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curvature, and show that an iterative sequence generated by using that convex combination converges
to a common fixed point of mappings minimizing the specific function of that space.
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1. INTRODUCTION

Approximation of fixed points has been studied in various spaces such as Hilbert
spaces, Banach spaces, complete CAT (k) spaces, and others. Halpern type iteration
is one of the method to find a fixed point; see [2, 9, 8]. In 2010, Saejung [6] proved a
Halpern type approximation theorem using a single mapping and a single anchor point
in a complete CAT(0) space. In 2015, Kimura and Wada [4] showed the following
theorem using Halpern type iterative scheme with three mappings and three anchor
points in a complete CAT(0) space.

Theorem 1.1 (Kimura and Wada [4]). Let X be a complete CAT(0) space and R, S, T
nonexpansive mappings from X into itself with F = F(R)NF(S)NF(T) # &. Let
{an} C]0,1[ such that

o0 o0
lim o, =0, E oy = 00 and E |an+1 — | < o0,
n— o0

n=1 n=1

and {Bn}, {7} Cla,b] C10,1] such that

Z |5n+1 - Bn‘ < 09, nh_{roloﬁn =pB¢c ]071[; Z "YnJrl - 'Ynl < o0

n=1 n=1
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and
nlLIgovn =~ €]0,1].
Let u,v,w,z1 € X and define an iterative sequence {x,} C X by
T = apu® (1 — ap) Ry,
Sn = anv® (1 — ay,)Szy,
t, = apw® (1 — a,)Tx,,
Tnt1 = Bnn @ (1 - /Bn)('YnSn S (1 - Vn)tn)

for all n € N. Then the sequence {x,} converges to a point p € F, which is a
minimizer of the function g(x) = Bd(u,x)* + (1 — B)(vd(v,z)* + (1 — v)d(w, x)?)
on F.

In this theorem, the function g can be expressed as
g(x) = M(u, z)? + pd(v, 2)* + vd(w, x)*> (A v >0, A+ p+v=1).

We can consider the function g as a typical function of CAT(0) space, for the following
formula is satisfied for any three points z,y, z in a CAT(0) space and « € [0, 1]:

dlar @ (1 —a)y, 2)? < ad(z, 2)? + (1 — a)d(y, 2)>.

On the other hand, if X is a CAT(—1) space, the following inequality holds for any
z,y,2 € X and a € [0, 1]:

coshd(az @ (1 — a)y,z) < acoshd(z, z) + (1 — a) cosh d(y, 2).
So the following function can be regarded as a function specific to the CAT(—1) space:
h(x) = Acoshd(u, z) + pcoshd(v,xz) + vecoshd(w,z) (A pu,v >0, A+pu+v=1).

In general, we know that all CAT(—1) spaces are also CAT(0) space. Therefore,
the sequence generated by the same method converges to the same point also in a
CAT(—1) space. That point is a minimizer of the function g, however, it is not a
minimizer of the following function characteristic of the CAT(—1) space:

h(z) = Bcoshd(u,x) + (1 — B)(ycoshd(v,z) + (1 — ) coshd(w, )).

We consider this problem to be caused by the relationship between convex combi-
nation and the geometric structure of CAT(0) space. In fact, the following formula
holds for any three points u,v in a CAT(0) space and « € [0, 1]:

au® (1 — a)v = argmin(ad(u, )* 4 (1 — a)d(v, £)?).
zeX
In this paper, we define a new convex combination on a CAT(—1) space in order
to resolve that problem, and show that a sequence generated by using that convex
combination converges to a minimizer of h in CAT(—1) spaces.
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2. PRELIMINARIES

Let (X,d) be a metric space. For x,y € X, a mapping ~: [0,]] — X is called a
geodesic joining z and y if v satisfies v(0) = z, v(I) = y and d(v(s) — y(t)) = |s — t]
for s,t € [0,1], where | = d(x,y). X is said to be a geodesic space if for any two
points z,y € X, there exists a geodesic joining = and y. Further, if a geodesic exists
uniquely for any two points x,y € X, then X is called a uniquely geodesic space. In a
uniquely geodesic space, an image of geodesic joining x and y is said to be a geodesic
segment and is denoted by [z, y].

Let X be a uniquely geodesic space. For x,y € X and t € [0,1], there exists a
unique point z € [z,y] such that d(z,z) = (1 — t)d(x,y) and d(y, z) = td(x,y). The
point z is called a convex combination of  and y, and is denoted by tx @ (1 —t)y. For
three points z,y,z € X, a geodesic triangle A(z,y, z) C X is defined as the union of
geodesic segments joining each two points.

For k € R, let M, be a two-dimensional model space with curvature x. In par-
ticular, My is a two-dimensional Euclidean space R?, M is a two-dimensional unit
sphere S?, and M_; is a two-dimensional hyperbolic space H2. The diameter of M,
is denoted by D,,, that is, D,, = oo for k < 0 and D, = 7/+/k otherwise.

Let X be a uniquely geodesic space and let x € R. For a geodesic trian-
gle A(z,y,z) C X with d(z,y) + d(y,z) + d(z,2) < 2D, a comparison triangle
A(Z,7,%2) C M, is defined by [Z,9] U [7, 2] U [z, Z], where Z,7,Z are points on M,
which satisfies d(z,y) = d(z,9), d(y,z) = d(g, 2), and d(z,z) = d(z,Zz). X is called
a CAT(k) space if for any two points p,q € A(z,y,z) and their comparison points
P,q € A(Z,7, Z), the inequality d(p, q) < d(p, ), which is called a CAT(k) inequality,
is satisfied for any A(x,y,2) C X and its comparison triangle A(Z,7,2) C M,. It is
well known that any CAT (k) space is also a CAT (k") space whenever £ < &’

Let X be a CAT(—1) space. Then the following inequality always holds for any
z,y,z € X and a € [0, 1]:

coshd(az @ (1 — a)y, z) sinh d(z, y)
< coshd(z, z) sinh(ad(z,y)) + cosh d(y, z) sinh((1 — a)d(z, y)).

This inequality is often called the CN-inequality. Moreover, the following inequality
is easily obtained by this inequality:

coshd(az @ (1 — a)y,z) < acoshd(zx, z) + (1 — a) cosh d(y, 2).

Let C' be a nonempty set. For f: C' — R, the set of all minimizers of f is denoted
by argmin, .~ f(z). In this paper, if argmin . f(z) is a singleton, then the unique
elements p is denoted by p = argmin . f(x).

Let X be a set and C' a nonempty subset of X. For T: C' — X, the set of all fixed
points of T' is denoted by F(T).

Let X be a metric space. An asymptotic center of a sequence {z,,} C X is defined
by argmin ¢ y (limsup,,_, ., d(z,x,)). If the asymptotic center of any subsequences of
{xn} is just one point x € X, then {z,} is said to A-converge to z, and we denote

it by =, Au A mapping T from X into itself is said to be A-demiclosed if for any
sequences {x,} C X with z, A x, limy, o0 d(zp, T2y) = 0 implies z € F(T).
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Theorem 2.1 (Kirk and Panyanak [5]). Let X be a complete CAT(0) space, and
{zn} a bounded sequence on X. Then there exists a A-convergent subsequence {x,,}

of {zn}.
Theorem 2.2 (He, Fang, Lopez and Li [3]). Let X be a complete CAT(0) space, and
{z,} a sequence on X such that x, Az eX. Then foranyu e X,

d(u,z) < liIr_1>inf d(u, xy,).

Let X be a CAT(—1) space and T a mapping from X into itself with F(T) # @.
Then T is said to be quasinonexpansive if an inequality d(T'z, z) < d(z, z) is satisfied
for all x € X and z € F(T). We know that the set of all fixed points of quasinon-
expansive mapping is closed and convex. Further, T is said to be strongly quasinon-
expansive if it is quasinonexpansive and, for any sequence {z,} C X and z € F(T),
lim,, oo (cosh d(zy,, z) — cosh d(Tx,, z)) = 0 implies that lim, o d(2,, Tx,) = 0.

Let X be a complete CAT(—1) space and C' a nonempty closed convex subset of
X. Then there exists a unique point p, € C such that d(z,p,) = inf,cc d(x,y) for
each z € X. So we can define the metric projection Po from X onto C' by Pox = p,
for any z € X.

Now, we introduce some properties of hyperbolic functions.

Lemma 2.3. For any a € ]—1,1],

sinh(tanh ™' @) = L,
V1—a?
where tanh™: ]-1,1[ = R is an inverse function of the hyperbolic tangent function.

Lemma 2.4. For any a,b € |—1,1],
a—>b
1—ab
The following is an important lemma that forms the basis of the proof of the main
result.

tanh '@ — tanh ™' b = tanh™*

Lemma 2.5 (Aoyama, Kimura and Kohsaka [1]; Sacjung and Yotkaew [7]). Let {a,}
be a sequence of non-negative real numbers and {t,} a sequence of real numbers. Let

{Bn} be a sequence in ]0,1[ such that Z Brn = 00. Suppose that
n=1

ny1 < (1 - /Bn)an + Bntn

for all n € N. If liminf; (aw(i)ﬂ — aw(i)) > 0 wmplies limsup,;_, . t,) < 0 for
any ¢: N = N such that nondecreasing and lim;_, ¢(i) = oo, then a, — 0.

3. MAIN RESULT

In this section, we prove a Halpern type approximation theorem with multiple
anchor points of strongly quasinonexpansive mappings. To prove the main result, we
define a new convex combination and introduce some lemmas.
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Lemma 3.1. Let {s,},{tn},{un} be sequences of non-positive real numbers. Then
limy, 00 Sp = liMy 500 £y = limy, o0 uy, = 0 whenever limy, oo (Sn + tn + upn) = 0.

Lemma 3.2. Let X be a CAT(—1) space. For uy,us,us € X and 1, 02,03 € [0,1]
with B + B2 + B3 = 1, define a function g: X — [1,00[ by

g(x) = p1coshd(u, x) + B2 coshd(usz, x) + B3 cosh d(us, )
for all x € X. Then for any z,y € X,

11 d(z,y) _ g(x)+g(y)
_ — < .
g(zx@2y> cosh 5 < 5

Proof. Let x,y be elements of X. It is obvious if x = y. Otherwise, we have

3
1 1 . 1 1 .
g(zx &) 2y> sinhd(z,y) = ;:1 Bi coshd(uz, 5% &3] 2y> sinh d(z, y)

3
< Z Bi(cosh d(u;, ) + cosh d(u;, y)) sinh @
i=1

= (o(x) + g(y)) sinh 222

. . o . d(x,1 d(z,1
Since sinh d(z, y) = 2sinh 4ev) cosh Ty)

5 , we obtain the desired result. O

Lemma 3.3. Let X be a complete CAT(—1) space and C a nonempty closed convex
subset of X. For uy,us,us € X and B, P2, B3 € [0,1] with 81 + B2+ B3 = 1, define a
function g: X — [1,00[ by

g(x) = 1 coshd(uy, x) + Ba coshd(uz, z) + B3 cosh d(us, x)

for allx € X. Then g has a unique minimizer on C'.

Proof. Put L = inf,cc g(x) and take a sequence {z,} C C with L < g(z,) < L+1/n
for all n € N. Then lim, o g(2,) = L.

We show that {z,} is a Cauchy sequence on C. Let m,n € N with m > n. From
Lemma 3.2, we get

> cosh d(zrr; Zn) < 9(zm) +9(Zn).

1 ® 1
SAm S4n
g 2

2 2
Since 1 < L < g(%zm ® %zn), we have

dzmy2n) _ 9(zm) +9(2n) _ 9(2m) +9(20) _ L+ 1/n
> Su(leela) S 4 I
Therefore {z,} is a Cauchy sequence on C. From completeness of X and closedness
of C, there exists z € C such that z, — z and hence g(z) = L = inf ecc g(z). So z is

a minimizer of g on C.
Next, we prove its uniqueness. Let z,z’ € C satisfying g(z) = g(2') = L. From
Lemma 3.2, we have

d(Z7ZI) 1 1 ’ d(z,zl) Q(Z) g(Z/)
Z OSh7<g —2®P -z OSh < —Z'
¢ 2 2 2 ¢ 2 2

cosh =1 (n—o0).
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Since L > 1, we get cosh d(ZT’z/) < 1 and hence z = 2’. Therefore we get the conclusion.
O

Lemma 3.4. Let X be a uniquely geodesic space. Then for u,v € X with u # v and
B el0,1],

ou® (1 —o)v = argmin(S cosh d(u, z) + (1 — 8) coshd(v, x))

z€[u,v]

if and only if
1 _1 Bsinhd(u,v)
= tanh .
? d(u,v) T B+ Bcoshd(u,v)

Proof. Tt is obvious if 8 =0 or 8 = 1. For u,v € X with u # v and g8 € ]0, 1], put
d = d(u,v),

A = argmin(S cosh d(u, z) + (1 — 5) cosh d(v, x)),

z€[u,v]

B = argmin(8 cosh((1 — t)d) + (1 — ) coshtd), and
0<t<1

C = argmin(f cosh(d — t) + (1 — ) cosht).
0<t<d

Then sets A, B and C consist of one point, respectively. We also have
A={tu® (1 —t)v|t € B} and

B = argmin(3 cosh(d — td) + (1 — ) cosh td) = {1t ‘ te C’} )
0<t<1 d
Define a function f: R — |1, 00[ by f(t) = Scosh(d —t) + (1 — ) cosht for all t € R,
then f is infinitely differentiable and f/(0) < 0, f'(d) > 0 and f”(t) > 0 for all
t € [0,d]. So there exists a unique real number ¢ € ]0, d[ such that f'(¢) = 0, that is,
there exists a unique minimizer ¢ € ]0,d[ of f and it satisfies f'(¢) = 0. Then we have
f'(t) =0 if and only if

_ B sinh d
t=tanh ™' ———————
a 1— B+ Bcoshd
Thus we get
_ [Bsinhd 1 1 Bsinh d
C={tanh ! — " — dB={-tanh™ " —— —— 5.
{an 1— 3+ Bcoshd an d at 1— 8+ Bcoshd
So putting
oo 1 tanh-! Bsinhd

d 1— B+ fcoshd’
we get A = {ou @ (1 — o)v}, that is,

ou® (1 — o)v = argmin(B cosh d(u, x) + (1 — B) coshd(v, x)). O

z€[u,v]
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Lemma 3.5. Let X be a uniquely geodesic space. Then for u,v € X with u # v and
B el0,1],
argmin(f cosh d(u, z) + (1 — 8) coshd(v, x))

z€[u,v)

= argmin(f cosh d(u, ) + (1 — ) coshd(v, x)).
reX

Proof. Let u,v € X with u # v and § € [0,1], and define a function f: X — R by

f(x) = Beoshd(u,x) + (1 — B) coshd(v, z) for all x € X. Put z = argmin,c(, , f(z)

and let w € X. Further, put

d(v,w)
(d(u,w) + d(v,w))
Then we get f(z) < f(z'). Moreover, we obtain
d(u,w) = (1 —t)(d(u,w) + d(v,w)) > (1 — t)d(u,v) = d(u, 2").

Similarly, we also have d(v,w) > d(v, z’). Therefore we get f(z’') < f(w) and hence

f(z) = min f(w). O

Using Lemma 3.4 and Lemma 3.5, we define a new convex combination.

t= and 2’ = tu ® (1 —t)v € [u,v].

Definition 3.6. Let X be a uniquely geodesic space. For u,v € X and « € [0, 1], we
define a (—1)-convex combination of u and v by

-1 e .
oau @ (1 —a)v Lef argmin(a cosh d(u, z) + (1 — «) coshd(v, z)).
zeX

—1
From Lemma 3.4 and Lemma 3.5, it can be expressed by au @ (1—a)v = cu®(1—0)v,

where
-1 asinh d(u, v)

1
~ d(u,v) 1 —a+ acoshd(u,v)

whenever u # v.

Lemma 3.7. For any o € [0,1] and d > 0,

1 tanh-1 asinhd 1 tanh! (1 —a)sinhd

d 1—oz—|—ozcoshd+d oz—!—(l—oz)coshdz
Proof. Tt is obvious if « = 0 or @« = 1. We cousider the case where a € ]0,1[. Let
a €10,1] and d > 0. From Lemma 2.4, we have

1 1 tanh! asinh d 1 tanh! sinh d tanh! asinh d
— —tan _— == n — tan _—
d 1—a+acoshd d coshd 1—a+ acoshd
sinh d asinh d
1 1 coshd 1—a+acoshd
o atanh 1 sinh d asinhd
coshd 1—a+ «acoshd
1 _1 (1 —a)sinhd
— ~ tanh™} )
a " a+ (1 —a)coshd

So we get the desired result. O
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Lemma 3.8. Let X be a CAT(—1) space and z,y,z € X, a € [0,1]. Then

cosh d(ax E.S (1-a)y,z) < acoshd(z,z) + (1 — a) coshd(y, 2) '
Va2 +2a(l — a) coshd(z,y) + (1 — a)?

Proof. Let z,y,z € X and « € [0,1]. Tt is obvious if = y. Suppose that x # y and
put

1 _ asinh d(z,y)
=_—— tanh™! ! .
o d(z,y) an 1— a+ acoshd(z,y)

From Lemma 3.4, Lemma 3.7 and Lemma 2.3, we have

cosh d(ax 691 (1 — o)y, z)sinhd(x,y)
= coshd(ocx ® (1 — o)y, z) sinh d(z, y)
< coshd(z, z) sinh(od(x,y)) + coshd(y, z) sinh((1 — o)d(z,y))
asinhd(z,y) )
1—a+ acoshd(z,y)
(1 — a)sinhd(z,y) >
a+ (1 —«)coshd(x,y)
asinhd(z,y)
Va2 +2a(1 — a)coshd(z,y) + (1 — )2
). (1 — ) sinhd(z,y)
Va2 +2a(1 — a) coshd(z,y) + (1 — a)?
__ acosh d(x,z) + (1 — @) cosh d(y, z)
Va2 +2a(1 — a) coshd(z,y) + (1 — a)?

= coshd(z, z) sinh (tanh_1

+ cosh d(y, z) sinh (tanh_1

= coshd(z, z) -

+ coshd(y, z

-sinh d(z, y)

and hence
—1 wh 1 _ ‘h
coshd(az @ (1 —a)y,z) < acoshd(z, z) + (1 — o) coshd(y, z) .
Va2 + 2a(1 — a) coshd(z,y) + (1 — a)?2
Thus we get the desired result. 0

Corollary 3.9. Let X be a CAT(—1) space and z,y,z € X, a € [0,1]. Then

—1
coshd(axr @ (1 —a)y,z) < acoshd(z,z) + (1 — «) coshd(y, 2).

Proof. Since y/a2 4+ 2a(1 — a)coshd(z,y) + (1 — a)? > 1, Lemma 3.8 implies the
conclusion. g

Lemma 3.10. Let X be a CAT(—1) space. Then for u,y,z € X and a €]0,1],
-1
coshd(au & (1 —a)y,z) —1 < (1 —B)(coshd(y,z) — 1)

(1 —a+ a2+ 2a(1 — ) coshd(u,y) + (1 — a)2) coshd(u, 2)
a+2(1 — a)coshd(u,y)

+8 ~1

)
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where
l-«a
Va2 +2a(1 — a)coshd(u,y) + (1 —a)?

Proof. 1t is obvious if u = y. Otherwise, from Lemma 3.8, we have

B=1

—1
coshd(au ® (1 —a)y,z) — 1
< a cosh d(u, 2)
~ Va2 +2a(l —a)coshd(u,y) + (1 — a)?

+ (1 —p)coshd(y,z) — 1

acoshd(u, z
= (1 - B)(coshd(y,z) — 1) + S <ﬂ\/a2 Y Cos(hd(i’y) oy 1) .
Since
a coshd(u, 2)
Bv/a? +2a(1 — o) coshd(u,y) + (1 — )2
acoshd(u, 2)
" /a2 +2a(1 - a)coshd(w,y) + (1—a)— (1 —a)
(1 — a4+ va?+2a(1 — ) coshd(u,y) + (1 — oz)2> cosh d(u, z)
N a+2(1 — a) cosh d(u, y) ’
we get the conclusion. O

Lemma 3.11. Let {a,} be a sequence on |0, 1] such that
lim «, =0,
n—o0

and {sn},{tn} sequences on [0,c0[ such that

lim s, =d; € [0,00[, lim ¢, =dy € [0, 00].
n—oo n—oo

Define sequences {oy,},{m.} C]0,1] by

_q 1—a,
T T a2t 201 hsn+ (1—an)?
a2 + 2a,(1 — ay)cosh s, + (1 — ay)
1—
T =1 dn

- Va2 4+ 2a,(1 — ay) coshit, + (1 — ay,)?
for all n € N, respectively. Then
Tn cosh dgy

lim — = .
n—oo 0,  coshd;

Proof. Put

Pn = \/oz% + 20, (1 — @) cosh s, + (1 — )2,
Gn = V02 + 20, (1 — ) cosht, + (1 — ay,)?
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for all n € N. Then we have

- 1—oa, apn +2(1 — ay,) coshty,
Tn _ \/an2+2an(1—an)coshtn+(l —an)? an(qn +1—ap)
on 1 1—a,  ap+2(1—ay)coshs,
Van? + 2a,(1 — ay) cosh s, + (1 — ay,)? Pn(pn +1—ay)
Since limy, o0 pr, = lim, o g, = 1, we get the conclusion. O

Now, we show the main result.

Theorem 3.12. Let X be a complete CAT(—1) space and R, S,T strongly quasinon-
expansive and A-demiclosed mappings from X into itself with

F=FR)NFS)NF(T) # 2.
Let {an} C]0,1[ such that
lim «, =0 and Zan = 00,

n—o00
n=1

and {Bn}, {7} C 0,1 such that
lim 5, =p4¢€]0,1], lim ~, =~ €]0,1[.
n—oo n—oo

Let u,v,w,z1 € X and define a iterative sequence {x,} C X by

Tn = Qpll @ (1 — ap)Rxy,
Sp = QU @ (1= an)Szy,
t, = apw EDS (1 —ap)Txy,
Tnsr = Burn & (1= o) (s & (1= 3)tn)
for all n € N. Then the sequence {x,,} converges to a point p € F, which is a mini-

mizer of the function g(x) = fcoshd(u,x)+(1—08)(ycoshd(v, x)+(1—) cosh d(w, x))
on F.

Proof. Since F' is a closed convex subset of X and from Lemma 3.3, the existence and
uniqueness of the elements of the set

armgelgin (Beoshd(u,x) + (1 — B)(ycoshd(v,z) + (1 — 7) coshd(w, )))

are guaranteed.
Let

p = argmin (8 coshd(u, z) + (1 — 8)(ycoshd(v, x) + (1 — ) cosh d(w, z)))
TEF
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and put
a, = coshd(z,,p) — 1,

. (1 —an + Va2 + 20, (1 — ) cosh d(u, Ray,) + (1 — an)z) coshd(u,p)
_ -1
b an + 2(1 — o) cosh d(u, Rxy,)

< (1 —ay + Vo2 4 2a,(1 — ay,) coshd(v, Sz,,) + (1 — an)2) cosh d(v, p)
bs = -1
n ay, +2(1 — a,,) cosh d(v, Sz,) ’

(1 —ay + Vo2 4 2a,(1 — a,) coshd(w, Tx,) + (1 — an)2) coshd(w, p)

bl = —1,
ap + 2(1 — ) coshd(w, Tay,)
7717,% =1- Lo an )
Va2 4 20, (1 — ay,) coshd(u, Re,) + (1 — a,)2
1- n
’75 =1- c )
Va2 4 20, (1 — o) coshd(v, Sz,) + (1 — )2
1—a
Yo =1

Va2 + 200, (1 — ap) cosh d(w, Txy) + (1 — an)?
for all n € N. Moreover, put
Bi = By Br = (L= Ba)m, By = (1= Ba)(1 =)
for all n € N and put
B =8, 85=1-p)y, 87 =01 -8)(1-7)

Then {7/}, {75} and {yI'} are sequences on ]0,1[. From Lemmas 3.8 and 3.10, we
have

tns1 < B coshd(ry, p) + (1 — Bn) coshd(Tnsn ® (1 = 7n)tn,p) — 1
< BB coshd(ry,p) + B5 coshd(sy, p) + ST coshd(t,,p) — 1
= BB (coshd(rp,p) — 1) + B2 (coshd(sn, p) — 1) + BL (cosh d(t,,p) — 1)
< By (1 =) (coshd(Ran, p) — 1) + 7,7 by))
+ B3 ((1- v3)(cosh d(Szy,p) — 1) + 'ySbS)
+ B (1 =~ (coshd(Tzp,p) — 1) + 7L b))
< (ﬁff(l =) B (L =) + B (L= 7)) an + B bil + B b + By v b
= (L= (B + B + Brs)) an
T (B + BEyS + BTAT) - O gjﬂ f;;jji 5§:ZTI)T
for all n € N.

Now we show that the following conditions hold:

() Y (BEAE+ BIvS + B = oo,

n=1
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(ii) for any ¢: N — N satisfying that ¢ is nondecreasing and

. N . s
lim (i) = oo, hirglnf (a¢(z)+1 aw(l)) >0

1—00 o]

implies
R R R S S S T T T
i Pe@ e %@ + Po@ el T PomYewlem _
1m sup BE ~E 43S S L gT T s U
im0 o) Vo) T Po)To() T Pe@) Yol

First, we show (i). Since

Va2 +2a, (1 — o) coshd(u, Rz,) + (1 — a,)2 > 1,

we have 7' > a,. Similarly, we also obtain 7> > «,, and 71 > a,. So we get
o0 o0 oo
D BV + B + Bavm) = Y (Bian + Bran + Bran) = Y ap = oo,
n=1 n=1 n=1

Next, we consider (ii). We show boundedness of {z,}. By Corollary 3.9, we obtain

coshd(z,11,p) < BE coshd(rp, p) + 85 coshd(sn, p) + BL coshd(t,,p)
< BE(ay, coshd(u, p) + (1 — ) cosh d(Rap, p))
+ B3 (an coshd(v,p) 4+ (1 — a,) cosh d(Sz,, p))
+ BT (v, cosh d(w, p) + (1 — av,) cosh d(Tz,, p))
< BRa, coshd(u,p) + B5ay, coshd(v, p) + BT a,, cosh d(w, p)

+ (65’(1 —ap) + ﬁs(l —ap) + 65(1 - an)) coshd(xy,,p)
< max{cosh d(u, p), cosh d(v, p), cosh d(w, p), cosh d(x,,, p)}

for all n € N. So we have

d(xnv p) < max{d(u, p)v d(’U,p), d(wa p)? d(xlap)}

for all n € N and hence {z,} is bounded.
Let ¢: N — N be a nondecreasing function with

li j) =
Jimm (i) = co,

and put n; = (i) for all ¢ € N. Assume that

lminf (an, +1 — a,) > 0,
71— 00
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then we get
0 < liminf (ani+1 - ani)
11— 00

= li_m inf (coshd(zy,+1,p) — coshd(z,,,p))

— 00

< hm mf (BR coshd(ry,,,p) + 5S coshd(s,,,p) + B,:Z coshd(t,,,p)
- cosh d(zn,,p))
< ligiogf (BE (o, coshd(u,p) + (1 — a,,) coshd(Rzp,, p))
+ B3 (o, coshd(v, p) + (1 — an, ) cosh d(Szp,, p))
+ BY (cn, coshd(w,p) + (1 — ap, ) coshd(Tzp,,p)) — coshd(zn,,p))
= liiII_l)glf (B%(coshd(Rzxy,,p) — coshd(zy,,p))
+ B%(coshd(Sx,,,p) — coshd(z,,,p))
+ 7 (cosh d(T'zy,,, p) — coshd(zn,,p)))
< limsup (B%(coshd(Rzxy,,p) — coshd(zy,,p))

1—> 00

+ 8% (cosh d(Siy,, p) — coshd(z,,, p))
+ B (coshd(T'zy,,, p) — coshd(zn,,p)))
<0.
Thus we obtain
lllglo(ﬁR(COSh d(Rx,,,p) — coshd(z,,,p)) + 85 (coshd(Sx,,,p) — coshd(x,,,p))
+ BT (cosh d(Txz,,,p) — coshd(z,,,p))) = 0.
From Lemma 3.1, we have

lim (cosh d(Rxy,,p) — coshd(z,,,p))

1— 00

lim (coshd(Sz,,,p) — coshd(z,,,p))
1— 00
lim (coshd(Txz,,p) — coshd(x,,,p))

1— 00

0
0,
0
Since R, S, T are strongly quasinonexpansive, we obtain

lim d(x,,, Rry,) = lim d(xy,,, Sty,) = lim d(z,,, T2,,) = 0. (1)

1—00 71— 00 11— 00

Take a subsequence {zy, } of {z,,} satisfying

i 7127”1 Bnl’ymbs +/Bnﬂ/n7, n;
im sup
1—00 nI’an + Bn17n1 + Bnl’%’L1
R A S e T o I
= lim
g s, Y, B e, T B, Vi,

'3
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Moreover, take a subsequence {z,} of {xnj} with

hjrgg.}f d(u, xnj) = Tll)rglo d(u, z)

and a subsequence {z,_} of {z,} satisfying

hrrgg.}f d(v, z,) = Shﬁrglo d(v, zr,).

Furthermore, take a subsequence {z,, } of {z,} such that

lisrgggf d(w, zr,) = tli>rgo d(w, z,,),

and a subsequence {vy} of {2, } which satisfies vy, A 2 € X. Then from the formula
(1), we have

lim d(vg, Rvg) = lim d(vg, Sv) = lim d(vg, Tvg) =0
k—o0 k—o0 k—o0
and hence z € F'. Further, since
lim d(u,v;) = liminf d(u, z,, ) <liminf(d(u, Rz, )+ d(Rzy, ,Tn, ))
k— o0 Jj—oo g j—00 J J J

= liminf d(u, Rz, )
Jj—o0 J

< lim inf d(u, Rvy)
k—o00

< lim sup d(u, Ru)

k—o00

< lim sup(d(u, v ) + d(vk, Rug))

k—o0
= lim d(u,vy),
k—o0
we get

lim d(u,v) = lim d(u, Rug).
k—r 00 k— o0

Similarly, we also obtain

lim d(v,v) = lim d(v, Svg) and lim d(w,vx) = lim d(w, Tvg).
k—o0 k—o00 k—o0 k—o0
By Theorem 2.2, we have the following formulas:
lim d(u, Rvg) = lim d(u,vy) > d(u, 2),
k— o0 k—o0
lim d(v,Svg) = lim d(v,v) > d(v, 2),
k—o00 k—o0

lim d(w,Tvg) = lim d(w,vg) > d(w, 2)
k—o0 k— o0

and hence

(B% coshd(u, Ruy) + 3% cosh d(v, Svg) + BT cosh d(w, Tuy))

lim
k—o0
> B coshd(u, z) + B° coshd(v, z) + BT cosh d(w, z)
> BT coshd(u, p) + B° coshd(v, p) + BT cosh d(w, p).

Let
dy = lim d(u, Rvg), d = lim d(v, Svy), d3 = klim d(w, Tvy,)
—00

k— o0 k—oc0
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and put my =n;,  for all k € N. Then from Lemma 3.11, we obtain
irsg,

lim ’yflk _ cosh dg m ’y,,Tnk _ cosh d3
k—oo B coshdy’  k—ooylt  coshd;’
Put
R _ B% cosh d;
we= BE coshd; + 35 coshdy + BT coshds’
s _ B% cosh dy
o= BE coshdy + B° coshdy + BT coshds’
T BT coshds
re= BE coshdy + B35 coshdy + BT coshds’
Then we get
R RpR s T T T
Jr
lim sup Bnﬂm e BT, + B b,
1—00 n; an + ﬂnl’}/nZ + ﬂnZ’Ym
. anfiikbﬁk + B Yooi Ui T By Yo O
k—oo mkFYmk + ﬁmkerk + 6mk7mk
R s coshdy r coshds
bl : .
— lim h +5 cosh dy O + 0 coshd; ™k
et 57 4 g5 | cosh dy 7 coshds
cosh d; cosh d;
. R;R 518 ;T
= M (5, + u%b, 4t by, )
) coshd(u,p) coshd(v, p)
=1 [ et Sl l SN | Rl it Sk /SN |
ol <# (cosh d(u, Roy,) T cosh d(v, Svg)
cosh d(w,
+uT shd(w, p) 1
cosh d(w, Tvy)
— tim (4R cosh d(u, p) — cosh d(u, Rug,) S cosh d(v, p) — coshd(v, Svg)
k—o0 H cosh d; H cosh dgy
r coshd(w,p) — coshd(w, Tvyg)
B -
cosh ds
~ m B% cosh d(u, p) + B° coshd(v, p) + BT cosh d(w, p)
ko0 B coshdy + 35 coshdy + BT coshds
_ BT cosh d(u, Ruy,) + B coshd(v, Svi) + BT cosh d(w, Ty,) <0
BE coshdy + 35 cosh dy + BT coshds -
Thus we have (ii). Hence, using Lemma 2.5, we obtain the desired result. d
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