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1. Introduction

The aim of this paper is to establish the existence of at least three weak solutions
for the following perturbed p(x)-Kirchhoff-type problem{

T (u) = λf(x, u(x)), in Ω,

|∇u|p(x)−2 ∂u
∂v = µg(γ(u(x))), on ∂Ω

(P f,gλ,µ)

where

T (u) = M

(∫
Ω

1

p(x)

(
|∇u(x)|p(x) + α(x)|u(x)|p(x)

)
dx

)
(−∆p(x)u+ α(x)|u|p(x)−2u),

∆p(x)u := div(|∇u|p(x)−2∇u) is the p(x)-Laplacian operator, Ω ⊂ RN is an open
bounded domain with smooth boundary, M : [0, +∞[→ R is a continuous function
such that there are two positive constants m0 and m1 with m0 ≤ M(t) ≤ m1 for all
t ≥ 0, p ∈ C(Ω̄), λ > 0, µ ≥ 0, f : Ω × R → R is an L1-Carathéodory function,
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g : R → R is a continuous function, α ∈ L∞(Ω), with ess inf
Ω
α > 0, v is the outer

unit normal to ∂Ω and γ : W 1,p(x)(Ω)→ Lp(x)(∂Ω) is the trace operator.
The Kirchhoff equation refers back to Kirchhoff [37] in 1883 in the study on the

oscillations of stretched strings and plates, suggested as an extended version of the
classical D’Alembert’s wave equation by taking into account the effects of the changes
in the length of the string during the vibrations. Kirchhoff’s model like the problem

(P f,gλ,µ) model several physical and biological systems where u describes a process which

depend on the average of itself, as for example, the population density. Lions in [39]
has proposed an abstract framework for the Kirchhoff-type equations. After the work
by Lions, various problems of Kirchhoff-type have been widely investigated. We refer
the reader to the papers [30, 42, 43, 51, 54] and the references therein.

The p(x)-Laplacian is a meaningful generalization of the p-Laplacian. The p(x)-
Laplacian possesses more complicated nonlinearities than the p-Laplacian; for exam-
ple, it is inhomogeneous. The study of various mathematical problems with variable
exponent growth condition has been received considerable attention in recent years.
The necessary framework for the study of these problems is represented by the func-
tion spaces with variable exponent Lp(x)(Ω) and Wm,p(x)(Ω). These problems are
interesting in applications and raise many difficult mathematical problems. One of
the most studied models leading to problems of this type is the model of motion of elec-
trorheological fluids, which are characterized by their ability to drastically change the
mechanical properties under the influence of an exterior electromagnetic field [52, 58].
Materials which require such advanced theories have been under experimental studies
from the 1950 onwards. The first important discovery on electrorheological fluids was
contributed by Willis Winslow in 1949. The viscosity of these fluids depends upon the
electric field of the fluids. He discovered that the viscosity of such fluids as instance
lithium polymetachrylate in an electrical field is an inverse relation to the strength
of the field. The field causes string-like formations in the fluid, parallel to the field.
They can increase the viscosity five orders of magnitude. This event is called the
Winslow effect. For a general account of the underlying physics see [31] and for some
technical applications [46]. Electrorheological fluids also have functions in robotics
and space technology. Many experimental researches have been done chiefly in the
USA, as in NASA laboratories. Problems with variable exponent growth conditions
also appear in the mathematical modelling of stationary thermo-rheological viscous
flows of non-Newtonian fluids and in the mathematical description of the filtration
processes of an ideal barotropic gas through a porous medium [2, 3]. Another applica-
tion of these equations is in image processing [17], in which the variable nonlinearity
is used to outline the borders of the true image and to eliminate possible noise. For
background and recent results on problems with variable exponent, we refer the reader
to [1, 10, 11, 14, 21, 28, 29, 32, 33, 34, 41, 45, 47, 48, 49, 50, 53] and the references
therein for details. For example, Fan and Ji in [28] by applying a variational principle
due to Ricceri and the theory of the variable exponent Sobolev spaces, proved the
existence of infinitely many solutions of the following Neumann problem involving the
p(x)-Laplacian of the following form
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{
−div(|∇u|p(x)−2∇u) + λ(x)|u|p(x)−2u = f(x, u) + g(x, u), in Ω,
∂u
∂γ = 0, on ∂Ω.

Mihăilescu in [41] by using as the main tool a variational principle due to Ricceri, to-
gether with the Palais-Smale property, studied the existence of at least three solutions
for the following Neumann problem:{

−div(|∇u|p(x)−2∇u) + |u|p(x)−2u = λf(x, u), for x ∈ Ω,
∂u
∂v = 0, for x ∈ ∂Ω

where Ω ⊂ RN (N ≥ 3) is a bounded domain with a smooth boundary, λ > 0 is a real
number, p is a continuous function on Ω with inf

y∈Ω
p(y) > N and f : Ω × R → R is a

continuous function. Cammaroto et al. in [14] based on a three critical points theorem
established by Ricceri, obtained weak solutions for a Neumann problem involving the
p(x)-Laplacian. Bonanno and Chinǹı in [11] by applying variational methods under
appropriate growth conditions on the nonlinearity, obtained the existence of multiple
solutions for nonlinear elliptic Dirichlet problems with variable exponent. D’Agùı
and Sciammetta in [21] based on variational methods, established the existence of an

unbounded sequence of weak solutions for the problem (P f,gλ,µ), in the case M ≡ 1.

Recently, the study of p(x)-Kirchhoff type problems has been an interesting topic.
We refer the reader to [15, 16, 18, 22, 23, 24, 25, 27, 35, 56] for an overview of and
references on this subject. For example, Dai and Hao in [22] by means of a direct
variational approach and the theory of the variable exponent Sobolev spaces, we
establish conditions ensuring the existence and multiplicity of solutions for the p(x)-
Kirchhoff-type problem with Dirichlet boundary data. Chung in [18] by using the
mountain pass theorem combined with the Ekeland variational principle, obtained at
least two distinct, non-trivial weak solutions for the p(x)-Kirchhoff type equation{

−M(
∫

Ω
1

p(x) |∇u(x)|p(x)dx)div(|∇u|p(x)−2∇u) = λf(x, u), in Ω,

u = 0, on ∂Ω

where M : R+ → R is a continuous function, p ∈ C+(Ω) and f : Ω × R+ → R is a
Carathéodory function, satisfying some certain conditions, λ is a parameter. In [25]

multiplicity results for the problem (P f,gλ,µ), in the case λ = µ were established. In
fact, using variational methods and critical point theory the existence results for the
problem under algebraic conditions with the classical Ambrosetti-Rabinowitz (AR)
condition on the nonlinear term were ensured. Furthermore, by combining two alge-
braic conditions on the nonlinear term which guarantees the existence of two solutions,
applying the mountain pass theorem given by Pucci and Serrin the existence of third
solution for the problem was proved while in [24] based on variational methods the
existence of at least one weak solution for the same problem was discussed.

We also refer the reader to the paper [36, 40] in which using variational methods
the existence of multiple solutions for nonlocal systems of (p(x), q(x))-Kirchhoff type
was discussed.
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The existence and multiplicity of solutions for stationary higher order problems
of Kirchhoff type (in n-dimensional domains, n ≥ 1) were also investigated in some
recent papers, using variational methods like the symmetric mountain pass theorem
in [19] and a three critical point theorem in [6]. Moreover, in [4, 5], some evolutionary
higher order Kirchhoff problems were studied, mainly focusing on the qualitative
properties of the solutions.

For a thorough discussion on the subject, we also refer the reader to [7, 12].
Motivated by the above facts, in the present paper, by using two kinds of three

critical points theorems obtained in [13, 8] which we recall in the next section (The-
orems 2.1 and 2.2), we ensure the existence of at least three weak solutions for the

problem (P f,gλ,µ) under mutually independent conditions; see Theorems 3.1 and 3.2. In
fact, in Theorem 3.1, we require that the primitive F of the function f is p-sublinear
at infinity and satisfies appropriate local growth condition. In Theorem 3.2 we obtain
at least three non-negative weak solutions uniformly bounded with respect to λ, and
three non-negative weak solutions, respectively, under a suitable sign hypothesis on
the function f , an appropriate growth conditions on the potential F in a bounded
interval, and without assuming asymptotic condition at infinity on the function f
for every non-negative continuous function g. We present Examples 3.5 and 3.6 to
illustrate Theorems 3.1 and 3.2, respectively. Theorem 3.8 is a special case of Theo-
rem 3.1. In Theorem 3.9 we present an application of Theorem 3.2. As special cases
of Theorems 3.1 and 3.2, we obtain Theorems 3.10 and 3.11 considering the case
p(x) = p > N .

Compared to the previous results, we give some new assumptions to obtain the

existence of at least three weak solutions of (P f,gλ,µ). Recent related works are gener-
alized.

We refer to the recent monograph by Molica Bisci, Rădulescu and Servadei [44]
for related problems concerning the variational analysis of solutions of some classes
of nonlocal problems.

The paper is organized as follows. In Section 2, we recall some basic definitions
and our main tool, while Section 3 is devoted to our abstract results.

2. Preliminaries

Our main tools are the following three critical points theorems. In the first one
the coercivity of the functional Φ− λΨ is required, in the second one a suitable sign
hypothesis is assumed.

Theorem 2.1 ([13, Theorem 3.6]). Let X be a reflexive real Banach space, Φ :
X → R be a coercive continuously Gâteaux differentiable and sequentially weakly lower
semicontinuous functional whose Gâteaux derivative admits a continuous inverse on
X∗, Ψ : X → R be a continuously Gâteaux differentiable functional whose Gâteaux
derivative is compact such that Φ(0) = Ψ(0) = 0.
Assume that there exist r > 0 and v ∈ X, with r < Φ(v) such that

(a1)

sup
Φ(u)≤r

Ψ(u)

r
<

Ψ(v)

Φ(v)
;
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(a2) for each λ ∈ Λr :=

Φ(v)

Ψ(v)
,

r

sup
Φ(u)≤r

Ψ(u)

 the functional Φ− λΨ is coercive.

Then, for each λ ∈ Λr the functional Φ− λΨ has at least three distinct critical points
in X.

Theorem 2.2 ([8, Corollary 3.1]). Let X be a reflexive real Banach space, Φ : X → R
be a convex, coercive and continuously Gâteaux differentiable functional whose deriv-
ative admits a continuous inverse on X∗, Ψ : X → R be a continuously Gâteaux
differentiable functional whose derivative is compact, such that

1. inf
X

Φ = Φ(0) = Ψ(0) = 0;

2. for each λ > 0 and for every u1, u2 ∈ X which are local minima for the
functional Φ− λΨ and such that Ψ(u1) ≥ 0 and Ψ(u2) ≥ 0, one has

inf
s∈[0,1]

Ψ(su1 + (1− s)u2) ≥ 0.

Assume that there are two positive constants r1, r2 and v ∈ X, with 2r1 < Φ(v) < r2
2 ,

such that

(b1)

sup
u∈Φ−1(]−∞,r1[)

Ψ(u)

r1
<

2

3

Ψ(v)

Φ(v)
;

(b2)

sup
u∈Φ−1(]−∞,r2[)

Ψ(u)

r2
<

1

3

Ψ(v)

Φ(v)
.

Then, for each

λ ∈

3

2

Φ(v)

Ψ(v)
, min

 r1

sup
u∈Φ−1(]−∞,r1[)

Ψ(u)
,

r2
2

sup
u∈Φ−1(]−∞,r2[)

Ψ(u)


 ,

the functional Φ − λΨ has at least three distinct critical points which lie in
Φ−1(]−∞, r2[).

Theorems 2.1 and 2.2 have been successfully used to ensure the existence of at
least three solutions for perturbed boundary value problems in the papers [12, 20].

Here and in the sequel, meas(Ω) denotes the Lebesgue measure of the set Ω, and
we also assume that p ∈ C(Ω̄) verifies the following condition:

N < p− := inf
x∈Ω

p(x) ≤ p(x) ≤ p+ := sup
x∈Ω

p(x) < +∞. (2.1)

Let Ω be a bounded domain of RN , denote:

Lp(x)(Ω) :=
{
u : Ω→ R measurable and

∫
Ω

|u(x)|p(x)dx < +∞
}
,

Lp(x)(∂Ω) :=
{
u : ∂Ω→ R measurable and

∫
∂Ω

|u(x)|p(x)dσ < +∞
}
.
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We can introduce the norms on Lp(x)(Ω) and Lp(x)(∂Ω) by:

‖u‖Lp(x)(Ω) = inf
{
β > 0 :

∫
Ω

|u(x)

β
|p(x)dx ≤ 1

}
,

‖u‖Lp(x)(∂Ω) = inf
{
β > 0 :

∫
∂Ω

|u(x)

β
|p(x)dσ ≤ 1

}
where dσ is the surface measure on ∂Ω.

Let X be the generalized Lebesgue-Sobolev space W 1,p(x)(Ω) defined by putting
W 1,p(x)(Ω) by

W 1,p(x)(Ω) =
{
u ∈ Lp(x)(Ω) : |∇u| ∈ Lp(x)(Ω)

}
and it can be equipped with the norm:

‖u‖W 1,p(x)(Ω) := ‖u‖Lp(x)(Ω) + ‖|∇u|‖Lp(x)(Ω). (2.2)

It is well known (see [29]) that, in view of (2.1), both Lp(x)(Ω) and W 1,p(x)(Ω), with
the respective norms, are separable, reflexive and uniformly convex Banach spaces.
Moreover, since α ∈ L∞(Ω), with α− := ess inf

x∈Ω
α(x) > 0 is assumed, then the

following norm

‖u‖α = inf
{
σ > 0 :

∫
Ω

(
α(x)|u(x)

σ
|p(x) + |∇u(x)

σ
|p(x)

)
dx ≤ 1

}
,

onW 1,p(x)(Ω) is equivalent to that introduce in (2.2). SinceW 1,p(x)(Ω) is continuously

embedded in W 1,p−(Ω) (see [29] or [38]) and p− > N , W 1,p(x)(Ω) is continuously
embedded in C0(Ω̄) and one has

‖u‖C0(Ω̄) ≤ kp−‖u‖W 1,p− (Ω).

When Ω is convex, an explicit upper bound for the constant kp− is

kp− ≤ 2
p−−1

p− max

{(
1

‖α‖1

) 1

p−

,
d

N
1

p−

(
p− − 1

p− −N
meas(Ω)

) p−−1

p− ‖α‖∞
‖α‖1

}
where ‖α‖1 =

∫
Ω
α(x)dx and ‖α‖∞ = sup

x∈Ω
α(x) and d = diam(Ω) (see [9, Remark 1]).

On the other hand, taking into account that p− ≤ p(x), [38, Theorem 2.8] ensures that

Lp(x)(Ω) ↪→ Lp
−

(Ω) and the constant of such embedding does not exceed 1+meas(Ω).
So, one has

‖u‖W 1,p− (Ω) ≤ (1 + meas(Ω))‖u‖W 1,p(x)(Ω) ≤ (1 + meas(Ω))‖u‖α.

In conclusion, put

c = kp−(1 + meas(Ω)),

it results

‖u‖C0(Ω̄) ≤ c‖u‖α (2.3)

for each u ∈W 1,p(x)(Ω).
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Set

F (x, t) =

∫ t

0

f(x, ξ)dξ for all (x, t) ∈ Ω× R,

G(t) =

∫ t

0

g(ξ)dξ for all t ∈ R

and

M̃(t) =

∫ t

0

M(ξ)dξ for all t ≥ 0.

We say that u ∈W 1,p(x)(Ω) is a weak solution of the problem (P f,gλ,µ) if

M

(∫
Ω

1

p(x)

(
|∇u(x)|p(x) + α(x)|u(x)|p(x)

)
dx

)
∫

Ω

(
|∇u(x)|p(x)−2∇u(x)∇v(x) + α(x)|u(x)|p(x)−2u(x)v(x)

)
dx

−λ
∫

Ω

f(x, u(x))v(x)dx− µ
∫
∂Ω

g(γ(u(x)))γ(v(x))dσ = 0

for every v ∈W 1,p(x)(Ω).

Proposition 2.3 ([26, Proposition 2.4]). Let

ρα(u) =

∫
Ω

[|∇u|p(x) + α(x)|u|p(x)]dx

for u ∈W 1,p(x)(Ω), we have

(1) ‖u‖α ≥ 1 =⇒ ‖u‖p−α ≤ ρα(u) ≤ ‖u‖p+α ;

(2) ‖u‖α ≤ 1 =⇒ ‖u‖p+α ≤ ρα(u) ≤ ‖u‖p−α .

For our convenience, set

Gθ := a(∂Ω) max
|ξ|≤θ

G(ξ) for all θ > 0

where a(∂Ω) =
∫
∂Ω
dσ and

Gη := a(∂Ω) inf
t∈[0,η]

G(t) for all η ≥ 1.

If g is sign-changing, then clearly Gθ ≥ 0 and Gη ≤ 0.

3. Main results

Fixing two positive constants θ ≥ c and η ≥ 1 such that

m1η
p+

p− ‖α‖1∫
Ω

F (x, η)dx

<
m0θ

p−

cp
−
p+

∫
Ω

sup
|t|≤θ

F (x, t)dx
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where c is given by (2.3) and choosing

λ ∈ Λ :=

]
m1η

p+

p− ‖α‖1∫
Ω

F (x, η)dx

,
m0θ

p−

cp
−
p+

∫
Ω

sup
|t|≤θ

F (x, t)dx

[
,

set δλ,g given by

min

{m0θ
p− − λcp

−
p+

∫
Ω

sup
|t|≤θ

F (x, t)dx

cp−p+Gθ
,

∣∣∣∣∣
m1η

p+

p− ‖α‖1 − λ
∫

Ω

F (x, η)dx

min{0, Gη}

∣∣∣∣∣
}

and

δλ,g := min

δλ,g,
1

max

{
0,
cp

−
p+a(∂Ω)

m0
lim sup
t→+∞

G(t)

|t|p−

}
 (3.1)

where we read γ/0 = +∞, so that, for instance, δλ,g = +∞ when

lim sup
t→+∞

G(t)

|t|p−
≤ 0,

and Gη = Gθ = 0.
We present our first existence result as follows.

Theorem 3.1. Assume that there exist two positive constants θ ≥ c and η ≥ 1 with

θ < p−
√
‖α‖1cη

such that

(A1)

∫
Ω

sup
|t|≤θ

F (x, t)dx

θp−
< p−m0

m1cp
−p+‖α‖1

∫
Ω
F (x, η)dx

ηp+
;

(A2) meas(Ω)cp
−

lim sup
t→+∞

sup
x∈Ω

F (x, t)

|t|p−
≤ Θ

where

Θ =

cp
−
p+

∫
Ω

sup
|t|≤θ

F (x, t)dx

m0θp
− .

Then, for each λ ∈ Λ and for every continuous function g : R → R satisfying the
condition

lim sup
t→+∞

G(t)

|t|p−
< +∞,

there exists δλ,g > 0 given by (3.1) such that, for each µ ∈ [0, δλ,g), the problem (P f,gλ,µ)

admits at least three distinct weak solutions in W 1,p(x)(Ω).
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Proof. Fix λ, g and µ as in the conclusion. Let X be the Sobolev space W 1,p(x)(Ω).
In order to apply Theorem 2.1 to our problem. Consider the functionals Φ,Ψ for
every u ∈ X, defined by

Φ(u) = M̃

(∫
Ω

1

p(x)

(
|∇u(x)|p(x) + α(x)|u(x)|p(x)

)
dx

)
(3.2)

and

Ψ(u) =

∫
Ω

F (x, u(x))dx+
µ

λ

∫
∂Ω

G(γ(u(x)))dσ, (3.3)

and put Iλ(u) = Φ(u)− λΨ(u) for every u ∈ X. Let us prove that the functionals Φ
and Ψ satisfy the required the conditions in Theorem 2.1. It is well known that Ψ is
a differentiable functional whose differential at the point u ∈ X is

Ψ′(u)(v) =

∫
Ω

f(x, u(x))v(x)dx+
µ

λ

∫
∂Ω

g(γ(u(x)))γ(v(x))dσ

for every v ∈ X, and Ψ′ : X → X∗ is compact. Moreover, Φ is continuously differen-
tiable whose differential at the point u ∈ X is

Φ′(u)(v) =M

(∫
Ω

1

p(x)

(
|∇u(x)|p(x) + α(x)|u(x)|p(x)

)
dx

)
∫

Ω

(
|∇u(x)|p(x)−2∇u(x)∇v(x) + α(x)|u(x)|p(x)−2u(x)v(x)

)
dx

for every v ∈ X. We prove that Φ′ admits a continuous inverse on X∗. Assuming
‖u‖α > 1, we have

Φ′(u)(u) ≥ m0‖u‖p
−

α ,

and since p− > 1, it follows that Φ′ is coercive. Since Φ′ is the Fréchet derivative of
Φ, it follows that Φ′ is continuous and bounded. Using the elementary inequality [55]

|x− y|γ ≤ 2γ(|x|γ−2x− |y|γ−2y)(x− y) if γ ≥ 2,

for all (x, y) ∈ RN × RN , N ≥ 1, we obtain for all u, v ∈ X such that u 6= v,

〈Φ′(u)− Φ′(v), u− v〉 > 0,

which means that Φ′ is strictly monotone. Thus Φ′ is injective. Consequently, thanks
to Minty-Browder theorem [57], the operator Φ′ is an surjection and has an inverse
Φ′−1 : X∗ → X, and one has Φ′−1 is continues. Furthermore, Φ is sequentially weakly

lower semicontinuous. Choose r := m0

p+ ( θc )p
−

and put w(x) = η for all x ∈ Ω. Clearly

w ∈ X. Hence, we have definitively,

m0η
p−

p+
‖α‖1 ≤ Φ(w) ≤ m1η

p+

p−
‖α‖1. (3.4)

Then, from the condition θ < p−
√
‖α‖1cη, we get 0 < r < Φ(w). Moreover, for all

u ∈ X with Φ(u) < r, then, owing to [14, Proposition 2.2], one has

‖u‖α ≤ max
{

(p+r)
1

p+ , (p+r)
1

p−
}
.
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By (2.3) one has ‖u‖∞ ≤ c‖u‖α, from the definition of r, it follows that

Φ−1(−∞, r] = {u ∈ X; Φ(u) ≤ r} ⊆ {u ∈ X; |u| ≤ θ},

and it follows that

Ψ(u) ≤ sup
u∈Φ−1(−∞,r]

∫
Ω

F (x, u(x))dx+
µ

λ
sup

u∈Φ−1(−∞,r]

∫
∂Ω

G(γ(u(x)))dσ

≤
∫

Ω

sup
|t|≤θ

F (x, t)dx+
µ

λ

∫
∂Ω

max
|t|≤θ

G(t)dσ

=

∫
Ω

sup
|t|≤θ

F (x, t)dx+
µ

λ
Gθ

for every u ∈ X such that Φ(u) ≤ r. Then

sup
Φ(u)≤r

Ψ(u) ≤
∫

Ω

sup
|t|≤θ

F (x, t)dx+
µ

λ
Gθ.

On the other hand, we have

Ψ(w) =

∫
Ω

F (x,w(x))dx+
µ

λ

∫
∂Ω

G(γ(w(x)))dσ

≥
∫

Ω

F (x, η)dx+
µ

λ
Gη.

Therefore, we have

sup
u∈Φ−1(−∞,r]

Ψ(u)

r
(3.5)

=

sup
u∈Φ−1(−∞,r]

∫
Ω
F (x, u(x))dx+ sup

u∈Φ−1(−∞,r]

µ
λ

∫
∂Ω
G(γ(u(x)))dσ

r

≤

∫
Ω

sup
|t|≤θ

F (x, t)dx+ µ
λG

θ

m0

p+ ( θc )p−
(3.6)

and

Ψ(w)

Φ(w)
≥

∫
Ω
F (x,w(x))dx+ µ

λ

∫
∂Ω
G(γ(w(x)))dσ

m1ηp
+

p− ‖α‖1

≥
∫

Ω
F (x, η)dx+ µ

λGη
m1ηp

+

p− ‖α‖1
. (3.7)

Since µ < δλ,g, one has

µ <

m0θ
p− − λcp

−
p+

∫
Ω

sup
|t|≤θ

F (x, t)dx

cp−p+Gθ
,



THREE WEAK SOLUTIONS FOR KIRCHHOFF-TYPE PROBLEMS 535

this means ∫
Ω

sup
|t|≤θ

F (x, t)dx+ µ
λG

θ

m0

p+ ( θc )p−
<

1

λ
.

Furthermore,

µ <

m1η
p+

p− ‖α‖1 − λ
∫

Ω

F (x, η)dx

Gη
,

this means ∫
Ω

F (x, η)dx+
µ

λ
Gη

m1ηp
+

p− ‖α‖1
>

1

λ
.

Then, ∫
Ω

sup
|t|≤θ

F (x, t)dx+ µ
λG

θ

m0

p+ ( θc )p−
<

1

λ
<

∫
Ω

F (x, η)dx+
µ

λ
Gη

m1ηp
+

p− ‖α‖1
. (3.8)

Hence, from (3.5)-(3.8), the condition (a1) of Theorem 2.1 is fulfilled. Finally, since
µ < δλ,g, we can fix l > 0 such that

lim sup
t→+∞

G(t)

|t|p−
< l,

and µl <
m0

a(∂Ω)cp−p+
. Therefore, there exists a function % ∈ R such that

G(t) ≤ l|t|p
−

+ %, (3.9)

for every t ∈ R. Now, fix 0 < ε < 1
λΘ (m0

p+ − µa(∂Ω)cp
−
l). From (A2) there is a

function τ ∈ R such that

meas(Ω)cp
−

Θ
F (x, t) ≤ ε|t|p

−
+ τ, (3.10)

for every x ∈ Ω and t ∈ R. Recalling (2.3), from (3.9) and (3.10), for each u ∈ X, we
have

Φ(u)− λΨ(u) = M̃

(∫
Ω

1

p(x)

(
|∇u(x)|p(x) + α(x)|u(x)|p(x)

)
dx

)
− λ

∫
Ω

F (x, u(x))dx− µ
∫
∂Ω

G(γ(u(x)))dσ

≥ m0

p+
‖u‖p

−

α − λε
Θ

meas(Ω)cp−

∫
Ω

|u(x)|p
−
dx

− λ
Θ

meas(Ω)cp−
meas(Ω)τ − µl

∫
∂Ω

|u(x)|p
−
dσ − µla(∂Ω)%

≥
(m0

p+
− λΘε− µa(∂Ω)cp

−
l
)
‖u‖p

−

α − λ
Θ

cp−
τ − µla(∂Ω)%.
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This leads to the coercivity of the functional Iλ, and the condition (a2) of Theorem
2.1 is verified. From (3.5)-(3.8) one also has

λ ∈

Φ(w)

Ψ(w)
,

r

sup
Φ(u)≤r

Ψ(u)

 .
Theorem 2.1 assures the existence of three critical points for the functional Iλ (with

v = w), which are solutions of the problem (P f,gλ,µ) and we have the conclusion. �

Now, we state a variant of Theorem 3.1 in which no asymptotic condition on the
nonlinear term is requested. In such a case f and g are supposed to be non-negative.

For our first goal, let us fix positive constants θ1 ≥ c, θ2 and η ≥ 1 such that

3

2

m1η
p+

p− ‖α‖1∫
Ω

F (x, η)dx

<
m0

p+cp−
min


θp

−

1∫
Ω

sup
|t|≤θ1

F (x, t)dx

,
θp

−

2

2

∫
Ω

sup
|t|≤θ2

F (x, t)dx

 ,

and take

λ ∈ Λ′ :=

]
3

2

m1η
p+

p− ‖α‖1∫
Ω

F (x, η)dx

,
m0

p+cp−
min


θp

−

1∫
Ω

sup
|t|≤θ1

F (x, t)dx

,
θp

−

2

2

∫
Ω

sup
|t|≤θ2

F (x, t)dx


[
.

Theorem 3.2. Assume that there exist three positive constants θ1 ≥ c, θ2 and η ≥ 1,

with θ1 <
p−
√
‖α‖1

2 cη and p−
√

2m1p+‖α‖1
p−m0

cη
p+

p− < θ2 such that

(B1) f(x, t) ≥ 0 for each (x, t) ∈ Ω× [−θ2, θ2];
(B2)

max


∫

Ω

sup
|t|≤θ1

F (x, t)dx

θp
−

1

,

2

∫
Ω

sup
|t|≤θ2

F (x, t)dx

θp
−

2

 <
2

3

p−m0

m1cp
−p+‖α‖1

∫
Ω

F (x, η)dx

ηp+
.

Then, for each λ ∈ Λ′ and for every non-negative continuous function g : R → R,
there exists δ∗λ,g > 0 given by

min


m0θ

p−

1 − cp
−
p+λ

∫
Ω

sup
|t|≤θ1

F (x, t)dx

cp−p+Gθ1
,

m0θ
p−

2 − 2cp
−
p+λ

∫
Ω

sup
|t|≤θ2

F (x, t)dx

2cp−p+Gθ2


such that, for each µ ∈ [0, δ∗λ,g), the problem (P f,gλ,µ) admits at least three distinct
non-negative weak solutions ui for i = 1, 2, 3, such that

0 ≤ ui(x) < θ2, ∀ x ∈ Ω, (i = 1, 2, 3).
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Proof. Our aim is to apply Theorem 2.2 to our problem. We consider the auxiliary
problem {

T (u) = λf̂(x, u), on Ω,

|∇u|p(x)−2 ∂u
∂v = µg(γ(u(x))), in ∂Ω

(P f̂ ,gλ,µ)

where f̂ : Ω× R→ R is an L1-Carathéodory function, defined as follows

f̂(x, ξ) =


f(x, 0), if ξ < −θ2,

f(x, ξ), if − θ2 ≤ ξ ≤ θ2,

f(x, θ2), if ξ > θ2.

If any solution of the problem (P f,gλ,µ) satisfies the condition −θ2 ≤ u(x) ≤ θ2 for every

x ∈ Ω, then, any weak solution of the problem (P f̂ ,gλ,µ) clearly turns to be also a weak

solution of (P f,gλ,µ). Therefore, for our goal, it is enough to show that our conclusion

holds for (P f,gλ,µ). Fix λ, g and µ as in the conclusion and take Φ, Ψ and X as in the
proof of Theorem 3.1. We observe that the regularity the assumptions of Theorem
2.2 on Φ and Ψ are fulfilled. Then, our aim is to verify (b1) and (b2). To this end,
choose w(x) = η for all x ∈ Ω, as well as

r1 :=
m0

p+

(
θ1

c

)p−
and r2 :=

m0

p+

(
θ2

c

)p−
.

By considering the conditions θ1 <
p−
√
‖α‖1

2 cη and p−
√

2m1p+‖α‖1
p−m0

cη
p+

p− < θ2, we have

2r1 < Φ(w) <
r2

2
. Since µ < δ∗λ,g and Gη ≥ 0, taking (3.4) into account, one has

sup
u∈Φ−1(−∞,r1)

Ψ(u)

r1

=

sup
u∈Φ−1(−∞,r1)

∫
Ω
F (x, u(x))dx+ sup

u∈Φ−1(−∞,r1)

µ
λ

∫
∂Ω
G(γ(u(x)))dσ

r1

≤

∫
Ω

sup
|t|≤θ1

F (x, t)dx+ µ
λG

θ1

m0

p+ ( θ1c )p−

<
1

λ
<

2

3

∫
Ω
F (x, η)dx+ µ

λGη
m1ηp

+

p− ‖α‖1

≤ 2

3

∫
Ω
F (x, η)dx+ µ

λ

∫
∂Ω
G(γ(η))dσ

m1ηp
+

p− ‖α‖1

≤ 2

3

Ψ(w)

Φ(w)
(3.11)
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and

2 sup
u∈Φ−1(−∞,r2)

Ψ(u)

r2

= 2

sup
u∈Φ−1(−∞,r2)

∫
Ω
F (x, u(x))dx+ sup

u∈Φ−1(−∞,r2)

µ
λ

∫
∂Ω
G(γ(u(x)))dσ

r2

≤ 2

∫
Ω

sup
|t|≤θ2

F (x, t)dx+ µ
λG

θ2

m0

p+ ( θ2c )p−

<
1

λ
<

2

3

∫
Ω
F (x, η)dx+ µ

λGη
m1ηp

+

p− ‖α‖1

≤ 2

3

∫
Ω
F (x, η)dx+ µ

λ

∫
∂Ω
G(γ(η))dσ

m1ηp
+

p− ‖α‖1

≤ 2

3

Ψ(w)

Φ(w)
.

Therefore, (b1) and (b2) of Theorem 2.2 are satisfied. Finally, we prove that Φ− λΨ
satisfies the assumption 2. of Theorem 2.2. For this, let u1 and u2 be two local
minima for Φ− λΨ. Then u1 and u2 are critical points for Φ− λΨ, and so, they are

weak solutions for the problem (P f,gλ,µ). We want to prove that they are non-negative.

Let u0 be a weak solution of the problem (P f,gλ,µ). Arguing by a contradiction, assume

that the set A =
{
x ∈ Ω : u0(x) < 0

}
is non-empty and of positive measure. Put

v̄(x) = min{0, u0(x)} for all x ∈ Ω. Clearly, v̄ ∈ X and one has

M

(∫
Ω

1

p(x)

(
|∇u0(x)|p(x) + α(x)|u0(x)|p(x)

)
dx

)(∫
Ω

|∇u0(x)|p(x)−2∇u0(x)∇v̄(x)dx

+

∫
Ω

α(x)|u0(x)|p(x)−2u0(x)v̄(x)dx

)
− λ

∫
Ω

f(x, u0(x))v̄(x)dx− µ
∫
∂Ω

g(γ(u0(x)))γ(v̄(x))dσ = 0.

Thus, from our sign assumptions on the data we have

M

(∫
A

1

p(x)

(
|∇u0(x)|p(x) + α(x)|u0(x)|p(x)

)
dx

)(∫
A
|∇u0(x)|p(x)dx

+

∫
A
α(x)|u0(x)|p(x)dx

)
= λ

∫
A
f(x, u0(x))u0(x)dx+ µ

∫
∂Ω

g(γ(u0(x)))γ(u0(x))dσ ≤ 0.

Hence, that is, ‖u0‖w1,p(x)(A) = 0 which is an absurd. Hence, our claim is proved.

Then, we observe u1(x) ≥ 0 and u2(x) ≥ 0 for every x ∈ Ω. Thus, it follows that



THREE WEAK SOLUTIONS FOR KIRCHHOFF-TYPE PROBLEMS 539

su1 + (1− s)u2 ≥ 0 for all s ∈ [0, 1], and that

(λf + µg)(x, su1 + (1− s)u2) ≥ 0,

and so, Ψ(su1 + (1− s)u2) ≥ 0, for every s ∈ [0, 1]. From Theorem 2.2, for every

λ ∈

3

2

Φ(w)

Ψ(w)
, min

 r1

sup
u∈Φ−1(]−∞,r1[)

Ψ(u)
,

r2/2

sup
u∈Φ−1(]−∞,r2[)

Ψ(u)


 ,

the functional Φ − λΨ has at least three distinct critical points, which are solutions

of the problem (P f,gλ,µ) and the conclusion is achieved. �

Remark 3.3. If in Theorems 3.1 and 3.2, either f(x, 0) 6= 0 for some x ∈ Ω, then
the ensured solutions are obviously non-trivial.

Remark 3.4. If in Theorem 3.1, f(·, t) and g(t) are odd functions in t, then we can
ensured the existence of at least five distinct weak solutions.

In fact, by Theorem 3.1 the problem (P f,gλ,µ) possesses at least three weak solutions.
If u is a nontrivial weak solution, then −u is a weak solution since satisfies the equation

M

(∫
Ω

1

p(x)

(
|∇(−u(x))|p(x) + α(x)| − u(x)|p(x)

)
dx

)
∫

Ω

(
|∇(−u(x))|p(x)−2∇(−u(x))∇v(x) + α(x)| − u(x)|p(x)−2(−u(x))v(x)

)
dx

− λ
∫

Ω

f(x,−u(x))v(x)dx− µ
∫
∂Ω

g(γ(−u(x)))γ(v(x))dσ = 0

for every v ∈W 1,p(x)(Ω).

We now present the following examples to illustrate Theorems 3.1 and 3.2, respec-
tively.

Example 3.5. Let Ω = {(x, y) ∈ R2 : x2 + y2 < 10−4}. We consider the problem
M(
∫

Ω
1

p(x,y)

(
|∇u(x)|p(x,y) + α(x)|u(x)|p(x,y)

)
dx)(−∆p(x,y)u+ α(x)|u|p(x,y)−2u)

= λf(x, y, u), in Ω,

|∇u|p(x,y)−2 ∂u
∂v = µg(γ(u(x))), on ∂Ω

(3.12)

where M(t) = 3
2 + sin(t)

2 for every t ∈ [0,+∞), p(x, y) = x2 +y2 +4 for every x, y ∈ Ω,

α(x, y) = 4(x2 + y2) + 2 for every x, y ∈ Ω and

f(x, y, t) = 8(x2 + y2)t

for every x, y ∈ Ω and every t ∈ R. By the expression of f , we have

F (x, y, t) = 4(x2 + y2)t2

for every x, y ∈ Ω and every t ∈ R. By simple calculations, we obtain

c =
4

√
27

2π

4× 10−9 + 2× 10−5

10−8 + 10−4
(1 + 10−4π),
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a(∂Ω) = 2× 10−2π, m0 = 1, m1 = 2, p− = 4 and p+ = 4 + 10−4. Taking θ = 3
10 and

η = 10, we clearly see that all assumptions of Theorem 3.1 are satisfied. Therefore,
it follows that for each

λ ∈

(
(10−8 + 10−4)104+10−4

2× 10−6
,

9× 106

2πc4(4 + 10−4)

)
,

and:

1) for every non-negative continuous function g : R → R, there exists δ̄λ,g > 0
such that for each µ ∈ [0, δ̄λ,g), the problem (3.12) admits at least three

distinct weak solutions in W 1,p(x,y)(Ω).
2) for every odd continuous function g : R → R, there exists δ̄λ,g > 0 such that

for each µ ∈ [0, δ̄λ,g), the problem (3.12) admits at least five distinct weak

solutions in W 1,p(x,y)(Ω).
3) for g : R→ R defined by g(t) = t, since

lim sup
t→+∞

G(t)

|t|p−
≤ 0,

then δ̄λ,g = +∞ and for each µ ∈ [0,+∞), the problem (3.12) admits at least

five distinct weak solutions in W 1,p(x,y)(Ω).

Example 3.6. We consider the problem
M(
∫

Ω
1

p(x,y)

(
|∇u(x)|p(x,y) + α(x)|u(x)|p(x,y)

)
dx)(−∆p(x,y)u+ α(x)|u|p(x,y)−2u)

= λf(x, y, u), in Ω,

|∇u|p(x,y)−2 ∂u
∂v = µg(γ(u(x))), on ∂Ω

(3.13)

where Ω = {(x, y) ∈ R2 : x2 +y2 < 10−4}, M(t) = 2+ 2 arctan(t)
π for every t ∈ [0,+∞),

p(x, y) = x2 + y2 + 4 for every x, y ∈ Ω, α(x, y) = 4(x2 + y2) + 2 for every x, y ∈ Ω
and

f(x, y, t) = 26(x2 + y2)t12

for every x, y ∈ Ω and every t ∈ R. By the expression of f , we have

F (x, y, t) = 2(x2 + y2)t13

for every x, y ∈ Ω and every t ∈ R. Direct calculations, give

c =
4

√
27

2π

4× 10−9 + 2× 10−5

10−8 + 10−4
(1 + 10−4π),

a(∂Ω) = 2× 10−2π, m0 = 1, m1 = 3, p− = 4 and p+ = 4 + 10−4. Choosing θ1 = 3
10 ,

θ2 = 10 and η = 10, then all conditions in Theorem 3.2 are satisfied. Therefore,

it follows that for each λ ∈
(

9(10−8+10−4)104+10−4

4×105 , 1
20π(4+10−4)c4

)
and for every non-

negative continuous function g : R → R, there exists δλ,g > 0 such that for each
µ ∈ [0, δλ,g), the problem (3.13) admits at least three distinct non-negative weak
solutions ui for i = 1, 2, 3, such that

0 ≤ ui(x) < 10, ∀ x ∈ Ω, (i = 1, 2, 3).
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Remark 3.7. If we consider the autonomous case of the problem (P f,gλ,µ),{
T (u) = λf(u(x)), in Ω,

|∇u|p(x)−2 ∂u
∂v = µg(γ(u(x))), on ∂Ω

(3.14)

where f, g : R → R are two non-negative continuous and nonzero functions, putting

F (t) =
∫ t

0
f(ξ)dξ for each t ∈ R, in Theorem 3.1 the assumptions (A1) and (A2) can

be written as

(A3) F (t)

θp−
< p−m0

m1cp
−p+‖α‖1

F (η)

ηp+
;

(A4) meas(Ω)cp
−

lim sup
t→+∞

F (t)

|t|p−
≤ Θ where

Θ =
cp

−
p+meas(Ω)F (θ)

m0θp
− ,

respectively, as well as

Λ :=

]
m1η

p+

p− ‖α‖1
meas(Ω)F (η)

,
m0θ

p−

cp
−
p+meas(Ω)F (θ)

[
and

min

{
m0θ

p− − λcp
−
p+meas(Ω)F (θ)

cp−p+Gθ
,

∣∣∣∣∣
m1η

p+

p− ‖α‖1 − λmeas(Ω)F (η)

min{0, Gη}

∣∣∣∣∣
}
.

In this case, in Theorem 3.2 the assumption (B2) assumes the form

(B3) max

{
F (θ1)

θp
−

1

,
2F (θ2)

θp
−

2

}
< 2

3
p−m0

m1cp
−p+‖α‖1

F (η)

ηp+
,

as well as

Λ′ :=

]
3

2

m1η
p+

p− ‖α‖1
meas(Ω)F (η)

,
m0

p+cp−meas(Ω)
min

{
θp

−

1

F (θ1)
,

θp
−

2

2F (θ2)

}[
and

δ∗λ,g = min

{
m0θ

p−

1 − λcp
−
p+meas(Ω)F (θ1)

cp−p+a(∂Ω)G(θ1)
,
m0θ

p−

2 − 2λcp
−
p+meas(Ω)F (θ2)

2cp−p+a(∂Ω)G(θ2)

}
.

A special case of Theorem 3.1 is the following theorem.

Theorem 3.8. Assume that

lim inf
t→0

F (t)

tp−
= lim sup

t→+∞

F (t)

tp−
= 0.

Then, there is λ∗ > 0 such that for each λ > λ∗ and for every non-negative continuous
function g : R→ R satisfying the condition

lim sup
t→+∞

G(t)

|t|p−
< +∞,
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there exists δ > 0 such that, for each µ ∈ [0, δ[, the problem (3.14) admits at least
three distinct solutions.

Proof. Fix λ > λ∗ :=
m1η

p+

p−
‖α‖1

meas(Ω)F (η) for some η ≥ 1. From the condition lim inf
ξ→0

F (ξ)

ξp−
= 0,

there is a sequence {θn} ⊂]0,+∞[ such that lim
n→∞

θn = 0 and lim
n→+∞

sup
|ξ|≤θn

F (ξ)

θp
−
n

= 0.

Indeed, one has

lim
n→∞

sup
|ξ|≤θn

F (ξ)

θp
−
n

= lim
n→∞

F (ξθn)

ξp
−

θn

ξp
−

θn

θp
−
n

= 0

where F (ξθn) = sup
|ξ|≤θn

F (ξ). Hence, there exists θ > 0 such that

sup
|t|≤θ

F (t)

θ
p−

< min

{
p−m0

m1cp
−p+‖α‖1

F (η)

ηp+
,

m0

λcp−p+meas(Ω)

}
and

θ < p−
√
‖α‖1cη.

Applying Theorem 3.1 we have the conclusion. �

Moreover, the following result is a consequence of Theorem 3.2.

Theorem 3.9. Let f : R→ R be a non-negative continuous function such that

lim
t→0+

f(t)

t2
= 0

and ∫ 100

0

f(ξ)dξ <
106 ×

∫ 1

0
f(ξ)dξ

18πc3
.

Then, for every λ ∈

]
9

4
∫ 1

0
f(ξ)dξ

,
106

8πc3
∫ 100

0
f(ξ)dξ

[
and for every nonnegative con-

tinuous function g : R → R, there exists δ > 0 such that, for each µ ∈ [0, δ[, the
problem (3.14) admits at least three distinct non-negative solutions.

Proof. Our aim is to employ Theorem 3.2 by choosing

Ω = {(x, y) ∈ R2 : x2 + y2 < 1}, p(x, y) = x2 + y2 + 3

for all x, y ∈ Ω, M(t) = 2 + cos(t) for t ∈ [0,+∞), α(x, y) = x2 + y2 + 1 for all
x, y ∈ Ω, η = 1 and θ2 = 102. Simple calculations show that m0 = 1, m1 = 3, p− = 3,
p+ = 4 and c = 16

3 3
√
π

(1 + π).

3

2

m1η
p+

p− ‖α‖1∫
Ω
F (x, η)dx

=
9

4
∫ 1

0
f(ξ)dξ
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and

m0

p+cp−
θp

−

2

2
∫

Ω
sup
|t|≤θ2

F (x, t)dx
=

106

8πc3
∫ 100

0
f(ξ)dξ

.

Moreover, since lim
t→0+

f(t)

t2
= 0, one has

lim
t→0+

∫ t

0

f(ξ)dξ

t3
= 0.

Then, there exists a positive constant θ1 <
3

√
3π
4 c such that∫ θ1

0

f(ξ)dξ

θ3
1

<

∫ 1

0
f(ξ)dξ

9πc3

and
θ3

1∫ θ1

0

f(ξ)dξ

>
106

2

∫ 100

0

f(ξ)dξ

.

Finally, we easily observe that all assumptions of Theorem 3.2 are satisfied, and it
follows the result. �

We end this paper by presenting the following versions of Theorems 3.1 and 3.2,
in the case p(x) = p for every x ∈ Ω, respectively.

Theorem 3.10. Assume that there exist two positive constants θ ≥ c and η ≥ 1 with

θ < p
√
‖α‖1cη

such that

(A5)

∫
Ω

sup
|t|≤θ

F (x, t)dx

θp
<

m0

m1cp‖α‖1

∫
Ω
F (x, η)dx

ηp
;

(A6) meas(Ω)cp lim sup
t→+∞

sup
x∈Ω

F (x, t)

|t|p
≤ Θ where

Θ =

cpp

∫
Ω

sup
|t|≤θ

F (x, t)dx

m0θp
.

Then, for each

λ ∈

]
m1η

p

p ‖α‖1∫
Ω

F (x, η)dx

,
m0θ

p

cpp

∫
Ω

sup
|t|≤θ

F (x, t)dx

[
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and for every continuous function g : R→ R satisfying the condition

lim sup
t→+∞

G(t)

|t|p
< +∞,

for each

µ ∈min

[
0,

{
min

{m0θ
p − λcpp

∫
Ω

sup
|t|≤θ

F (x, t)dx

cppGθ
,

∣∣∣∣∣
m1η

p

p ‖α‖1 − λ
∫

Ω

F (x, η)dx

min{0, Gη}

∣∣∣∣∣
}

,
1

max

{
0,
cppa(∂Ω)

m0
lim sup
t→+∞

G(t)

|t|p

}}),
the problem {

T (u) = λf(x, u(x)), in Ω,

|∇u|p−2 ∂u
∂v = µg(γ(u(x))), on ∂Ω

(3.15)

where

T (u) = M

(∫
Ω

1

p

(
|∇u(x)|p + α(x)|u(x)|p

)
dx

)(
−∆pu+ α(x)|u|p−2u

)
,

admits at least three distinct weak solutions in W 1,p(Ω).

Theorem 3.11. Let f : Ω × R → R be a non-negative L1-Carathéodory function.
Assume that there exist three positive constants θ1 ≥ c, θ2 and η ≥ 1, with θ1 <
p

√
‖α‖1

2 cη and p

√
2m1‖α‖1

m0
cη < θ2 such that

(B4) f(x, t) ≥ 0 for each (x, t) ∈ Ω× [−θ2, θ2];
(B5)

max


∫

Ω
sup
|t|≤θ1

F (x, t)dx

θp1
,

2
∫

Ω
sup
|t|≤θ2

F (x, t)dx

θp2

 <
2

3

m0

m1cp‖α‖1

∫
Ω
F (x, η)dx

ηp
.

Then, for each

λ ∈

]
3

2

m1η
p

p ‖α‖1∫
Ω
F (x, η)dx

,
m0

pcp
min

 θp1∫
Ω

sup
|t|≤θ1

F (x, t)dx
,

θp2
2
∫

Ω
sup
|t|≤θ2

F (x, t)dx


[

and for every non-negative continuous function g : R→ R, there exists δ∗λ,g > 0 given
by

min


m0θ

p
1 − cppλ

∫
Ω

sup
|t|≤θ1

F (x, t)dx

cppa(∂Ω)G(θ1)
,

m0θ
p
2 − 2cppλ

∫
Ω

sup
|t|≤θ2

F (x, t)dx

2cppa(∂Ω)G(θ2)
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such that, for each µ ∈ [0, δ∗λ,g), the problem (3.15) admits at least three distinct
non-negative weak solutions ui for i = 1, 2, 3, such that

0 ≤ ui(x) < θ2, ∀ x ∈ Ω, (i = 1, 2, 3).
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[38] O. Kovác̆ik, J. Rákosńık, On the spaces Lp(x)(Ω) and W 1,p(x)(Ω), Czechoslovak Math.,
41(1991), 592-618.

[39] J.L. Lions, On some questions in boundary value problems of mathematical physics, In: Con-

temporary Developments in Continuum Mechanics and Partial Differential Equations (Proc.
Internat. Sympos. Inst. Mat. Univ. Fed. Rio de Janeiro, 1977), North-Holland Math. Stud,

30(1978), 284-346.

[40] M. Massar, M. Talbi, N. Tsouli, Multiple solutions for nonlocal system of (p(x), q(x))-Kirchhoff
type, Appl. Math. Comput., 242(2014), 216-226.
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