,...,M} and z € C.
Hence we have ¢ € N}L,GMEP(O;). We showed that

IN

q € (ML F(Ty)) N (NYL,GMEP(6;)).

Since E is reflexive and {z,} is bounded, there exists a subsequence {x,, } of {x,}
such that {x,,} = ¢ € C and

limsup(V f(zn) = Vf(p),2n — p) = (Vf(zn) = V(p).q — D).

n—oo

On the other hand, since ||z, — T2y, | — 0 as k — oo, we have ¢ € (NI, F(T})). Tt
follows from the definition of the Bregman projection that

liTrLrLsolip(Vf(xn) —Vfp),z, —p) = (Vf(xn) —Vf(p),q—p) <O0. (3.14)
From (2.3), we obtain

Df(pa anrl) = Df(p,pTOjéVf*(aan(an) + (1 - an)vf(T(yn))))

< Di(p, VI (anV(@n) + (1 — an)VF(T(yn))))

= Vi anVf(zn) + (1 —an)VF(T(yn)))

< VipanV(@n) + (1= an) V(T (yn)) — an(Vf(2n) = V(D))
Han(VF(xn) = VI(p), Tnt1 — p)

= Vi, anVf(p) + (1 — an)V (T (yn)
+an(Vf(zn) = VI(p),Tnt1 —p)

< anVi(p, VI(p)) + (1 = an)Vi(p, VF(T(yn)))
+an(Vf(zn) = VI(p) Tny1 —p)

= (1=an)Ds(p,T(yn)) + an(Vf(zn) = VI(p), Tns1 —p)

< (L=an)Ds(p,n) + an(Vf(2n) = VI(p), Zns1 — p)-
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By Lemma 2.16 and (3.14), we can conclude that
nh_)ngo Dy¢(p,z,) = 0.
Therefore, by Lemma 2.5, x,, — p. This completes the proof. (]
4. EXAMPLES AND NUMERICAL RESULTS

Example 4.1. Consider the following problem: Find an element
2t € § = (N, F(T) N (N, GMEP(®,)),

where )
Ti(z) = = sinizx for all i = 1,2, ..., 100,
i
0,(x,y) = j(y* — *),
pj(x) = 2”
and

VU,(z) = ja for all j =1,2,...,50 and for all z,y € R.
We can see that ©; satisfies the conditions (A1)-(A4), ¢, is a continuous convex
function, ¥; is a continuous monotone mapping for all j = 1,2,...,50 and T; is a
Bregman strongly nonexpansive mapping with
F(T)) = F(T;) = {0}.
It is easy to see that S = {0}.

Now, with f(z) = 5:102, from the definition of Reséj’w’@f for each x € R, we have

Resb, o0, (@) ={z €R: j(y° = 2) +97 +jaly —2) + (= —2)(y —2) = 2°, Vy € R}.

1P
Hence, we obtain that

j—1
2743

Reséj,wx‘l’j (@) = ’

for all 7 =1,2,...,50.

Now, apply iterative method (3.1) with 1 =5, 8, =1/2 and o, = 1/n for all n > 1,
we obtain the following table of numerical results:

TOL ||z, — =™ n " |zn — 2*]| n "

Bn=1/2 and a, =1/n Bn =1/2 and a,, = 1/n">
1076 970 x 1007 20 9.70 x 10~ 6.83x 1077 28 6.83x 107
1077 7.22x1078 24 7.22x 1078 831 x107% 32 8.31x10°8
1078  5.23x 1079 28 523 x107° 9.74x 1072 36 9.74 x 107°
1079 7.22x 10710 31 7.22x 10710 6.40 x 10710 41 6.40 x 10710
10710 987 x 107 34 9.87x 10711 7.03x 10711 45 7.03x 10~

TABLE 1. Table of numerical results

The strong convergence of the iterative method (3.1) for the Example 4.1 is also
described in Fig. 1.
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—a—otn=1fn, Bn=1f2

[ S,
U.n—h’n ,Bn—1f2

b

a 10 12 14 16 18 20
Mumber of iterations

FIGURE 1

Example 4.2. Consider the following problem: Find an element

a* e §=(NL,Ci) N (NL,GMEP(8;)),

where 0 (z,y) = j([yl> = [|z]?), ¢;(z) = ||lz|* and ¥;(z) = jz for all j =1,2,...,50
and for all z,y € R and

1\? 1\*
C’i—{ﬂf—(Ihxz,I:‘a)GR?’i (I1—i> +$§+<933+Z-) 34}7

for all i =1,2,...,100.

We can see that ©; satisfies the conditions (A1)-(A4), ¢, is a continuous convex
function, ¥; is a continuous monotone mapping for all j =1,2,...,50. Let T; = P¢,,
then we have T} is a Bregman strongly nonexpansive mapping with F(T}) = F(T}) =
C;, for all j =1,2,...,100.

It is easy to see that S = {(0,0,0)}.

Now, with f(z) = %HmHQ, from the definition of Reséj’%’%, for each # € R3, we

have
Resl, , o (@) ={z€R*: j(lyl*> = 2 + lyll* + j(z,y — 2)
+(z —z,y — 2) > ||2||, Vy € R®}.

Hence, we obtain that

f _
Res@j,w&j (z) =
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for all € R? and for all j = 1,2,...,50. Now, apply iterative method (3.1) with
r1 = (1,2,3), B, = 1/2 and «,, = 1/n'/? for all n > 1, we obtain the following table
of numerical results:

TOL ||z, — 2™ n "
Brn=1/2 and a, = 1/n
1075 7.08 x 1077 27 (2.08 x 1077,4.17 x 1077,6.25 x 1077)
1077 557 x107% 31 (1.49 x 1078,2.98 x 1078,4.47 x 1079)
1078 7.62x107% 34 (2.03x1079,4.07 x 1079,6.11 x 1077)
(
(

1072 530x 10710 38 (1.41 x 10710,2.83 x 10719, 4.25 x 10710)
10710 714 x 1071 41 (1.90 x 107*1,3.81 x 1071, 5.72 x 10711)
Bn =1/2 and oy, = 1/n">

1078 7.92x1077 35 (211x1077,4.23 x 1077,6.35 x 1077)
1077 9.07x 1078 39 (242 x 1078,4.85 x 1078,7.27 x 1079)
(
(

1078 581 x107% 44 (1.55x1079,3.10 x 1079,4.66 x 1077)

1079 6.28 x 10710 48 (1.67 x 10719,3.35 x 10710,5.03 x 10~19)

10710 6.64 x 107" 52 (1.77 x 10711,3.55 x 10711, 5.33 x 10~ '1)
TABLE 2. Table of numerical results

The strong convergence of the iterative method (3.1) for the Example 4.2 is also
described in Fig. 2.

—e—otn=1fn, |3n=1a"2

05 p =
———otn—ﬂn ,|3n—1f2

0 5 10 15 20 25 30
Murnber of iterations

FIGURE 2
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