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Abstract. In this work, we present some Wardowski-Feng-Liu type fixed point theorems for multi-
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1. INTRODUCTION

First, we recall the following concept and some related results.

Let F: (0,00) — R be a function. We will consider the following conditions:
(F1) F is strictly increasing;

(F2) for each sequence {t,,} of positive numbers,

lim ¢, =0 if and only if lim F(t,) = —oc;
n—oo n—oo

(F3) there exists k € (0,1) such that lim,_,o+ t*F(t) = 0;

(F4) F(inf A) = inf F(A) for all A C (0,1) with inf A > 0.

We denote the sets of all functions F satisfying (F1)-(F3), resp. (F1)-(F4) by §,
resp. §«. It is clear that §, C § and some examples of functions belonging to §, are
Fi(t) = Int, Fy(t) =t +Int, F3(t) = —1/V/t, F4(t) = In(t? + t), see [15]. If we define
F5(t) =Int for t <1 and F5(t) = 2t for t > 1, then F5 € § \ Fx-

Note that, if F' satisfies (F1), then it satisfies (F4) if and only if it is right-
continuous.
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Wardowski [15] called a self-mapping T on a metric space (X, d) an F-contraction
if there exist F' € § and 7 € Rt such that

7+ F(d(Tz,Ty)) < F(d(z,y)),

for all z,y € X with d(Tx,Ty) > 0. It is clear that each (Banach-type) contraction
(with parameter A € (0,1)) is an F-contraction (with F(t) = Int and 7 = —1In\).
However, using other functions F' € §, more general conditions can be obtained. It
was proved in [15] that each F-contraction in a complete metric space has a fixed
point. Afterwards, several researchers obtained various fixed point results using the
idea of F-contractions, see, e.g., [16, 14, 1].

In what follows, for a metric space (X,d), let CL(X) denote the family of non-
empty closed subsets of X. Sgroi and Vetro in [13], called a multivalued mapping
T : X — CL(X) an F-contraction if there exist F' € § and 7 € RT such that for all
xz,y € X with y € Tx there exists z € T'y for which

T+ F(d(y, 2) < F(M(z,y)) (1.1)
if d(y, z) > 0, where

M (z,y) = max {d(x, y),d(z, Tx),d(y, Ty), %[d(w, Ty) + d(y, T:v)]} . (1.2)

They proved some fixed point results for mappings satisfying condition (1.1) (recall
that a point € X is called a fixed point of a mapping T: X — CL(X) if z € Tz).
Several fixed point results for multivalued F-contractions were also obtained in the
papers [3, 4, 7, 8, 2].
On the other hand, the following result was obtained by Feng and Liu (recall that
a function f: X — R is called lower semi-continuous if f(x) < liminf, .~ f(z,) for
all sequences {z,,} in X with lim,, o z, =2 € X).

Theorem 1.1. [6] Let (X, d) be a metric space, T: X — CL(X) and let the function
f: X =R, f(x) =d(z,Tz) be lower semi-continuous. If there exist b,c € (0,1) with
b < ¢ such that for any x € X there is y € Tx satisfying

cd(z,y) < f(x) and  f(y) < bd(z,y),
then T has a fixed point.

In this paper, we obtain fixed point results for multivalued mappings satisfying
conditions of Wardowski-Feng-Liu type. An example is given to illustrate their use.
An application to Fredholm-type integral inclusions is given at the end.

2. MAIN RESULTS

Let T : X — CL(X) be a multivalued map, F € § and 7 : (0,00) — (0,00). For
r € X with d(x,Txr) > 0, define a set Fjy C X as

Ey ={y € Tx: F(d(z,y)) < F(max{d(z, Tz),d(y, Ty)}) + n(M(z,y)) },
where M (z,y) is defined by (1.2).
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Theorem 2.1. Let (X,d) be a complete metric space, T: X — CL(X) and F € §..
Assume that the following conditions hold:

(i) the mapping x — d(x,Tx) is lower semi-continuous;
(i) there exist functions 6,1n: (0,00) — (0,00) such that

0(t) > n(t), liminfd(s) > liminfn(s) for allt > 0;
s—tt s—tt

(iii) for any x € X with d(z,Tz) > 0, there exists y € Fyy satisfying
0(M(z,y)) + F(d(y, Ty)) < F(d(z,y)).
Then T has a fized point.

Proof. Suppose that T has no fixed points. Then for all z € X, we have d(z,Tz) > 0.
Since Tz € CL(X) for every z € X, the set F}y’ is nonempty for any z € X. If g € X
Is any initial point, then there exists z1 € Fjj° such that

O(M(xzo,x1)) + F(d(z1,Tx1)) < F(d(x0,21))
and for ;1 € X, there exists z2 € F* satisfying
O(M(x1,22)) + F(d(xe, Txs)) < F(d(x1,x2)).
Continuing this process, we get an iterative sequence {x,}, where x,,11 € Fy» and
O(M (2, Tpt1)) + F(d(@n+1, Topt1)) < F(d(@n, Tnt1)),

where

M(Qﬁn, anrl) = max {d(l'»,“ xn+1)7 d(xn; Tmn)y d(anrh Txn+1)7
1
3 o, T + s, Tl

< ma{ (i, ns), dn, Ts1), A, Ts), 50 Ts2))
= max {d(zn, Tnt1), d(Tnt1, Tnia)}-
Therefore
O(max {d(@n, Tns1), d(Tns1, Tns2)}) + F(d@nr, Tons1) € F(d(, 2ns1). (21)

We will verify that {z,} is a Cauchy sequence. Since z,,1 € Fj, then by the
definition of F7, we have

F(d(zn,2n11)) < F(max{d(zy, Tzyn), d(@ni1, TTni1)})
+ n(max {d(zn, Tni1), d(Tnt1, Tni2)})- (2.2)
Put o, = d(an, Tnt+1) for n € N, then o, > 0. From (2.1) and (2.2) we have
F(d(zpt1, Tent1)) < F(max{d(zn, Tan), d(@n41, Toni1)}) + n(max{on, oni1})
— O(max{on, ont1}), (2.3)
implying
F(opt1) < F(max{o,,0n41}) + n(max{o,,on41}) — 0(max{o,, ont1})-
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If 0, < 041, then we have
F(ont1) < F(opy1) +n(0ns1) — 0(ony1),
which is a contradiction since 6(t) > n(t). Therefore,
F(ous1) < F(on) + 1(on) — (o). (2.4)

From (2.4), {o,} is decreasing. = Therefore, there exists § > 0 such that
lim,, o0 0, = 8. Now let 6 > 0. Let 8(¢) = liminf,_,;+ 6(s) — liminf,_,;+ n(s) > 0.
Then using (2.4), the following holds:

F(Un—H) < F(Jn) - B(Un)
< F(Un—l) - B(Un) - B(Unfl)

< F(oo) — B(oy) — B(on-1) — ... — B(oo). (2.5)
Let p,, be the greatest number in {0,1,...,n — 1} such that
6(0—101,,) = min{ﬂ(00)76(0—1)3 e 76(0n)}

for all n € N. In this case, {p,} is a nondecreasing sequence. From (2.5) we get

F(0,) < F(oo) —nB(op,). (2.6)
In a similar way, from (2.3) we can obtain
Fd(ns1, Ton11)) < F(d(zo,21)) - (o). (2.7

Now consider the sequence {5(0,,)}. We distinguish two cases.
Case 1. For each n € N there is m > n such that 8(o,,) > B(0p,,). Then we obtain
a subsequence {0, } of {0}, } with (o, ) > 6(0,,%“) for all k. Since oy, — 07"
we deduce that

liminf 8(0y, ) > 0.

n—oo
Hence
F(on,) < F(oo) —n"B(ay,, ) for all k.

Consequently, limy_, o F(0,, ) = —oco and by (F2), limg_,o 0, = 0 which contradicts
the fact that limg_,o 0, > 0.

Case 2. There is ng € N such that B(op,,) > B(0p,,) for all m > ng. Then
F(oy) < F(oo) — mpB(oy,,) for all m > ng. Hence, limy, o0 F(0m) = —00 and
by (F2), lim;,y00 0y = 0, which contradicts the fact that lim,, ,c 0, > 0. Thus
lim;;, 00 0 = 0. From (F3), there exists k € (0,1) such that

nlLrI;O(an)kF(an) = —00.

By (2.6), the following holds for all n € N:
(Un)kF(an) - (Un)kF(UO) < (Jn)k(F(UO) —np(op,)) — (Un)k(F(UO)
= —n(an)kﬁ(apn) < 0. (2.8)
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Passing to the limit as n — oo in (2.8), we obtain
nh_{lgo n(on)"B(op,) = 0.

Since ¢ := liminf,,_, . B(op, ) > 0, then there exists ng € N such that B(c,,) > % for
all n # ng. Thus,

n(an)k% < n(an)kﬁ(ap”) (2.9)

for all n > nyg.
Letting n — oo in (2.9), we have 0 < lim,,_, n(an)’“% < limy, 00 n(0,)B(0p,) = 0,
that is,

lim n(o,)" =0 (2.10)

n— o0

From (2.10), there exits n; € N such that n(o,)* <1 for all n > ny. So, we have, for
all n > nq,

on (2.11)

S iR
In order to show that {z,} is a Cauchy sequence consider m,n € N such that m >
n > nq. Using the triangular inequality for the metric and from (2.11), we have
d(l‘n) l‘m) S d(x’ru xn—i—l) + d(xn+17 xn+2) + -+ d(l'm—h xm)
< O—n+0—n+1+"'+0m71

m—1 0 oo 1
= Zgiﬁzai§2w~
=n =n i:nn

By the convergence of the series > ﬁ, passing to the limit as n — oo, we get
d(xp, zm) — 0 and hence {z,} is a Cauchy sequence in (X, d).

Since X is a complete metric space, there exists z € X such that x, — z as
n — 0. On the other hand, from (2.7) and (F2) we have lim,,_, o d(xy, Txy,) = 0.
Since x +— d(x,Tz) is lower semi-continuous, then

0<d(z,Tz) <d(xpn,Tx,) — 0.

This is a contradiction. Hence, T has a fixed point.
In a similar way, one can prove

Theorem 2.2. Let (X,d) be a complete metric space, T: X — CL(X) and F € §..
Assume that the following conditions hold:

(i) the mapping x — d(x,Tx) is lower semi-continuous;
(i) there exist functions 0,1n: (0,00) — (0,00) such that

0(t) > n(t), lminfO(s) > liminfn(s) for all t > 0;
s—tt s—tt
(iil) for any v € X with d(z,Tx) > 0, there exists y € Tx satisfying

0(d(x,y)) + F(d(y,Ty)) < F(d(x,y))
< F(d(z,Tz)) + n(d(z, y))-
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Then T has a fized point.
The following example is inspired by [10, Example 2.3].

Example. Let X = [0,10] be equipped with the standard metric and let T: X —
CL(X) be given by

oo [ feraze
{3,4} for x =6.

Then
2 forx#6
= d(z,Ta) =1 2 ’
/(@) (z,T2) {2, for x = 6,
is lower semicontinuous, i.e., condition (i) holds true. Take 6(t) = 2, n(t) = 3 and

F(t) =Int for t > 0. Obviously, 0 and 7 satisfy condition (ii).
In order to prove condition (iii) of Theorem 2.2, let x € X \ {0}, so that d(z,Tx) > 0,
and consider two cases:

1° If z # 6, then Fy = {3} since for y = ,

1
F(d(z,y)) = lng < lng + 5= F(d(z,Tx)) + n(d(z,v)).
For these =,y we have
2 Y (s Ty _
0(d(z,y) + F(dy, Ty)) = s + 5 = (2*- 7) <l (5) = Fld(x,y)).

since e2/3 < 2.

2° If x = 6, one can take y =3 € Txz. Then In3 < 1n2 + % implies that y € FY
and 2 +1n 3 <In3 implies that (iii) holds true.

All the conditions of Theorem 2.2 are satisfied and T has a fixed point (which is
z=0).

Note that it was shown in [10, Example 2.3] that in this situation the conditions
of some other known fixed point theorems are not fulfilled.

Our second result is related to multivalued mappings T on the metric space X,
where Tz is compact for all z € X. If we take K (X) (the set of all non-empty compact
subsets of X) instead of CL(X) in Theorem 2.1, we can remove condition (F4) on F'.
Further, by taking into account Case 1, we can take n > 0. Therefore, the proof of
the following theorem is obvious.

Theorem 2.3. Let (X,d) be a complete metric space, T: X — K(X) and F € §.
Assume that the following conditions hold:

(i) the mapping x — d(x,Tx) is lower semi-continuous;
(i) there exist functions 6: (0,00) — (0,00) and n : (0,00) — [0,00) such that

0(t) > n(t), liminfd(s) > liminfn(s) for allt > 0;
s—tt s—tt
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and for any x € X with d(z,Tx) > 0, there exists y € F) satisfying
0(M(z,y)) + F(d(y, Ty)) < F(d(z,y)).
Then T has a fized point.

Also, we have a version of the above results in spaces equipped with partial order.
As usual, (X, d, =X) will be called an ordered metric space if:
(i) (X,d) is a metric space,
(ii) (X, =) is a partially ordered set.
Elements z,y € X are called comparable if z < y or y < x holds. For x € X with
d(z,Tz) > 0, define a set 7, C X as

Py = {yeTx: F(d(z,y)) < F(max{d(z,Tz),d(z,Ty)} + n(M(x,y)), © X y}.

Theorem 2.4. Let (X,d, =) be a complete ordered metric space, T: X — CL(X)
and F € §.. Assume that the following conditions hold:

(i) the mapping x — d(x,Tx) is lower semi-continuous;
(i) there exist functions 6,7n: (0,00) — (0,00) such that

6(t) > n(t), liminfé(s) > liminfn(s) for allt > 0;
s—tt s—tt
(iii) for any x € X with d(z,Tx) > 0, there exists y € Fy’ -, satisfying
0(M(z,y)) + F(d(y,Ty)) < F(d(z,y)).
If the condition

{ if {xn} C X is a non-decreasing sequence with x, — z in X (2.12)

as n — 00, then x, = z for alln

holds, then T has a fized point.

Proof. Following the lines of proof of Theorem 2.1 and definition of Fr. C X, we
can show that {x,} is a Cauchy sequence in (X,d, <) with z,_1 =< z, for n € N.
From the completeness of X, there exists z € X such that z,, — z as n — co. By the
assumption (2.12), z,, < z, for all n. The rest follows in the same way as in the proof
of Theorem 2.1.

Theorem 2.5. Let (X,d, =) be a complete ordered metric space, T: X — K(X) and
F € 3. Assume that the following conditions hold:

(i) the mapping x — d(x,T'z) is lower semi-continuous;
(i) there exist functions 6: (0,00) — (0,00) and n : (0,00) — [0,00) such that

0(t) > n(t), lminf(s) > liminfn(s) for all t > 0;
s—tt s—tt
and for any v € X with d(z,Tz) > 0, there exists y € Fyy 4, satisfying
0(M(z,y)) + F(d(y, Ty)) < F(d(z,y)).
Then T has a fized point provided (2.12) holds.
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3. APPLICATION

In this section we are going to apply the obtained results to the problem of existence
of solutions for a Fredholm-type integral inclusion. Problems of this kind were treated
by several researchers, see, e.g., [11, 12, 9].

Consider the integral inclusion

b
x(t) € g(t) +/ K(t,s,z(s))ds, tE€]la,bl], (3.1)

where g € X = Cla,b] is a given function, K: [a,b] x [a,b] x R — CL(R) is a given

set-valued mapping and z € X is the unknown function. Here, X = Cla,b] is the

standard Banach space of continuous real functions with the maximum norm.
Denote by T: X — CL(X) the operator given by

b
Tz(t) = g(t) +/ K(t,s,z(s))ds, t€]la,b.

Obviously, € X is a solution of the inclusion (3.1) if and only if « is a fixed point
of operator T.
Let x € X be arbitrary and suppose that the set-valued operator

K, (t,s): [a,b] x [a,b] = CL(R), K,(t,s):= K(t,s,z(s)), (t,5) € [a,b]?

is continuous (w.r.t. Hausdorfl-Pompeiu metric on CL(R)).
It follows from the Michael’s selection theorem that there exists a continuous operator
ks : [a,b] x [a,b] — R such that k. (t,s) € K.(t, s) for each (¢, s) € [a,b] X [a,b]. Hence,

b
g(t) +/ ky(t,s)ds € Tx,

i.e., Tz # (). Since g and K, are continuous on [a, b], resp. [a,b]?, their ranges are
bounded and hence Tz is bounded, i.e., indeed, T : X — CL(X).
The following existence result is a consequence of Theorem 2.2 (with F'(t) = t+Int).

Theorem 3.1. Suppose that the following hold:

(I) For each x € Cla,b], the mapping K, (t,s) := K(t, s, z(s)), (¢, ) € [a,b] x[a, ]
18 continuous;
(IT1) The mapping x — d(x,Tx) is lower semi-continuous;
(III) There exist functions 6,m: (0,00) — (0,00) such that

0(t) > n(t), hg}/rlfﬂ(s) > hgg}f n(s) for all t > 0;
(IV) For each x ¢ Tx there exists y € Tx such that
d(z,y) +Ind(z,y) < d(z,Tx) +Ind(x, Tx) + n(d(z,y))
and
0(d(x,y)) + d(y, Ty) + Ind(y, Ty) < d(x,y) + Ind(z,y)
hold.



WARDOWSKI-FENG-LIU TYPE FIXED POINT THEOREM 705

Then the integral inclusion (3.1) has a solution in Cla,b].

A similar result can be deduced using the “ordered” version of our results (Theo-
rem 2.4).

Open problem. Can the results of this article be extended for F-Suzuki type con-
tractions in b-metric spaces, as it was done in the recent paper [5]?
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