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1. Introduction

First, we recall the following concept and some related results.
Let F : (0,∞)→ R be a function. We will consider the following conditions:

(F1) F is strictly increasing;
(F2) for each sequence {tn} of positive numbers,

lim
n→∞

tn = 0 if and only if lim
n→∞

F (tn) = −∞;

(F3) there exists k ∈ (0, 1) such that limt→0+ t
kF (t) = 0;

(F4) F (inf A) = inf F (A) for all A ⊆ (0, 1) with inf A > 0.

We denote the sets of all functions F satisfying (F1)-(F3), resp. (F1)-(F4) by F,
resp. F∗. It is clear that F∗ ⊂ F and some examples of functions belonging to F∗ are
F1(t) = ln t, F2(t) = t+ ln t, F3(t) = −1/

√
t, F4(t) = ln(t2 + t), see [15]. If we define

F5(t) = ln t for t ≤ 1 and F5(t) = 2t for t > 1, then F5 ∈ F \ F∗.
Note that, if F satisfies (F1), then it satisfies (F4) if and only if it is right-

continuous.
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Wardowski [15] called a self-mapping T on a metric space (X, d) an F -contraction
if there exist F ∈ F and τ ∈ R+ such that

τ + F (d(Tx, Ty)) ≤ F (d(x, y)),

for all x, y ∈ X with d(Tx, Ty) > 0. It is clear that each (Banach-type) contraction
(with parameter λ ∈ (0, 1)) is an F -contraction (with F (t) = ln t and τ = − lnλ).
However, using other functions F ∈ F, more general conditions can be obtained. It
was proved in [15] that each F -contraction in a complete metric space has a fixed
point. Afterwards, several researchers obtained various fixed point results using the
idea of F -contractions, see, e.g., [16, 14, 1].

In what follows, for a metric space (X, d), let CL(X) denote the family of non-
empty closed subsets of X. Sgroi and Vetro in [13], called a multivalued mapping
T : X → CL(X) an F -contraction if there exist F ∈ F and τ ∈ R+ such that for all
x, y ∈ X with y ∈ Tx there exists z ∈ Ty for which

τ + F (d(y, z)) ≤ F (M(x, y)) (1.1)

if d(y, z) > 0, where

M(x, y) = max

{
d(x, y), d(x, Tx), d(y, Ty),

1

2
[d(x, Ty) + d(y, Tx)]

}
. (1.2)

They proved some fixed point results for mappings satisfying condition (1.1) (recall
that a point x ∈ X is called a fixed point of a mapping T : X → CL(X) if x ∈ Tx).

Several fixed point results for multivalued F -contractions were also obtained in the
papers [3, 4, 7, 8, 2].

On the other hand, the following result was obtained by Feng and Liu (recall that
a function f : X → R is called lower semi-continuous if f(x) ≤ lim infn→∞ f(xn) for
all sequences {xn} in X with limn→∞ xn = x ∈ X).

Theorem 1.1. [6] Let (X, d) be a metric space, T : X → CL(X) and let the function
f : X → R, f(x) = d(x, Tx) be lower semi-continuous. If there exist b, c ∈ (0, 1) with
b < c such that for any x ∈ X there is y ∈ Tx satisfying

c d(x, y) ≤ f(x) and f(y) ≤ b d(x, y),

then T has a fixed point.

In this paper, we obtain fixed point results for multivalued mappings satisfying
conditions of Wardowski-Feng-Liu type. An example is given to illustrate their use.
An application to Fredholm-type integral inclusions is given at the end.

2. Main results

Let T : X → CL(X) be a multivalued map, F ∈ F and η : (0,∞) → (0,∞). For
x ∈ X with d(x, Tx) > 0, define a set F xη ⊆ X as

F xη = { y ∈ Tx : F (d(x, y)) ≤ F (max{d(x, Tx), d(y, Ty)}) + η(M(x, y)) },

where M(x, y) is defined by (1.2).
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Theorem 2.1. Let (X, d) be a complete metric space, T : X → CL(X) and F ∈ F∗.
Assume that the following conditions hold:

(i) the mapping x 7→ d(x, Tx) is lower semi-continuous;
(ii) there exist functions θ, η : (0,∞)→ (0,∞) such that

θ(t) > η(t), lim inf
s→t+

θ(s) > lim inf
s→t+

η(s) for all t ≥ 0;

(iii) for any x ∈ X with d(x, Tx) > 0, there exists y ∈ F xη satisfying

θ(M(x, y)) + F (d(y, Ty)) ≤ F (d(x, y)).

Then T has a fixed point.

Proof. Suppose that T has no fixed points. Then for all x ∈ X, we have d(x, Tx) > 0.
Since Tx ∈ CL(X) for every x ∈ X, the set F xη is nonempty for any x ∈ X. If x0 ∈ X
is any initial point, then there exists x1 ∈ F x0

η such that

θ(M(x0, x1)) + F (d(x1, Tx1)) ≤ F (d(x0, x1))

and for x1 ∈ X, there exists x2 ∈ F x1
η satisfying

θ(M(x1, x2)) + F (d(x2, Tx2)) ≤ F (d(x1, x2)).

Continuing this process, we get an iterative sequence {xn}, where xn+1 ∈ F xn
η and

θ(M(xn, xn+1)) + F (d(xn+1, Txn+1)) ≤ F (d(xn, xn+1)),

where

M(xn, xn+1) = max

{
d(xn, xn+1), d(xn, Txn), d(xn+1, Txn+1),

1

2
[d(xn, Txn+1) + d(xn+1, Txn)]

}
≤ max{d(xn, xn+1), d(xn, xn+1), d(xn+1, xn+2),

1

2
d(xn, xn+2)}

= max {d(xn, xn+1), d(xn+1, xn+2)} .
Therefore

θ(max {d(xn, xn+1), d(xn+1, xn+2)}) + F (d(xn+1, Txn+1)) ≤ F (d(xn, xn+1)). (2.1)

We will verify that {xn} is a Cauchy sequence. Since xn+1 ∈ F xn
η , then by the

definition of F xn
η , we have

F (d(xn, xn+1)) ≤ F (max{d(xn, Txn), d(xn+1, Txn+1)})
+ η(max {d(xn, xn+1), d(xn+1, xn+2)}). (2.2)

Put σn = d(xn, xn+1) for n ∈ N, then σn > 0. From (2.1) and (2.2) we have

F (d(xn+1, Txn+1)) ≤ F (max{d(xn, Txn), d(xn+1, Txn+1)}) + η(max{σn, σn+1})
− θ(max{σn, σn+1}), (2.3)

implying

F (σn+1) ≤ F (max{σn, σn+1}) + η(max{σn, σn+1})− θ(max{σn, σn+1}).
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If σn ≤ σn+1, then we have

F (σn+1) ≤ F (σn+1) + η(σn+1)− θ(σn+1),

which is a contradiction since θ(t) > η(t). Therefore,

F (σn+1) ≤ F (σn) + η(σn)− θ(σn). (2.4)

From (2.4), {σn} is decreasing. Therefore, there exists δ > 0 such that
limn→∞ σn = δ. Now let δ > 0. Let β(t) = lim infs→t+ θ(s) − lim infs→t+ η(s) > 0.
Then using (2.4), the following holds:

F (σn+1) ≤ F (σn)− β(σn)

≤ F (σn−1)− β(σn)− β(σn−1)

...

≤ F (σ0)− β(σn)− β(σn−1)− . . .− β(σ0). (2.5)

Let pn be the greatest number in {0, 1, . . . , n− 1} such that

β(σpn) = min{β(σ0), β(σ1), . . . , β(σn)}

for all n ∈ N. In this case, {pn} is a nondecreasing sequence. From (2.5) we get

F (σn) ≤ F (σ0)− nβ(σpn). (2.6)

In a similar way, from (2.3) we can obtain

F (d(xn+1, Txn+1)) ≤ F (d(x0, x1))− nβ(σpn). (2.7)

Now consider the sequence {β(σpn)}. We distinguish two cases.
Case 1. For each n ∈ N there is m > n such that β(σpn) > β(σpm). Then we obtain
a subsequence {σpnk

} of {σpn} with β(σpnk
) > β(σpnk+1

) for all k. Since σpnk
→ δ+

we deduce that

lim inf
n→∞

β(σpnk
) > 0.

Hence

F (σnk
) ≤ F (σ0)− nkβ(σpnk

) for all k.

Consequently, limk→∞ F (σnk
) = −∞ and by (F2), limk→∞ σnk

= 0 which contradicts
the fact that limk→∞ σnk

> 0.
Case 2. There is n0 ∈ N such that β(σp0) > β(σpm) for all m > n0. Then
F (σm) ≤ F (σ0) − mβ(σpn0

) for all m > n0. Hence, limm→∞ F (σm) = −∞ and

by (F2), limm→∞ σm = 0, which contradicts the fact that limm→∞ σm > 0. Thus
limm→∞ σm = 0. From (F3), there exists k ∈ (0, 1) such that

lim
n→∞

(σn)kF (σn) = −∞.

By (2.6), the following holds for all n ∈ N:

(σn)kF (σn)− (σn)kF (σ0) ≤ (σn)k(F (σ0)− nβ(σpn))− (σn)k(F (σ0)

= −n(σn)kβ(σpn) ≤ 0. (2.8)
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Passing to the limit as n→∞ in (2.8), we obtain

lim
n→∞

n(σn)kβ(σpn) = 0.

Since ζ := lim infn→∞ β(σpn) > 0, then there exists n0 ∈ N such that β(σpn) > ζ
2 for

all n 6= n0. Thus,

n(σn)k
ζ

2
< n(σn)kβ(σpn) (2.9)

for all n ≥ n0.
Letting n→∞ in (2.9), we have 0 ≤ limn→∞ n(σn)k ζ2 < limn→∞ n(σn)kβ(σpn) = 0,
that is,

lim
n→∞

n(σn)k = 0 (2.10)

From (2.10), there exits n1 ∈ N such that n(σn)k ≤ 1 for all n ≥ n1. So, we have, for
all n ≥ n1,

σn ≤
1

n1/k
. (2.11)

In order to show that {xn} is a Cauchy sequence consider m,n ∈ N such that m >
n ≥ n1. Using the triangular inequality for the metric and from (2.11), we have

d(xn, xm) ≤ d(xn, xn+1) + d(xn+1, xn+2) + · · ·+ d(xm−1, xm)

≤ σn + σn+1 + · · ·+ σm−1

=

m−1∑
i=n

σi ≤
∞∑
i=n

σi ≤
∞∑
i=n

1

n1/k
.

By the convergence of the series
∑∞
n=1

1
n1/k , passing to the limit as n → ∞, we get

d(xn, xm)→ 0 and hence {xn} is a Cauchy sequence in (X, d).
Since X is a complete metric space, there exists z ∈ X such that xn → z as

n → ∞. On the other hand, from (2.7) and (F2) we have limn→∞ d(xn, Txn) = 0.
Since x 7→ d(x, Tx) is lower semi-continuous, then

0 ≤ d(z, Tz) ≤ d(xn, Txn)→ 0.

This is a contradiction. Hence, T has a fixed point.
In a similar way, one can prove

Theorem 2.2. Let (X, d) be a complete metric space, T : X → CL(X) and F ∈ F∗.
Assume that the following conditions hold:

(i) the mapping x 7→ d(x, Tx) is lower semi-continuous;
(ii) there exist functions θ, η : (0,∞)→ (0,∞) such that

θ(t) > η(t), lim inf
s→t+

θ(s) > lim inf
s→t+

η(s) for all t ≥ 0;

(iii) for any x ∈ X with d(x, Tx) > 0, there exists y ∈ Tx satisfying

θ(d(x, y)) + F (d(y, Ty)) ≤ F (d(x, y))

≤ F (d(x, Tx)) + η(d(x, y)).
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Then T has a fixed point.

The following example is inspired by [10, Example 2.3].

Example. Let X = [0, 10] be equipped with the standard metric and let T : X →
CL(X) be given by

Tx =

{
{x2}, for x 6= 6,

{3, 4} for x = 6.

Then

f(x) = d(x, Tx) =

{
x
2 , for x 6= 6,

2, for x = 6,

is lower semicontinuous, i.e., condition (i) holds true. Take θ(t) = 2
3 , η(t) = 1

2 and
F (t) = ln t for t > 0. Obviously, θ and η satisfy condition (ii).
In order to prove condition (iii) of Theorem 2.2, let x ∈ X \{0}, so that d(x, Tx) > 0,
and consider two cases:

1◦ If x 6= 6, then F xη = {x2} since for y = x
2 ,

F (d(x, y)) = ln
x

2
≤ ln

x

2
+

1

2
= F (d(x, Tx)) + η(d(x, y)).

For these x, y we have

θ(d(x, y)) + F (d(y, Ty)) =
2

3
+ ln

y

2
= ln

(
e2/3 · x

4

)
≤ ln

(x
2

)
= F (d(x, y)),

since e2/3 < 2.
2◦ If x = 6, one can take y = 3 ∈ Tx. Then ln 3 ≤ ln 2 + 1

2 implies that y ∈ F xη
and 2

3 + ln 3
2 ≤ ln 3 implies that (iii) holds true.

All the conditions of Theorem 2.2 are satisfied and T has a fixed point (which is
z = 0).

Note that it was shown in [10, Example 2.3] that in this situation the conditions
of some other known fixed point theorems are not fulfilled.

Our second result is related to multivalued mappings T on the metric space X,
where Tx is compact for all x ∈ X. If we take K(X) (the set of all non-empty compact
subsets of X) instead of CL(X) in Theorem 2.1, we can remove condition (F4) on F .
Further, by taking into account Case 1, we can take η ≥ 0. Therefore, the proof of
the following theorem is obvious.

Theorem 2.3. Let (X, d) be a complete metric space, T : X → K(X) and F ∈ F.
Assume that the following conditions hold:

(i) the mapping x 7→ d(x, Tx) is lower semi-continuous;
(ii) there exist functions θ : (0,∞)→ (0,∞) and η : (0,∞)→ [0,∞) such that

θ(t) > η(t), lim inf
s→t+

θ(s) > lim inf
s→t+

η(s) for all t ≥ 0;
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and for any x ∈ X with d(x, Tx) > 0, there exists y ∈ F xη satisfying

θ(M(x, y)) + F (d(y, Ty)) ≤ F (d(x, y)).

Then T has a fixed point.

Also, we have a version of the above results in spaces equipped with partial order.
As usual, (X, d,�) will be called an ordered metric space if:

(i) (X, d) is a metric space,
(ii) (X,�) is a partially ordered set.

Elements x, y ∈ X are called comparable if x � y or y � x holds. For x ∈ X with
d(x, Tx) > 0, define a set F xη,� ⊆ X as

F xη,� = { y ∈ Tx : F (d(x, y)) ≤ F (max{d(x, Tx), d(x, Ty)}+ η(M(x, y)), x � y}.

Theorem 2.4. Let (X, d,�) be a complete ordered metric space, T : X → CL(X)
and F ∈ F∗. Assume that the following conditions hold:

(i) the mapping x 7→ d(x, Tx) is lower semi-continuous;
(ii) there exist functions θ, η : (0,∞)→ (0,∞) such that

θ(t) > η(t), lim inf
s→t+

θ(s) > lim inf
s→t+

η(s) for all t ≥ 0;

(iii) for any x ∈ X with d(x, Tx) > 0, there exists y ∈ F xη,�, satisfying

θ(M(x, y)) + F (d(y, Ty)) ≤ F (d(x, y)).

If the condition{
if {xn} ⊂ X is a non-decreasing sequence with xn → z in X
as n→∞, then xn � z for all n

(2.12)

holds, then T has a fixed point.

Proof. Following the lines of proof of Theorem 2.1 and definition of F xη,� ⊆ X, we

can show that {xn} is a Cauchy sequence in (X, d,�) with xn−1 � xn for n ∈ N.
From the completeness of X, there exists z ∈ X such that xn → z as n→∞. By the
assumption (2.12), xn � z, for all n. The rest follows in the same way as in the proof
of Theorem 2.1.

Theorem 2.5. Let (X, d,�) be a complete ordered metric space, T : X → K(X) and
F ∈ F. Assume that the following conditions hold:

(i) the mapping x 7→ d(x, Tx) is lower semi-continuous;
(ii) there exist functions θ : (0,∞)→ (0,∞) and η : (0,∞)→ [0,∞) such that

θ(t) > η(t), lim inf
s→t+

θ(s) > lim inf
s→t+

η(s) for all t ≥ 0;

and for any x ∈ X with d(x, Tx) > 0, there exists y ∈ F xη,�, satisfying

θ(M(x, y)) + F (d(y, Ty)) ≤ F (d(x, y)).

Then T has a fixed point provided (2.12) holds.
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3. Application

In this section we are going to apply the obtained results to the problem of existence
of solutions for a Fredholm-type integral inclusion. Problems of this kind were treated
by several researchers, see, e.g., [11, 12, 9].

Consider the integral inclusion

x(t) ∈ g(t) +

∫ b

a

K(t, s, x(s)) ds, t ∈ [a, b], (3.1)

where g ∈ X = C[a, b] is a given function, K : [a, b] × [a, b] × R → CL(R) is a given
set-valued mapping and x ∈ X is the unknown function. Here, X = C[a, b] is the
standard Banach space of continuous real functions with the maximum norm.

Denote by T : X → CL(X) the operator given by

Tx(t) = g(t) +

∫ b

a

K(t, s, x(s)) ds, t ∈ [a, b].

Obviously, x ∈ X is a solution of the inclusion (3.1) if and only if x is a fixed point
of operator T .

Let x ∈ X be arbitrary and suppose that the set-valued operator

Kx(t, s) : [a, b]× [a, b]→ CL(R), Kx(t, s) := K(t, s, x(s)), (t, s) ∈ [a, b]2

is continuous (w.r.t. Hausdorff-Pompeiu metric on CL(R)).
It follows from the Michael’s selection theorem that there exists a continuous operator
kx : [a, b]× [a, b]→ R such that kx(t, s) ∈ Kx(t, s) for each (t, s) ∈ [a, b]× [a, b]. Hence,

g(t) +

∫ b

a

kx(t, s) ds ∈ Tx,

i.e., Tx 6= ∅. Since g and Kx are continuous on [a, b], resp. [a, b]2, their ranges are
bounded and hence Tx is bounded, i.e., indeed, T : X → CL(X).

The following existence result is a consequence of Theorem 2.2 (with F (t) = t+ln t).

Theorem 3.1. Suppose that the following hold:

(I) For each x ∈ C[a, b], the mapping Kx(t, s) := K(t, s, x(s)), (t, s) ∈ [a, b]×[a, b]
is continuous;

(II) The mapping x 7→ d(x, Tx) is lower semi-continuous;
(III) There exist functions θ, η : (0,∞)→ (0,∞) such that

θ(t) > η(t), lim inf
s→t+

θ(s) > lim inf
s→t+

η(s) for all t ≥ 0;

(IV) For each x /∈ Tx there exists y ∈ Tx such that

d(x, y) + ln d(x, y) ≤ d(x, Tx) + ln d(x, Tx) + η(d(x, y))

and

θ(d(x, y)) + d(y, Ty) + ln d(y, Ty) ≤ d(x, y) + ln d(x, y)

hold.
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Then the integral inclusion (3.1) has a solution in C[a, b].

A similar result can be deduced using the “ordered” version of our results (Theo-
rem 2.4).

Open problem. Can the results of this article be extended for F -Suzuki type con-
tractions in b-metric spaces, as it was done in the recent paper [5]?

Acknowledgements. The authors are indebted to the referee for useful comments
that helped us to improve the text. The second author is grateful to the Ministry of
Education, Science and Technological Development of Serbia, Grant no. 174002.

References
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