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Abstract. The p-elastic net (p-EN) with 1 < p < oo is introduced to recover a sparse signal z € R™
from m (< n) linear measurements with noise. The p-EN, which extends the elastic net of Zou
and Hastie [23] and was implicitly suggested by Tropp [16], amounts to minimizing the objective
function (1/p)||Az — b||5 + Al|z|l1 + (1/2)||z]|3 over z € R, where A is the measurement matrix, b is
the observation, and A > 0, u > 0 are regularization parameters. Some basic geometric properties
of the p-EN such as how the solution curve of the minimization depends on the parameters A\ and
w are investigated. Moreover, iterative algorithms such as the proximal-gradient algorithm and the
Frank-Wolfe algorithm are studied for solving the p-EN.
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1. INTRODUCTION

In signal processing theory, a signal x € R"™ of interest is sampled m > 1 times
linearly and then recovered from the linear (exact) system

Az =b. (1.1)

Here A € R™*" is an m X n matrix and b € R™ is the observation. In compressed
sensing [6, 9], m < n and a sparse signal x is intended to be recovered. However,
samples (or measurements) are taken with noises; in other words, the signal z is to
be recovered from the perturbed linear (inexact) system

Az =b+e, (1.2)

where e represents noises.
A key issue is in which way the errors e = Ax — b are measured. The most popular
way is using the least-squares (i.e., the f2-norm) to measure the errors [12, 15, 23]:

lellz = [[Az = b]f2. (1.3)
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This leads to the ¢1-norm regularized least-squares minimization problem (for recov-
ering a sparse signal)

.1
Inin 514z = BlI3 + Al (1.4)

where A > 0 is a regularization parameter. This is equivalent to the lasso of Tibshirani
[15] (see also [10]) for variable selections (in group lasso [22] as well), and also used
in compressed sensing [4, 5, 6, 9] to recover the sparsest signal z if the measurement
matrix A satisfies the restricted isometry property [3] (which will not be formulated
here).

Similarly, the elastic net (EN) of Zou and Hastie [23], i.e., the minimization

(1 H
i (5142 = 8 + Al + 5 3 (1.5

is also induced from the ¢p-norm errors (1.3). A generalization of EN to p-elastic net
(p-EN) can be found in [1].

However, Tropp [16, page 1045] pointed out that “One can imagine situations where
the ¢ norm is not the most appropriate way to measure the error in approximating
the input signal.” He further suggested that it may be more effective to use the convex
program min ||b — Ax||, + A||lz||1, where p € [1, 00]. To be consistent, we will raise the
pth power to the £,-norm error (so that when p = 2, our problem exactly reduces to
the lasso) and consider the ¢;-regularized least-pth powered optimization problem

1
in —||Az — b||P 1.
min Az = b + Allzh (1.6)
for p € [1,00).
The ¢; norm case is studied in [17]. We will in this paper focus on the ¢, norm case
for p € (1,00). [Note that £,-norm regularization is also popularly utilized [1, 8, 21].]
In this paper we will study the elastic net with £,-norm errors. More precisely, we

will study the optimization below, which we call the elastic net with £,-norm errors
(p-EN for short):

1
i (Sl1Az = ol + el + 5 e13) (1)
We will present certain basic properties of the p-EN and also some iterative methods
that can be used to solve it. The extension from EN to p-EN is nontrivial, due to the
fact that EN corresponds to optimization methods in Hilbert spaces (the Euclidean
norm | - ||2 is used throughout), while p-EN corresponds to optimization methods in
Banach spaces (the space R™ equipped with ¢,-norm || - ||, with p # 2 is no longer
Hilbertian). As a consequence, some methods which work for EN would fail to work
for p-EN and we have to manipulate cleverly with the generalized duality map .J,
which maps R™ equipped with £,-norm || - ||, to R™ equipped with £,-norm || - ||4, with
g=p/(p—1) for p € (1,00). Banach space techniques are needed in our approach to
p-EN in the rest of this paper.
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2. PRELIMINARIES

We use (-,-) to denote the dot product on R™; namely if z = (z1,--- ,z,)" € R"
and y = (y1, -+ ,yn)" € R™ (here ! means transpose), then

n
=1

Let p € [1,00). Recall the £, norm on R™ is defined as

1
n »
lzllp = (Z Ixilp> (I<p<oo).
i=1

Note that (R™, | - ||;) is a Banach space (not Hilbertian unless p = 2).

2.1. Duality Maps. Assume p € (1,00) and let ¢ = p/(p — 1) be the conjugate of
p. Recall that the (generalized) duality map J, maps (R",| - ||,) to its dual space
(R™, || - ||l4) with the properties:

(, Jpr) = |lz|lh = |2l - | Jgzllq and [|Jpz]lq = [l]5~ (2.1)
for all z € R™. [Note: J, is the identity mapping when p = 2.] It is known that
1
Jp = V(;llfﬂll?)

and has the expression:

(Jpx)i = |zi|P~tsgn(z;), i=1,2,--- ,n. (2.2)
Here sgn(t) is the sign function of ¢ € R; namely,
1, ift >0,
sgn(t) = 0, ift=0,
-1, ift <0.

Moreover, it is known that J, is strongly monotone as stated below.

Lemma 2.1. Assume p € (1,00). Then the duality map J, is strongly monotone,
namely, there exists a constant ¢, > 0 such that [18, Corollary 1]

(Jpr — Jpy,x —y) = cpllz —yllb, z,y € R™ (2.3)

2.2. Subdifferential of Convex Functions. Let h : R® — R := RU {co} be an
extended real-valued function. Recall that h is said to be convex [14] if
h((1 =Xz + Ay) < (1= Nh(z) + Ah(y) (2.4)

for all A € (0,1) and z,y € R™. When the strict inequality in (2.4) holds for all x # y
and A € (0,1), h is said to be strictly convex. As standard, we use I'o(R") to denote

the class of all proper, lower semicontinuous (1.s.c.), convex functions from R™ to R.
The subdifferential of h € T'o(R™) is the operator dh defined by

Oh(z) ={£eR”: h(y) > h(z)+ ({,y—x), yeR"}, zeR™ (2.5)
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The inequality in (2.5) is referred to as the subdifferential inequality of ¢ at z. We
say that f is subdifferentiable at x if Oh(x) is nonempty. It is well-known that for an
everywhere finite-valued convex function h on R"™, ¢ is everywhere subdifferentiable.
[More details about convex analysis can be found in [14].]

Examples: (i) If h(x) = |z| for € R, then 0h(0) = [-1,1]; (ii) If A(x) = ||z||; for
x € R™, then Oh(z) is given componentwise by

(Oh(2)); = { S[gfll(ff]),’ ﬁ Z 4 8: 1<j<n. (2.6)

2.3. Proximal Mappings. We need the notion of the proximal mapping of a proper
L.s.c. convex function.

Definition 2.2. The proximal mapping of a convex function h € I'g(R™) of index
A > 0 is defined as [13]

1
proxy, (x) := argf)réilr{l {h(v) + ﬁHv - x||2} , T eR™

It is not hard to find that if h(x) = |z| (for z € R) is the absolute value function, then
prox,.|(z) = sgn(z) max{|z| — A, 0}.
This can be extended to the £1-norm of x € R™ as follows:
PYOXAH-H(@ = (y1," - 7yn)t

where y; = prox,|.|(z;) = sgn(z;) max{|x;| — A,0} for 1 <i <n.

It is also known [7] that proximal mappings are firmly nonexpansive, that is, if we
set T = proxy,(-), where h € I'o(R™) and A > 0, then

||T(E—Ty||2 < <T£C—Ty,$—y>, $796Rn~

In particular, T is nonexpansive, i.e., |[Tx — Ty| < ||z — y|| for all z,y € R".

2.4. Proximal-Gradient Algorithm. Consider a composite optimization problem
of the form in a Hilbert space H:

min h(x) := f(z) +9(x) (2.7)

where f,g € To(R"™).
The following equivalence of (2.7) to a fixed point problem is known (cf. [7, 19]).

Proposition 2.3. Let A > 0 and assume f is continuously differentiable. Then x* is
a solution to (2.7) if and only if x* is a solution to the fixed point problem

x* = prox, (" — AV f(z")). (2.8)

The proximal gradient algorithm for solving (2.7) is a fixed point algorithm defined
as follows.



ELASTIC NET WITH ¢,-NORM ERRORS 809

Initializing o € H and iterating

Trpy1 = proxy, ,(vr — MV f(2r)), (2.9)
where {A;} is a sequence of positive real numbers.

We have the following convergence result.

Theorem 2.4. [7, 19] Assume (2.7) is solvable and f has a Lipschitz continuous
gradient:

IVf(x) = Vi)l < Lllz—yll, zyeR" (2.10)
Assume, in addition, the stepsize sequence (\i) satisfies the condition:
2
0 < liminf A\, <limsup A\ < —. (2.11)
k— o0 k— 00 L

Then the sequence (zx) converges to a solution of (2.7).

Lemma 2.5. Let 1 < a < oo ande > 0. Let f: R"™ — R be a continuous, conver
function such that

Sy = arg m]iRn f(z) #0. (2.12)
l\e n
Consider the £,-norm reqularized minimization problem
€
i —||z||& 2.1
min £(r) + o], (213)

Let S& be the solution set of (2.13). Then, for each fired 1 < a < 00, {S%}es0 i
bounded. When a > 1, ¢ consists of exactly one point, which is denoted as x2.
(1) If1 < a < oo, then 22 — x§ (as € — 0), where x§ is the unique point in Sy
assuming the minimal £,-norm; that is, ©§ = argmin{||z||, : z € Sy}.
(i) If a =1, then lim._ ||z|ly = |S¢l1 := min.es, [|z]1, where z. = 2t € ST for
e > 0. Thus, each cluster point of (xc) (as € — 0) assumes minimal {1-norm
m Sf.

Proof. We have, for each z € Sy,

€ alla a € alla 3 a
Fz) + ~llazlla < fla2) + —llaglla < f(2) + _llzlla- (2.14)
It turns out that
lo2lla < llzlla (%2 € 5)). (2.15)
In particular,
¢ a < i a = la- 2.1
[22]la < min 1zlla =: |5¢] (2.16)

This verifies that the net {%}.~¢ is bounded.

Now assume {e;} is a sequence such that e, — 0 and x¢ — z* as k — oo.

We distinguish two cases.
Case 1: a > 1. In this case, there exists a unique point z§ € Sy assuming the minimal
le-norm in Sg; that is, ||2§]le = min.es, [[2]la = [Sf|a-

We observe that a direct consequence of (2.14) (letting ¢ = ¢, — 0) is f(2) = f(z*)
for z € S¢; hence z* € Sy. Now it turns out from (2.15) that [|z*|q < [|§|lq. This
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must imply that * = zf§, due to the uniqueness of the minimal ¢,-norm element of
Sy¢. This has proved that z¢ — z§ as € — 0.

Case 2: a = 1. In this case, elements of the minimal ¢;-norm of Sy may not be unique
due to the fact that the ¢;-norm is not strictly convex. Let x. € SL. By (2.15), we get
lzell1 < ||z||1 for every z € Sy. This implies that ||z |1 < |Sfl1 = min{||z|1 : z € Sy}
Repeating the argument of Case 1, we immediately obtain ||z.||1 — |Sf|1 (as € — 0)
since every cluster point of x. assumes the minimal ¢;-norm of Sy, i.e., in the set
argmin{||z||; : z € S¢}. This completes the proof.

3. GEOMETRIC PROPERTIES

Let 1 <p<ooand A >0, u> 0 be given. Set
1 2 n
Pau(@) = EllAw—bll,’iJﬂllel+§H$II§, z €R"™ (3.1)

Here A is an m x n matrix and b € R™. The following optimization problem is known
as the elastic net with £,-norm errors (p-NE for short):

min ox,(2) = |4z — Bl + Miells + 5 2], (32)
zern T P P 2

Since @), is continuous, strictly convex, and coercive (i.e., gy u(x) = 00 as ||z[|2 —
00), ¢, has a unique minimizer, which is denoted as x ,; that is,

. 1
ore =g mip (S1de = 01g + Moy + 5lal3). (33

We now discuss some properties of the minimizer x, , as a function defined on the
domain D := {(A, ) : A > 0, oo > 0}. Observe that the subdifferential of ¢, , is given
by

Opx () == AL T, (Az — b) + A |z||1 + pa. (3.4)
Here A' is the transpose of the matrix A and J), is the generalized duality map of the
¢, norm as given in (2.2). This implies that the minimizer x ,, satisfies the optimality
condition 0 € A*J,(Azx,, — b) + Az ull1 + s ., or equivalently:

1
Y (A" Jp(Azxy — b) + pan ) € Ollaa (3.5)

Define a function p on D by
pAs ) = [l ully (3.6)
where z , is defined by (3.3).
We also consider the least-pth power problem:
min Az — b|[p. (3.7
Let S, denote the set of solutions of (3.7). Namely,

= 1 - p
Sp arg;relﬁ%r%HAx bl[p. (3.8)

Proposition 3.1. Let (A, p) € D and fir 1 < p < oo. Then (xx ) uep is bounded
if and only if S, is nonempty.
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Proof. Assume S, # (). Consider the ¢1-norm regularized optimization problem:
1
in —||Ax — b||? . .
min llAz = b + Allz] (3:9)
We use S; to denote the set of solutions of (3.9). That is,
1
A _ .
S, —arg;g]g}l5||A:C—b||§+)\||x\|1. (3.10)

Note that S[i‘ is always nonempty. Applying (2.16) to the case where
f(z) == (1/p)[[Az = b}, e := A and a := 1,

we obtain that
lzallr < |Splt = min ||z|l1, =z € S;‘. (3.11)
2€Sp

Applying again (2.16) to the case where f(x) := (1/p)|[Az — b||} + A[|z||1, € := p and
a := 2, together with (3.11), we obtain (observing the fact that ||v]|2 < ||v||1 for all
v eR?)
Ao — : _ X
lzxllz < 18512 = min I2ll2 < iy 1zl = 15511 < 11 (3.12)

Hence, (z,,) is bounded.

Conversely, assume (zy,,) is bounded. Taking positive sequences (A;) and (ux)
with the properties: Ay — 0, pr — 0, and x, ., — & (as k — c0). By the definition
(3.3), we get

1 i 1 Hi
EIIAMW,C = blIp + Mellza il + T a3 < EIIA»’C = blIp + Ml + Sl
for all x € R™ and k£ > 1. Upon taking the limit as k — oo, we obtain
1 1
=[[Az = bl[j < —[|Az — ][}
p p
for all z € R™. It turns out that Z € S, and thus S, # (. The proof is complete.

Proposition 3.2. Fiz 1 < p < oo and let D = {(A\,p) : A > 0, u > 0}. Assume
Sp # 0. We have the following statements.

(i) zap is a continuous function of (A, u) € D and uniformly continuous over
the subregion D, == {(A, ) : X >0, o > po} for each fized pg > 0.

(ii)) As p— 0 (for each fixzed A > 0), xx, — ac;r\, the unique point in SI),‘ that has
minimal l3-norm, i.e., x; = argmin{[|z|2 : z € S)}. Moreover, as A = 0,
every cluster point of z; s a minimal £1-norm solution of the least-pth-power
problem (8.7), i.e., a point in the set argmingeg, ||z|1.

(i) As XA —= 0 (for each fized p > 0), xx, — T, where

1 7
T min [ = — b2+ 2|12 1
£, = arg min (p|Ax bl + 2||;13||2) . (3.13)

Moreover, as p — 0, &, — & which is the minimal ¢,,-norm solution of (3.7),
that is, & = argmingeg, [|z[,.
(iv) p(A, ) == ||zapll1 is decreasing in A for each given p > 0.
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(v) &\ ) == ||lzaull2 is decreasing in p for each given A > 0.

Proof. (i) Using the optimality condition (3.5) and subdifferential inequality, we get

Mlzlls = AMlzaulls = (A" Tp(Azx = b) + pax = 2au) (3.14)
for z € R™. Tt follows that, for (A, ') € D,
Ml = Ml = (A" Tp(Awa = ) + ps @ — Tau)- (3.15)

Interchanging A and X', and p and p' yields
Nzl = Nlax ol = (A Tp(Azy = ) + pax s @xu — T ). (3.16)
Adding up (3.15) and (3.16) obtains
X = Nl — lzxell)
> (A, (Axy, —b) + pza — (A'Tp(Axy = b) + Wan 1), Tx — T )
= (Jp(Azx = b) = Jp(Azy v — b), Al — b) — A(zx v — b))
+ (p@a g — W, Ta ) — T )
By Lemma 2.1, we get
N =Nzl = llzx )
> cpllAzx o — Azxr o ||b 4 (s — 1 an i, T — T )
= cpl| Az — Az ||£ + (= )@ s T — o)+ |2n ) — 23 Hg
> (1= 1) (@ Ta = Txvwr) + 1 2a — 2n 3. (3.17)
However, by Proposition 3.1, {z ,} is bounded. It thus follows from (3.17) that

C
[ENAEE S ;(IA—A'HIM—M’I) (3.18)

for some constant ¢ > 0. This shows that x , is continuous in D and uniformly
continuous in D,,, for each fixed pg > 0.
(ii) For each fixed A > 0, x, , = argmingegn f(z) + (1/2)||x]|3, where

f@) = (1/p)[[ Az = bl + All]]:-

Applying Lemma 2.5, we obtain that, as p — 0, z , — x]:\ '= argmin, e g I=]]2-
Applying Lemma 2.5(ii) to the case where f(z) = (1/p)|| Az — b|[}, we obtain that, as
A =0, ||x;||1 — |Spl1 and each cluster point of (xir\) is of minimal ¢;-norm in the set
Sp.

p(iii) Applying Lemma 2.5 to the case where f(z) = (1/p)||Az — b + (1/2)|z|3,
we immediately find that ) , converges, as A — 0, to &, defined by (3.13). Again
by Lemma 2.5(ii), we obtain that &, converges, as u — 0, to the minimal ¢,-norm
element of Sp.

(iv) Using the subdifferential inequality (3.14), we get

Azl = llzaull) = <Ath(Am>\,u —b) + LTy Tap — T ) (3.19)
Interchange A and )\ from (3.19) to get
N(llaulls = llealln) = (A" Tp(Azx = b) + B s Tarp — Tap)- (3.20)
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Adding (3.19) and (3.20) up yields
A =XN)lzxlls = lzaully)
> (Jp(Azy,y =) = Jp(Azy = b), Axn = b) — A(n = 0)) + pil|en 0 — x>\’7u||2
> cpl| Ay — Affx,ullﬁ + pllea, — xMHHz > 0.

This immediately implies that ||zx |1 > ||zx.]|1 whenever A > X. That is, p(-, i)
is nonincreasing for each fixed p > 0.
(v) Similarly to (3.19) and (3.20) we have for g > 0 and g/ > 0,

‘1) Z <AtJP(AI)\7# - b) + HIX s T, — I)\,/L/>

Al lle =[x
and
Azl = llexwlli) = (A Tp(Azy e = b) + plex s @aw — To)-
Adding up the last two inequalities yields
0= (Jp(Azxu —b) = Jp(Azx p =), A(zx = b) — A(xxw — b))
+ (paa g — Wax e, T — Taw)
> cpllAzx, — Azywllp + (0 — 1)@ T = ) 1120 — 23013
= ol Ay — Az I+ (5 — 1) (a3 = (Brg 2 ) + 200 — T g0
> (= 1) (oal3 = @rues o).
It turns out that if 4 > y/, then we must have ||z ,||3 — (x4, 2x ) < 0. Since
(@a s ) < lleapllz - [l ull2
by the Cauchy-Schwartz inequality, we obtain that [z u|l2 < [|zxr .2
Namely, (), -) is nonincreasing for fixed A > 0. The proof is complete.

The following result shows that if A > 0 is sufficiently big, then the minimization
(1.6) has trivial solutions only.

Proposition 3.3. Assume S, = argmingegn ||Az — b[|) is nonempty and set

A, = sup ||AY(Jp(Azy ) — Jp(Azy = b)) lco- (3.21)
(Am)eD

If x> A,, then xx, =0 for all p € (0,00).

Remark 3.4. Since (zx ) uep is bounded, A, is finite. Also, since by (3.12),

[zxullz2 < |Spl1 for (A, p) € D, we can replace the A, in Proposition 3.3 with A,
which is defined as

Ap = sup |JAY(Jp(Az) — Jp(Az — b))]leo (> Ap). (3.22)
lzll2<ISplx
Proof of Proposition 3.3. Setting
oap = AL Jp(Azy  — b) + pxs s
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we can rewrite the optimality condition (3.5) as

1
—XZ)\M S 8Hx>\,u||1

and the subdifferential equality (3.14) turns out to be
Mzl = Mlzaully = (a2 = 2a) (3.23)
for z € R™. Noticing

_(ZA,u)z‘ =\ sgn[(fw\’”)i], if (xA,p)i £ 0,
[(zapn)il <A if ( )i =

)
and taking x = 2z, , in (3.23) yields
Maxullt 2 ={(zau 2au) = — Z (za)i (@i
(TA,p)i#0

=\ Z sgnf(@xu)i] (®xpu)i

(®x,1)i 70

=X D @il = Allzal

(zx,):7#0
Consequently, we must have
)‘”x)\,u”l = _<Z>\,uam>\,u>

= —<Ath(Ax>\_# —b) + NxA,m$)\,;L>

= _<Jp(A37>\’/L - b), ACCA,H> - N<$A,u7$A,u>

= (Jp(Azrpu) = Jp(Azr = b), Azx ) — (Jp(Aza ), Az ) — ,Lt||~T>\,u||§
= <At(Jp(Ax/\,u) - Jp(AxA,u - b))>33>\,u> - HAx/\,u”g —u
< (A (Jp(Azap) = Tp(Azxu = 1)), 2a,p)
< lloaullilA"(Tp(Azx ) = Tp(Azau = 0))lloo
< Ap - lzaulh

| ull3

This implies that if x , # 0, we must have A < A,. Consequently, if A > A,, we
necessarily have x , = 0. This completes the proof.

Remark 3.5. When p = 2, the duality map J, = I and Ay = [[A')||s. Thus
zx,, = 0 whenever A > ||A’b||~. This particularly recovers [19, Proposition 2.3].

4. ITERATIVE METHODS

Taking f(z) = (1/p)|| Az — b||E + (1/2)]|x]|3 and g(z) = A|[z||1, we rewrite (3.2) as
the composite optimization (2.7). Notice that f is differentiable with gradient given
by (assuming p € (1,00))

Vf(x) = A J,(Az — b) + pa. (4.1)
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4.1. Proximal-gradient algorithm. Applying the proximal gradient algorithm
(2.9) to (3.2), we get a sequence () given as follows:

Thi1 = ProxXy, ., (@ — A(ATTp(Azy — ) + py.)), (4.2)

where zo € R™ is an initial guess and {\;} is a sequence of positive real numbers.
However, Theorem 2.4 is not applicable to (4.2) because the gradient of f, Vf, as
given in (4.1), fails to be Lipschitz (except for the case of p = 2). We therefore pose
the following

Open question: Does the sequence () generated by the algorithm (4.2) converge
to the solution of (3.2)7

4.2. Generalized Frank-Wolfe Algorithm. The Frank-Whole algorithm (FWA)
[11] provides an iterative algorithm that does not require the gradient to be Lipschitz
continuous, and is thus applicable to the optimization (1.6). In fact, a generalization
of FWA, called generalized Frank-Whole algorithm (gFWA) [2, 20], has recently been
developed to treat the composite optimization (2.7). Let C be a closed bounded
convex subset of R™ and consider the constrained composite optimization problem

min p(z) = f(z) + g(2) (4.3)

where f and g are convex.
The gFWA generates a sequence (xy) via the following iteration process:

{ T, = argmingec(f'(w1), ) + g(),
Tpy1 = T+ (Tk — k)

where zo € C is an initial and v € [0,1) is the stepsize of the kth iteration.

(4.4)

Theorem 4.1. ([20, Theorem 5.2]) Consider the sequence {xy} generated by the
generalized Frank-Wolfe algorithm (4.4). Assume the conditions below are satisfied:
(i) the Fréchet derivative f' is uniformly continuous over C;
(i) the stepsizes {vr} C (0,1] satisfy the open loop conditions:
(C2) Ziio Vi = 0.
Then limy_s o0 p(x) = ¢* :=info p, where o = f + g.

Now assume S = arg mingegn ||Az — b[|) is nonempty. Then by Proposition 3, the

solution xy of (1.6) is trivial (i.e., xy = 0) for all A > A,, where A,, is defined by
(3.22). It turns out that we can restrict the minimization problem (1.6) to the closed
ball B, for achieving nontrivial solutions. Here r = |S,|1. Hence, the gFWA (4.4)
applies, where we take

1
fz) = Z;IIAHC — bl + %Ilw\lg and g(x) = Al

Note again
f'(x) = A" J,(Az — b) + pa.
Consequently, the following result follows immediately from Theorem 4.1.
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Theorem 4.2. Let the sequence {xi} be generated by the generalized Frank-Wolfe
algorithm:

{ T = argmingep, (A" Jp(Azy — b) + pay, v) + A2,
Tpt1 = Tk +7%(Tk — k).

Let (i) satisfy the open loop conditions (C1) and (C2). Then

lim @y ,(xr) = min @y
o @ (k) B P

with @y, defined in (3.2).
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