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1. INTRODUCTION

It is well know that, in 1890, Peano proved that the Cauchy problem

{ 2'(t) = f(t,x(t)), 0<t<a,

2(0) = 2o, (1.1)

where f : [0,a] x R™ — R™ is continuous, has local solutions although the uniqueness
property did not hold in general. This observation became a motivation for studying
the structure of solution set, Sol, for problem (1.1). Peano himself proved that, in
the case of n = 1, the set
Sol(t) = {x(t) : x € Sol}

is nonempty, compact and connected in the standard topology of the real line, for ¢
in some neighborhood of 0. In 1923, Kneser generalized this result into the case of
arbitrary n. Next, in 1928, Hukuhara proved that Sol is a continuum in the Banach
space of continuous functions with sup norm.

767



768 NGUYEN NGOC TRONG, LE XUAN TRUONG AND NGUYEN THANH TUNG

In many cases, the solution sets for differential problems often correspond with the
fixed point sets of operators in suitable function spaces. By establishing the theorem
for Rj structure of the fixed point set of compact operator, Aronszajn [3] proved that
Sol is an Rs-set. So Sol is acyclic. The analogous result was obtained for upper-
Carathéodory inclusions by De Blasi and Myjak in [12]. For more details, historical
remarks and related references, see [2].

In 1955, Krasnosel’skii [25] proved a fixed point theorem motivated by an obser-
vation that the inversion of a perturbed differential operator may yield the sum of
compact and Banach contraction operators. His theorem actually combines both the
Banach contraction principle and the Schauder fixed point theorem, and is useful in
establishing existence theorems for perturbed operator equations. Since then there
have appeared a large number of papers contributing generalizations or modifications
of the Krasnosel’skii fixed point theorem and their applications. One of the main
features of such generalizations is the adopting of generalized forms of the Banach
principle or the Schauder theorem. One of the most impressive generalizations of the
Krasnosel’skii theorem was given by Hoa and Schmitt [21] in 1994. However, until
now there are not results for the topological structure of the fixed point set of Kras-
nosel’skii type operators on Fréchet spaces even with the Banach contraction case. In
1993, Kubacek [27] established a Fréchet version for Aronszajn theorem. He proved
the Rs property for the fixed point of operator satisfied either the Palais-Smale con-
dition or compactness. Notice that the Palais-Smale condition is very interested in
the variant principle.

We recall that (see [8]).

Definition 1.1. Let M be a metric space.

(i) M is called an absolute retract if each continuous map f : B — M, where B is
a closed subset of some topological space IV, possesses a continuous extension
over N.

(ii) M is called an Rs-set if it is homeomorphic to the intersection of a decreasing
sequence of compact absolute retracts.

Note that any Rs-set is a nonempty compact connected space. On the other hand,
it is acyclic with respect to the Cech homology functor with rational coefficients, i.e.
it has the same homology as the one point space. It may be not be a singleton but,
from the point of view of algebraic topology, it’s equivalent to a point (see [18]).

In this paper we establish the theorem on the Rjs property of fixed point set for
Krasnosel’skii type of the form B+ Q on Fréchet space, where B is contraction and Q is
Palais-Smale (see Theorem 3.3 and Theorem 3.4). This theorem is the improvement of
the results on the Fréchet space in [27]. Then, by using this result, we not only obtain
the existence result but also the Rs property for mild solution set of the fractional
neutral evolution equation with infinite delay of the form

D1 [Dx(t) — h(t,x(t), z¢)] = Az(t) + [ (t,2(¢),2¢), t > 0,

xO(t) = (p(t), te (70070}7 (1'2)
Dix(0) = ¢&.
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where D7 is the Caputo fractional derivative of order ¢ € (%, 1), the histories z; :
(—00,0] — E defined by z.(s) = x(t + s) for all s € (—00,0], and the functions
h,f : Ry x E x BMy — E are given functions satisfying some conditions specified
later and BM, is a phase space defined in Section 3. Throughout this paper E denote
a Banach space endowed with the norm |- |. Suppose that A : D(A) C E — E is the
infinitesimal generator of a cosine family {C(¢)}1>0 on E and ¢ : (—00,0] — E is a
function belonging to BM,.
Notice that the problem

(1.3)

{ DA x(t) — h(t,x(t), ;)] = Ax(t) + f (t,z(t),2:), 0 < t < a,
$O(t) + g($t1,$t2, ""xtn) (t) = gO(t), te [—7", 0]7

on a compact interval with finite delay has been studied by Zhou and Jiao [40] but ¢
only belongs to C([—r,0], E) which is the space of continuous functions from [—r, 0]
into E, A is the infinitesimal generator of a compact semigroup. They only proved
an existence result by using the Krasnosell’skii fixed point theorem.

We notice that the existence result for the second-order neutral functional differ-
ential equations have been extensively studied in recent years by using various fixed
point theorems when the corresponding cosine family C(¢)(t > 0) is compact. In such
case, it follows that underlying space must be finite-dimensional, therefore severely
weaken the applicability of the existence result. Futhermore, if the sine family S(t)
is compact then A is compact. These are restrictions in the application. Thus, there
naturally arises an equation:

”Is there any chance to solve this problem without this compact condition on
C(t),S(t) and f7.

In this paper, we will remove the compactness on C(t),S(t) and f. By our new
Aronszajn type theorem combined with the conditions involving with noncompactness
measure, we proved the Rs property for mild solution set of the equation (1.2).

We already known that there is also not any result for the existence for the mild
solution of this fractional neutral evolution equation on Fréchet space with infinite
delay even with the compactness of C(t),S(t) or f. Our work can be considered as a
contribution to this nascent fields.

For more results on fractional differential equation, we refer the interested reader
to [1, 5, 6, 13, 14, 15, 16, 24, 32, 33, 36, 40] and on topological structure of solution
sets we refer to [34, 9, 10, 11, 17, 18, 19, 26, 27, 29, 39].

The organization of this paper is as follows: In section 2, we introduce some pre-
liminaries and assumptions. In section 3, we establish the theorems about topological
structure for fixed point set of Krasnosel’skii type operator in Fréchet. Finally, the
Rj; property for solution set of the equation (1.2) is proved in section 4.

2. PRELIMINARIES AND ASSUMPTIONS

For fractional calculus we recall that if z : [0,4+00) C R — E then

Definition 2.1. We have
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(i) the fractional integral of order av > 0 with the lower limit zero for z is defined

as
1 t
o2(t) = 7/ (t— )" a(s)ds, ¢ > 0,
L'(a) Jo
and
(ii) the Caputo fractional derivative of order a > 0 for the function x is defined by
1 t
Dox(t) := 1"z (1) = ) /O (t — s)" 1) (5)ds.

We provide that the right-hand sides of above equalites are pointwise defined on
[0,00). We also note that the integrals in these definitions are taken in Bochner’s
sense. We consider a closed linear operator A densely defined in a Banach space F.

Definition 2.2. A bounded linear operator family {C(¢)}icr is called the cosine
family of A if the following conditions are satisfied:

(i) C(¢) is strongly continuous for ¢ > 0 and C'(0) = I,
(ii)) C(t+s)+C(t—s) =2C(t)C(s) for all t,s € R.

Definition 2.3. The associated sine family {S(¢) : t € R} is defined by

St)x = /C’(s)xds,
0

forx € E,;t € R.

Definition 2.4. The cosine family {C(¢)}+cr is called uniformly bounded if there is
constant M > 1 such that
|C(t)| < M,Vt e R. (2.4)

Remark 2.5. If the cosine family {C(¢)}:er is uniformly bounded then S(t) is
equicontinuous i.e. ||S(t1) — S(t2)|| = 0 as t; — ¢o.

An operator A is said to belong to C if A is the infinitesimal generator of a cosine
family {C(t)}ser satisfying (2.4). Let R(\, A) = (AI — A)~L. Then we have

AR\, Az = / e MO (t)xdt,
0

RO, A)a = / M),
0

forall A\ >0,z € F.
From the Proposition 2.1 and 2.2 in [35], we have.

Lemma 2.6. Let {C(t) : t € R} be a cosine family in E with infinitesimal generator
A. Then the following assertions are true
(i) St+7)=St)C(1)+ C(t)S(1), for allt, T € R,

(ii) LS(t)x = C(t)z, LC(t)x = AS(t)z, for all z € E,t € R,
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(iti) If x € E then S(t)S(1)x € D(A) and AS(t)S(m)x = S(t)AS(7)x for allt,T € R.
We have the following corollary

Corollary 2.7. Let {C(t) : t € R} be a cosine family in E with infinitesimal generator
A. We have
Ct+s)=Ct)C(s) + S(t)AS(s),Vt,s € R.

Now assume that F' is a Fréchet space whose topology is given by the family of
seminorms {p, : n € N}. Let ¥ be a family of real functions ¢ : Ry — Ry which
are nondecreasing, right continuous, and satisfy ¢ (t) < t for ¢ > 0. The following
definitions are taken from [30].

A map B: F — F is called

(i) a Banach contraction (or k,-contraction) if there is {k,}°%; be a sequence in

[0,1) such that
Pn (B(z) = B(y)) < knpn (z —y),
for all x,y € F,n € N.
(ii) a Boyd-Wong contraction if, for each n € N, there exists ¢,, € ¥ such that

P (B(z) = B(y)) < @nlpn (= y)],
for all z,y € F.

(iii) a Meir-Keeler contraction if for each n € N and any € > 0, there exists § > 0

such that
€ <pn(r—y) <e+0=pa(Blx) - B(y)) <e.

(iv) a Hoa-Schmitt contraction if for any a € F and n € N, there exists k, € Z
with the following property: for any e > 0, there exists » € N and § > 0 (J is
independent with @) such that for z,y € F,al(z,y) < € + J implies

ol (Bi(w) - Bi(y) <,
where B, (z) := B(z) + a and off (z,y) := max {p,(Bi(z) — Bi(x)) : i,j = 0,
1,2, kq }
Remark 2.8. Note that (i) = (i) = (i) = (iv).

The following lemma is an important result for Hoa-Schmitt contraction operator.
By Theorem 1 in [21], we have

Lemma 2.9. Let B: F — F be such that
(i) B is uniformly continuous, that is, for n € N and € > 0, there exists 6 > 0 such
that p,(x —y) < 0 implies p,(B(x) — B(y)) < e,
(i) B is a Hoa-Schmitt contraction.
Then (I — B)~! is well defined and uniformly continuous on F.

The following is step 1 in the proof of Theorem 1 in [21].

Lemma 2.10. Under the hypothesis of Lemma 2.9, for any a € F, the operator
B admits a unique fized point being (I — B)™!, and the iterated sequence {B!(z)}n
converges to (I — B)~(a), for all z € F.
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Definition 2.11. The operator T': F' — Fis called by Palais-Smale if T is continuous
and every sequence {xy}, such that lim (I — T)(z,) = 0 contains a convergent
n— oo

subsequence.

The Hausdorff measure of noncompactness S is defined each bounded subsets 2 of
Banach space E by

B(Q) = inf {5 > 0 : 2 can be covered by a finite number of balls of radius smaller
than s}.

It is well known that 8 enjoys the following properties: For all bounded subsets
Q, Q1,5 of the Banach space E. We have:

) B(2) = 0 if only if Q is relatively compact in E.

ﬂ(Ql) < /B(QQ) when Q7 C Qs.

B({a} U Q) = B() for every a € E.

B + Q2) < () + B(E22).

B(Ql @] Qz) < max{ﬁ(Ql) ﬁ(Qg)}

B(Q) = B(Q) = B(cofY) = B(cos?), where co(A) and ¢o(A) are the convex hull
and the closed convex hull of A respectively.

(7) B(AR) = |A|B(Q) for all A € R.

(8) If the map @ : D(Q) C F — X is Lipschitz continuous with constant k,

then Bx (Q(2)) < kB(Q) for all any bounded subset Q C D(Q), where X is a

Banach space and Sx is a noncompactness measure of Hausdorff in X.

Since no confusion may occur, we denote by §(-) the Hausdorff measure of non-
compactness on both the bounded sets of E and C([a,b], E) which is the space of all
countinuous function u : [a,b] — E. By [7] and [20], we have the following Lemmas

Lemma 2.12. Let E be a Banach space and let D C C([a,b], E) be bounded and
equicontinuous. Then S(D(t)) is continuous on [a,b], and S(D) = r[na}))fﬁ(D(t)).

Lemma 2.13. Let E be a Banach space, and let D = {u,} C L*([a,b], E) and there
exist n € L'([a,b],Ry) such that ||u,(t)|| < n(t) a.e. t € [a,b]. Then B(D(t)) is the
Lebesgue integral on [a,b], and

5({/un(t)dt:neN}) SQ/B(D(t)).

[a,b] [a,b]
3. TOPOLOGICAL STRUCTURE FOR FIXED POINT SET OF KRASNOSEL'SKII TYPE
OPERATORS

First, we introduce a characteristic of the R set. By Lemma 11 in [27] we have

Lemma 3.1. Let X be metric space and {A,} a sequence of compact absolute retracts
i X. M is a non-empty subset of X such that

(i) M C A,,Vn €N,
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(ii) for each neighbourhood V' of M in X there exists a ng € N such that A, C V
for each n > ng,

Then M is Rs.

By the above lemma, Aronszajn proved a result concerning the topological struc-
ture of the fixed point set of the compact operators on Banach space. Next, the
excellent detection of Aronszajn is given. The following Lemma is the Corolarry of
Theorem 1.2 in [27].

Lemma 3.2. Let ' be a Fréchet space whose topology is given by the family of in-
creasing semi-norms {p, :n € N} /X C F. Let T : X — F be Palais-Smale operator.
Suppose there exists a sequence of continuous maps T, : X — F such that
(i) pn (To(z) = T(x)) <+, forallneN, ze X,
(i) Vn € N, if h € X satisfying p,(h) < L then the equation x =T, () + h has an
unique solution.
Then Fix(T) is an Rs set.

Next we shall prove two important results of this paper.

Theorem 3.3. Let F' be a Fréchet space whose topology is given by the family of
increasing semi-norms {|- |, :n € N} and B,Q : F' — F be two operators. Assume
that

(i) B is Hoa-Schmitt contraction,

(i) Q is continuous such that there is a sequence of continuous operators Q, : F —
F (n=1,2,...) such that
sup |Q (z) — Q (2)|n <
zelF
(iii) B+ Q is Palais-Smale.
(iv) for every h € F with |h|,, < L the equation v = B(z — h) + Qn(z) + h has an
unique solution.
Then Fiz(B+ Q) is an Rs set.

)

3=

Proof. Tt follows from the assumption (i) that the operator I — B is invertible and its
inverse is uniformly continuous on F. We define the continuous operator T : F' — F
by

T(x) = (I-B)"" Qx), for x € F.
Let {z,} be a sequence such that lim (I —T)(z,) = 0. By I — B is continuous, we

n—oo

ILm (xn — B(xpn) — Q(zp)) = 0.
We proved that T is Palais-Smale by the Palais-Smale condition of B + Q.
Now we put T, = (I — B)”""Q,. Then T}, is continuous. On the other hand, since
(I- B)_l is uniformly continuous on F, for each n € N, there exists 6,, € (O, %) and
0, — 0 such that for all z,y € F and |z —y|,, < J,, we have

(=B @)~ -5 )| <. (35)

n

have



774 NGUYEN NGOC TRONG, LE XUAN TRUONG AND NGUYEN THANH TUNG

Since the assumption (i7) there exists a subsequence of {Q,} which still denoted by
Q,, such that

sup 19 (z) — Q(2)],, < In. (3.6)

Combining (3.5) and (3.6) we deduce |T}, (z) — T (z)|,, < £, for all z € F. Finally it

is noted that, for y € F satisfying |y|,, < %, the equation z = T}, (z) 4y is equivalent
to the equation

r=B(xz—y)+ 9 (x)+y. (3.7)
Therefore, by applying Lemma 3.2 the proof of Theorem is completely proved. O

Next, by using the above theorem, we will prove the following important theorem.
This theorem gives a technique to prove the Rs property for the fixed point set of
Krasnosel’skii type operator in Fréchet space of all continuous functions on R .

Theorem 3.4. Let X = C (Ry; E) be the Fréchet space of all continuous functions on
R taking values in a Banach space (E; |- |) and endowed with the family of increasing
semi-norms {| - |, : n € N}, where |z, = sup,¢(g ) [2(t)]. Let B : X — X be Hoa-
Schmitt contraction, @ : X — X be a continuous operator such that B+ Q is Palais-
Smale.
Assume that there exist tg € [a,b], eg € E satisfying the following conditions
(i) Q(z)(tg) =ep forallze X,
(i) Q(X) is equicontinuous.
(iii) for any e > 0, if x5, = yl1. then B(x)|;. = B(y)lr. and Qx)|r. = Qy)l1..
where
L. =R, N[ty —¢&,to + €,
Then Fixz (B + Q) is an Rs-set.
Proof. For each n € N, we define b, : Ry — R, by
to if |t—t0|§1/n,
bn(t) = 1 .
" t— ——(t—1t f jt—to]>1
n|t7t0|( o) if [t —tol =1/n,
and consider the operator Q, : X — X defined by
Q. (@)(t) = Qla)(bu(t)) t € [a.b).

First, we will prove that
lim sup |Q, () — Q(x)],, = 0.

n—oo reX

It is not difficult to see that Q,, is continuous. On the other hand, thanks to the locally
equicontinuous of Q (X) we deduce that for any € > 0, there exists § = d(e,m) > 0
such that

1Q(2)(t1) — Q@)(t2)] <e, (3.8)
for all x € X and for all t1,t5 € [0,m] satisfying |¢t; — t2] < 0. Now we choose
ng = no(e, m) € N such that nio < &(g,m). Since |b,(t) —t| < L, for all t € [0,m] we
deduce that

|Qn(z)(t) — Q@) (t)| = [Q(x)(bn(t)) — B(z)(t)| <e
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for all z € X, t € [0,m] and for all n > ng. This implies

sup |Qn(z) — Q(x)|,, <€, Vn > ny.
reX

Next, it’s necessary to note that, for y € X such that |y, < %, the perturbed equation
x = B(z —y) + Qn(x) + vy is equivalent to the equation x = T, (z) + y, where

,Tn:(I_B)_lQn,nEN
We set B; = {t e Ry : =L < |t —tp| < L1,
Let x € X and t € E; arbitrary. It follows from assumption (i) that
Qn(2)(t) = Q=) (bn(t)) = Q(x)(to) = €o.
And by using (ii), this implies
Bg, )(0)(t) = B(0)(t) + Qn(x)(t) = B(0)(£) + €0 := e(t).
Then we have
By, () (0)(t) = B (Bg, ()(0)) (t) + Qu(x)(t) = B(e)(t) + eo = Be, () (1),
where eq(t) := eg for all ¢t € R,. Similarly, it is easy to obtain the equality

BEHL (0)(#) = B (e)(1).

So by passing to the limit as m — oo
(I =B)"" Qu(x)(t) = (I = B)™" (eo)(1), (3.9)

forall z € X and t € E;. Now let k € {2,3,4,...} and let 2,z € X satisfying the
condition

x(t) = z(t), Yt € Ep_1.
We shall prove that, for all m € N,

BS, i (e0)], =BG, (e0)|

Indeed, we first note that if ¢ € Ej, then b, (t) € Ex_1 by |b,(t) — to| = |t — to] — 1/n.
Hence,

Qn(z)(t) = Q) (bn(t)) = Q(2)(bn(t)) = Ln(2)(?)

for all t € Ej. This implies that

Bgn(m)(eo)(t) = BQn(z) (60)(t), Vt € E,.
A simple inductive argument implies that

BE, () (€0)(t) = BE, ()(e0)(t), Vt € Ey.
By passing to the limit as m — oo we obtain

(I=B)"" Qu(x)(t) = (I - B)™" Qu(2)(1),
for all ¢t € Ef. So we have proved that

x|Ek—1 = Z|Ek—1 = (nx”Ek = (7;13)|Ek (310)
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Next, we will prove that I — 7, is injective for all n € N. In fact, assume that for
some x,z € X we have v — z = Tp(x) — Tp(2). This implies that

t—z2=1-B)"0u(x)— I -B)"0(2).

By combining (3.9) and (3.10) we deduce that x = 2.

Choose y € X and look for an = € X such that z — T, () = y.

As E) is a bounded set and y € X, the set {y(t) + (I —B) " (eo)(t) : t € By} is
bounded. FEj is a closed subset of R, , so by the Dugundji extension theorem there
exists a bounded continuous map z; : Ry — X such that

lg, =yl + [ —B) " (eo)ls,-

By (3.9), E1 and E» are closed subsets of Ry, the map x; is continuous on Ej, the
map y + Tn(21) is continuous on Ey and for t € Ey N Es(ie. [t —to| = 1) we have

y(t) + Ta(@1)(t) = y(t) + (I = B) ™" (o) (1),
so the map T3 defined by

_ .’El(t),tEEl
e {y(t)+7;(x1)(t),teE2

is continuous on F; U Fy and its range is bounded. Similarly, due to the Dugundji
extension theorem there exists a bounded continuous map x5 : Ry — X such that
T2|p,up, = Tz. Proceeding by induction we can construct a sequence {@,} -_, of
bounded continuous maps such that zq = (I — B)~*(eg) and

xm+1|Em = $m|Em (3.11)
Tmlg,, = Yg, T (Tnzm-1)lg, (3.12)
Due to (3.11), there exists an z € X, z = lim x,,, and for ¢ € E,, we have
m—r o0
Tm (1) = g1 (1) = =2 (),

so by (3.12) and (3.10), for t € E,,,m > 1, we have
z(t)=am (t) =y @)+ Tn (@m-1) () =y (t) + Tuz (1),

i.e.

T — 7;7«(‘%) =Y
the validity of the last equality for ¢t € FE; being a consequence of the definition of the
map x1. The proof is completed. O

4. STRUCTURE OF THE SOLUTION SET ON HALF-LINE

4.1. Notations. We introduction the basic definitions
o The functional spaces: Now we define the abstract phase space BM,, which has

been used in [38]. Assume that g : ( —00,0] — (0,+00) is a continuous function with
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0
m = [ g(t)dt < +o0o0. For any a > 0 we define BM(a) = {¢) : [ —a,0] = X such
that v (t) is bounded and measurable }, and equip the space BM (a) with the norm
[l a0 = sup ’ Iy (s)]-

€l —a,

Let us define BM, = {w : ( —00,0] = E : such that for any ¢ > 0, w|[ —e0] €
0
BM(c) and [ 9($)[[Y]l5,0ds < —l—oo}. If BM, is endowed with the norm

0

1l pe, = / 9.(5) 19 oy,

— 00

then it is clear that (BM,, || - |lsm,) is a Banach space.
Now we consider the space

AM, = {x :R — E such thatz|, , ) € C([0,400),E),z0 € BMg}.
Set {||-||,,}» be a seminorm family in AM, defined by
Iz[l,, = llzoll s, + sup{lz (s)| : s € [0,n]}.
Proving similar to [38], we have
Lemma 4.1. Assume that x € AMg, then fort € Ry, x; € BM,. Moreover

m|z(t)] < [lzellsam, < llzollsrg, +m sup |z (s)],
s€[0,t]

and
lzo — yollsa, < 2[x —ylln
for allz,y € AM, and 6 € [0,n].

Note that F' = {y €EAMy 1 yo=0¢€ BMh} is a Fréchet space endowed with the
seminorm {p, } defined by

pn(y) = sup |y (s)|.
s€[0,n]

o Other notations: We define
o For each ¢ € BM,, we put

Ly { PO E 0,
T Cu)9(0) + S, ()€ — h(0,0(0), )]t € Ry,

then @ € AM,.
o For t € Ry and x € F we shall denote by ® the map

(t,x) — B, z) = (t, x(t) + P(t), 2t + Py).
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4.2. Some preliminaries and hypothesis. Before giving the definition of mild
solution of (1.2), we first prove the following lemma.

Lemma 4.2. If (1.2) holds, then we have

ot) = [ 6,000 + [ 0,6)SEO)E - h(0.9(0). )
O(t — 5)1 g, (0)C[(t — 5)10)h(s, (s), xs)dOds

O(t — )11, (0)S[(t — 5)10] f (s, 2(s), z5)dOds.
where ¢q is a probability density function defined on (0,00), that is ¢4(0) > 0 and

/¢q(9)d6 = 1.

0
Proof. Put p(t) = h(t,z(t),x+), g(t) = f(t, x(t), z¢). Observe that

o) = 910) + = p0)] [ CET s+ 1) + P1As(0) + 90

0

Let A > 0. Applying Laplace transforms

500 = [N (s)ds.p) = [ e ployis,
0 0
and
700 = [ e gleis
0
we have

FN) = 50(0) + 35716 — p(0)] + 37PN + 555 [AF(N) + V)]

This implies that

Z(N) = A2 IR(A2T A)p(0) + NTTTR(A2, A)[€ — p(0)] + NTR(AN*9, A)p(N)
+ RN, A)GN) = I+ Io + I3 + I
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Note that

L= TR (N, A) o (0) = M1 [ e MO () ¢ (0) dt

o

o0

- / g T e A C (1) 0 (0) dt = / B
0

0

[e—@t)‘*] O (1%) ¢ (0) dt.

>| =
Sl

Furthermore, we have
o0

e = /e_“gl/)q (0)do

0
where

_1 = n—1,p—gn— F(”Q+1) :
wqw)—;;(—l) prm 1 sin (nq) 40 € (0, )

for all ¢ € (0,1). Thus we have

//9% 0)eMC (t9) ¢ (0) dOdt = / 0/¢q < ><p(0)d9dt

We also have

I =XT'TR (N A)[E—p(0)] = A0 /e*”fs (t)[€ — p(0)]dt

0

AT [ qttlem TS (1) [ — p (0)] dt

\8

4

)\71
d

=007 S (#9) ¢ — p(0)]dt

o~

0\8 .

Thus, we obtain

o= [ [ 60,00 s @) I~ p(0) dss

0 0

- 7 7% (0)S (f;) (€ — p (0)] o,

I3+ 1y = MR (}\2q’ A) p(A)+R ()‘2q7 A) g\

(oo} o0

= / e MO (1) (N) dt + / e S ()G (N) dt.

0 0

Next, we get
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Moreover,

o0

/ e MO () (N) dt

0

/qtq Le= 'O (19) e h (s, 2 (s) , x4) dsdt
0

0\8 0\8

—A(t+s)
//‘ﬂ’q (0)e C <9q> o h(s,x(s),xs)dbdsdt
00

/ At [ //1% [ t;qs } h(s,x(s),xs) (t ;)qldes] dt.

Similarly, we also have

oo

/ NG (7 () dt

0
7 _M[ /tqu [t_s ]f(s,x(S),xs)(t_;)q_ldeds] dt
0

Now we can invert the last Laplace transform to get

- Joswe (£) sorm oo (5) o

+q//¢" (9)0[(t 9;)1’1(“(8),%) ¢ ;qs) dods

+q//¢" ©)5 {(te;)q]f@w@),zs) : ;qs)qdéds
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where ¢, (0) = %Gflfl/qwq (6=1/9) is the probability density function defined on
(0,00). This completes the proof. O

For any z € E. Define operators {Sy(t) }er, {Cq(t) ek, {Sq(t) brer, and  {Cy(t) beer
by

g (0)S (£70) 2df,

Yo = q/quq C (t70) xdf.

Due to Lemma 4.2, we give the follovvlng definition of the mild solution of (1.2).

Definition 4.3. By the mild solution of problem (1.2) we mean that the function
x € AM;, which satisfies

z(t) = Cq(t)p(0) + S4(H)[€ — h(0, £(0),¢)]

+ /(t — 5)171C,(t — 8)h(s, z(s), x)ds
(4.13)

+ [ (- s)q_lgq(t —9)f(s,x(s),zs)ds, t>0,

—_.°

0
To =

Let u =z + @. It is easy to see that u satisfies (4.13) if only if z € F and

/ (t—s)1~ 1C (t —s)h(s,xz(s) + @(s),xs + Ps)ds

0
+ /t — s)q_lsq(t —8)f(s,z(s+ @(s), x5 + Ps)ds.
0

Moreover, x — u is an isometry.

Remark 4.4. Throughout this section the norm on a product space M7 x My X -+ X M,
is always denoted by || - || and is defined by

k
(mayma,eymi) | = lmalli,
=1
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where || - ||; is the norm on M;.

Next we have the following lemma. It is proof is straightforward and we will omit
them.

Lemma 4.5. The map ® is continuous from Ry x F into Ry x E x BM,. Moreover,
we have

[® (¢, 2)|| <t+ (m+1pa(z) +Q,
for (t,x) € [0,n] x F and for alln € N, where Q = (m + 1) M|[(0)| + [|¢||5r, -

We prove the following lemmas relative to operators {Sy(¢) }+er, {Cq(t) }ter,
{S4(t) }rer, and {Cy(t) }rer before we proceed further.

Lemma 4.6. For any fizedt > 0, S,(t), Cy(2), §q(t) and a](t) are linear and bounded
operators. Moverover, we have

Mtd Mt
1, (el < gy ez beh 153 () el < Syl
and
C, ()] < Ma| [ 6, (0)a0 = Mial,|C (0] < il
0

Proof. For any fixed t > 0, since C(t), S(t) are linear operators, it is easy to see that
Sq(t), Cy(t), S4(t) and Cy(t) are also linear operators. For ¢ € [0, 1], according to [28],
direct calculation gives that

3 r(1+%
!;%wa%HJ

Then we have

; s CT(1+40)
/9 qsq(e)da_o/quwq(a)da_F(qu.

0
In the case n = 1, we have

e

For any x € E, we have

t)z| = ‘/% ()S (1) xd&‘ < th|x|/9<bq (6)d0 = 5l
0 0

_ gMHr(3)

_ ’q@/q’)q (9)S(tqa)xd9‘ < qt*M|z] /92¢q (6)d0 = Ly gy 171
0
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Moreover, we have
|Cyq (t) x| = ‘/d)q (6)C (t0) o:dﬂ’ < M|x| /gbq (0)d0 = M |x|,
0 0

7 M
Cy )2l = |a0 [ 6,(0)C w0y za| < adtlal [ 06, (0)a0 = H2lel. D
0 0

Lemma 4.7. Operators Sy(t), Cqy(t), §q(t) and @(t) are strongly continuous, which
means that for Vo € E and 0 < t' < t”, we have

1S, (") 2 — Sy(t)z] — 0,]8,(t")a — S,y(t')z| — 0,

and

|Cy(t")z — Cy(t)z] = 0,]Cy(t")z — Co(t))z| — 0,
ast' — t".
Proof. Vx € E and 0 <t < t”, we get that

o0

G, () —Cy (t') x’ < q/9¢q ) [{C ((#")"0) — C ((£)"0) } z| b,

0

According to the strong continuity of C(t), we have aq(t) is strongly continuous.
Using a similar method, we complete the proof. (]

In order to study the topological structure of mild solution set for problem (1.2)
we make the following assumptions
(H1) A € C generates a cosine family {C(t)},cp such that 0 € p(A) and {C(t)},cp
is equicontinuous.
(H2) The function f: Ry x E x BM, — E satisfies the following conditions:
(i) the map ¢t — f(t,z,y) is measurable, for all (z,y) € E x BMy,
(ii) the map (x,y) — f(t,z,y) is continuous for a.e. t € Ry,
(iii) there exists a constant ¢; € [0,¢) such that for each C' > 0, there is a
nonnegative function r € L'/9 (Ry) such that |f(¢,z,y)| < r(t) for a.e.
t € Ry and for all (z,y) € E x BM,,
(iv) for every bounded subsets D C BM,, K C E, there exists a position
function k,, € L*(R4,R) such that
BUGKD)<KO| sw  5(DE)+5E)].
for a.e. t € Ry, where D(0) = {u(f) : v € D}.
(H3) h: R4 x E x BMy — E is continuous and satisfies the following conditions:
(i) there exists a constant g2 € [0,¢q) such that for each C' > 0, there is a
nonnegative function v € L'/ (R, ) such that |h(t,z,y)| < v(t) for a.e.
t € Ry and for all (z,y) € E x BM,.
(ii) there exists a sequence {H,, > 0:n € N} such that V¢ € [0, n] we have

|h(t,z,y) — h(t, o',y )| < Hy (Jo — 2| + ly — ¥llBrg, ) -
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5. MAIN RESULT

Theorem 5.1. Suppose that (H1)-(H3) are hold and
onF
M, = —————— k(s)ds
" T(1+29) / + +q)
Then the mild solution set, S, of problem (1.2) 1s an Rs-set.

( +1)<1, VneNlN

In order to prove the Theorem 5.1 we first consider the operators B, Q : FF — F
defined by

By(t) = /0 (t— )72 Gyt — 5)h (B(s, y)) ds,

QM®=A(%wflSU—@ﬂﬂ&wM&
for all t € Ry.

Lemma 5.2. For each n € N we have

Pn (B(‘T) - B(y)) < knpn(x - y)»
_ n'MH, 1
“Tatg ™ty

Proof. Let x,y € F. For every t € [0,n], we have
t
|Ba(t) — By(t)| < / (t = 5)"" Cylt — ) [h (®(s,2)) — h(D(s,9))] ds
0
Hence, by applying the assumption (H3) and Lemma 4.6 we get

[Ba(t) = By(t)] < fts(m+ Voo =) [ (=97
nIMH

for all x,y € F, where ky,

- Dpn(z —
Tatq Tt @ —y)
< knpn(l‘ - y)
This implies that p, (B(z) — B(y)) < knpn(z —y). The proof of Lemma is complete.

O

Lemma 5.3. The operator Q is continuous and Q(F') is equicontinuous. Futhermore,
B(F) is also equicontinuous.

Proof. The proof of this lemma consists several steps.
Step 1. Q is continuous. Indeed, assume that (xx) be a sequence in F' converging to
z € F. Put

G ={xp: ke N}tU{z}.

There is a nonnegative function rg € L*/% (R, ) such that

[f (2(s,9) < rals)
for all y € F and for a.e. s € [0,n] by using (H2 - (iii)). This implies

[f (@(s,21)) = £ (D(s,2))] < 2ra(s),
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for all k € N and for a.e. s € [0,n]. On the other hand, it follows from the continuity of
¢ and the assumption (H2-(ii)) that f (®(s,zx))—f (®(s,x)) converges to 0, for almost
every where s € [0,n]. Hence, by the Lebesgue dominated convergence theorem,

lim /On |f (®(s, 1)) — f (B(s,2))| " ds = 0.

k— o0

From Lemma 4.6 and Hoélder’s inequality we get
t
/ (t = 5)"" Sy(t — ) [f (D(s,21)) — [ (B(s,2))] ds
0

qM ¢ 1
= F<1+q>/o (t= )77 [f (@(s,21)) — £ ((5,2))] ds

t 1—q1
< (3M+) </ (t— s)(q1>/<1q1>ds> "
q 0

- T
(/Ot 1 (®(s,21)) — | (@(s, )" (S)ds) @

|Qu(t) — Qu(t)| =

A

i

gMni=® (1—¢q\'™"
< (G2R) i@t - £ @]

for all ¢ € [0,7n]. Here we used the following estimate

t 1-q1 1—q 1—q
</ (t — s)(q_l)/(l_ql)ds> — 9~ (1 - Q1) ' < pa—a (1 - (11> ! .
0 49— q N q9—a

Hence p, (Qxr — Qx) converges to 0 when k — oco. Therefore, Q is continuous.
Step 2. Q(F) is equicontinuous. In fact, there is a nonnegative function rg €
LYa (R, such that

a1
L1 (0,n)

[f (@(t,2))| < rolt)
for all z € F and for a.e. ¢ € [0,n] by using again (H2 - (iii)).
o For x € F and 0 < t; < ty < n, we have

1Qi(ts) — Qur(t)] = / C(tr— )77 Byt — 5)f (B(s,2)) ds

tl A

—/ (ty — 5)77 " S, (t1 — 8)f (D(s,x)) ds
0

< I+ 1+ 13,

where
ta

I = (ty — )" Sy (ty — 5)f (B(s,z)) ds

/
ol
/

)

-

1

[(t2 )T — s)q*] S,(ts — 8)f (B(s,x)) ds

bl

ty

I3 =

(t; — 5)7" [§q(t2 —8) = Sty — s)} £ (®(s,z)) ds| .
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Estimate I,. By using Holder’s inequality we have
< SO (L0 gy e
(1+29) \¢—a L1 (0,n)
Estimate I5. It follows from Holder’s inequality and the following inequality
(a® = b*)" <a® —b*7, forall 0 <a < b,a <0,y > 1.
In order to prove this inequality we note that the the function j(t) = (t* — 1) —t*7+1

is increasing on (0, 1] by

7)) = ay [(ta —1) et et >0, Ve (0,1].

Hence j(t) < (1) = 0 which implies that (t —1)" < t* — 1. Let t = a/b we obtain
the desired inequality.

By using the above inequality, Lemma 4.6 and Holder’s inequality we get

1—q1
gMniT(3) /ltl q—1 —1]T@

L < —" 1 — — —

2= Tigag el i g (][ =9 =t =9 ds

1—q1 — — 1-q1
anqF(3) <1 — lh) ( 3731 a-a qql)
< rol 1 Bty (ty— 1) T
T T(1+2) \g—a Irall 3 o (1 ? 2 —h)

MnaT l—g\' ™ ® ~
< T (IZ0) Ml (= 0"
F(1+29) \¢g—aq1 L4t (0,n)

Estimate I3. Without loss of generality to assume that ¢; > 0. For € > 0 small
enough, we have

p /0 T e it = )f (@(5,2)) = 8,(t1 = 9)f (¥(s,2)| ds
[ 0= Syt = 9 (@(5.2) = 5yt = 9)f (@5,2)| ds

1— —
< (222 gl [T
“\e—a Qlparon T(1+2q)

O,tlfe]

a—a1 _ 1—q1
— a—aq ~ ~
+ (tll a _ 5101) [Sup ||Sq(t2 —s) — Sq(tl — S)||£(E)‘| .
se

Since S(¢) is equicontinuous, it follows that §q (t) (t > 0) is equicontinuous in ¢. Hence
I3 converges to zero independently of x € F' as t —t; — 0 and € — 0. Combining
the above estimates we can conclude that Q(F') is equicontinuous.

By proving similarly, B(F) is equicontinuous. The proof of this lemma is complete. [

Lemma 5.4. The operator B + Q is Palais-Smale.

Proof. Let (z,,)m C F be a sequence satisfying the condition
lim (I —B— Q) (zm)=0.

— 00

We will prove that V := {z,, : m € N} is relatively compact in F.
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Thanks to the equicontinuousness of B(F'), Q(F'), we have V is equicontinuous. It’s
suffice to prove the relatively compactness in E of V() = {z(t) : x € V} for all t € R.
If t € (—o0,0] then V(t) = 0. Thus V(¢) is relatively compact.

Set F), := {y\(_oo,n} RS F} is a Banach space endowed with the norm {p, } defined
by

pn(y) = sup |y (s)].
s€l0,n]

Put W = {2|(—oon) : ® € V}. With z € F, set u = z[(_oo,n) € Fn. We have x; = uy
for all t € [0,n]. Thus we may observe B,Q : F,, — F,. By (H2)(iii) and (H3)(i),
B(W)and Q(W) are bounded in F,,. Notice that B : F,, — F, is k,, contraction, so
we have

BBW)) < knf(W).
o For each t € [0,n] we put
W(t) ={z(t) : x € W},
Wy ={z;:x € W}.
By Lemma 4.6, Lemma 2.13 and (H2)(iv), for all ¢ € [0,n],z € F,, we have

B((Qe(e) 0 € W < {9 [ (0= 97 B (s12(5) 4 809, + B
gMT(3) [* 2q-1
< S [ =M k)
<[ sup BOVL(O) + BOV(s) | ds.
0€(—o00,0]

By x € F,,, we have x(0) = 0 for all § € (—00,0]. Thus, we have
sup  S(Ws(0)) = sup B(W(s)),

e (—o00,0] s€[0,n]
for all s € [0,n].
Thus,

. ] ngMT(3) ¢ $)ds
B{Qet) 2 WD < s SOV [ Ko

By Lemma 2.12, we have
B ) ngMT(3) [*
BQUV) = s B((Qete)x € W) < SN T [ K(s)is
We have
W C (W —B(W) - Q(W)) +B(W) + Q(W).
By Pallais-Smale condition, W — B(W) — Q(W) is relatively compact. Thus
BW) < BBW)) + B(QIW)) < M, B(W).

By M, < 1, (W) = 0. This implies that V(t) = W (t) is compact for all ¢ € [0,n].
Combining the above results, V' is relatively compact in F'. The proof of this lemma
is complete. O
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Finally, we shall prove the Theorem 5.1.

Proof of Theorem 5.1. Tt’s suffice to prove that Fix(B+ Q) is Rs. It’s clear that
Qxz(0) =0 for all x € F. Let ¢ € (0,n]. Assume that z,y € F and satisfy

x|, = yl1., I =[0,n]N[—e,e] = [0,¢].
By definition of = and y we have x(t) = y(¢t) and z; = y; for all ¢ € I.. This implies
B(z)|r. = B(y)lr., L)l = 2W)lL.-

So it follows from the Lemma 5.2, Lemma 5.3, Lemma 5.4 and Theorem 3.4 that
Fix(B + Q) is Rs. O
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